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PREFACE. 



In tho following treatise, an attempt has been maJe to com^ iiie thf 
pecnjar excellencies of Euclid and Legendre. The Elements of Eiu!li 
have long been celebrated as famishing the most finished specimens oi 
•ogic ; and on this account they still retain their place in many seminaries 
of education, notwithstanding the advances which science has made in 
modem times. But the deficiencies of Euclid, paiticularly in Solid G«> 
ometry, are now so palpable, that few institutions are content with a 
simple translation from the original Greek. The edition of Euclid 
chiefly used in this country, is that of Professor Playfair, who has sought, 
by additions and supplements, to accommodate the Elements of Euclid 
to the present state of the mathematical sciences. But, even with these 
additions, the work is incomplete on Solids, and is very deficient on 
Spherical Geometry. Moreover, the additions are often incongruous 
with the original text ; so that most of those who adhere to the use of 
Playfair^s Euclid, will admit that something is still wanting to a perfect 
treatise. At most of our colleges^ the work of Euclid has been super 
leded by that of Legendre. It seems superfluous to undertake a defense 
of Legendre^s Geometry, when its merits are so generally appreciated 
No one can doubt that, in respect of comprehensiveness and scientific 
arrangement, it is a great improvement upon the Elements of Euclid. 
Nevertheless, it should ever be borne in mind that, with most students 
in our colleges, the ultimate object is not to make profound matheraati 
cians, but to make good reasoners on ordinary subjects. In order tu 
secure this advantage, the learner should be trained, not merely to give 
the outline of a demonstration, but to state every part of the argument 
with minuteness and in its natural order. Now, although the model of 
Legendre is, for the most part, excellent, his demonstrations are 
often mere skeletons. They contain, indeed, the essential part of an 
argument ; but the general student does not derive from them the high 
est benefit which may accrue from the study of Geometry as an exercise 
in reasoning. 
While, then, in the following treatise, I have, for the most part, fo^ 

owed the arrangement of Legendre, I have aimed to give his demonstm 
Sons somewhat more of the logical method of Euclid. I have also niad# 
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•oine cliaoges in arrangement. Several of Le^^endre^d propositions bBTfl 
been degraded to the rank of corollaries, while some of his coroUarie* 

" scholiums have been elevated to the dignity of primary propositions 
•lis lemmas have been proscribed entirely, and most of his scholiums 
t^ive received the more appropriate title of corollary. The quadrature 
k the circle is developed in an order somewhat different from any thing 
t bave elsewhere seen. The propositions are all enunciated in general 
terms, with the utmost brevity which is consistent with clearness ; and, 
m order to remind the student to conclude his recitation with the enuu 
ciation of the proposition, the leading words are repeated at the close ol 
each demonstration. As the time given to mathematics in our collegob 
is limited, and a variety of subjects demand attention, no attempt has 
been made to render this a complete record of all the known propositions 
of Geometry. On the contrary, nearly every thing has been excluded 
which is not essential to the student's progress through the subsequent 
Darts of his mathematical coui-se. 

Considerable attention has been given to the consti'uction of the dia 
grams. I have aimed to reduce them all to nearly uniform dimensions, 
and to make them tolorable approximations to the objects they were de 
signed to represent. I have made fiee use of dotted lines. Generally, 
the black lines are used to represent those parts of a figure which are 
dfrectly involved in the statement of the proposition ; while the dotted 
lines exhibit the parts which are added for the purposes of demonstration. 
In Solid Geometiy the dotted lines commonly denote the parts which 
would be concealed by an opaque solid ; while in a few cases, for pecul- 
iar reasons, both of these rules have been departed from. Throughout 
Solid Geometry the figures have generally been shaded, which addition, 
it is hoped, will obviate some of the difKculties of which students frequent- 
)y complain. 

The short treatise on the Conic Sections appended to this volume is 
designed particularly for those who have not time or inclination for the 
study of Analytical Geometry. Some acquaintance with the properties 
of the Ellipse and Parabola is indispensable as a preparation for the 
study of Mechanics and Astronomy Those who pursue the study of 
Analytical Geometry can omit this treatise on the Conic Sections if it 
should be thought desirable. It is believed, however, that some knowl- 
edge of the properties of these curves, derived from geometrical meth- 
ods, forms an excellent preparation Tor the Algebraical and more general 
processes nf Annlyticnl Geometiy. 
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ELEMENTS OF GEOMETRF^ 



BOOK I. 

GENERAL PRINCIPLES. 
Definitions. 



1. Geometry is that branch of Mathematics which treau 
of the properties of extension and figure. 

Extension has three dimensions, length, breadth, and thick 
ness. 

2. A line is that which has length, without breadth oi 
thickness. 

The extremities of a line are called points. A point, there- 
fore, has position, but not magnitude. 

3. A straight line is the shortest path from one point to 
another. 

4. Every line which is neither a straight line, nor comno 
sed of straight lines, is a curved line. 

E 
Thus, AB is a straight line, ACDB is a 

broken line, or one composed of straight ^/l Xq 

lines, and AEB is a curved line. 




D 

5. A surface is that which has length and breadth, without 
thickness. 

6. A plan^ is a surface in which any two points being ta- 
ken, the straight line which joins them lies wholly in that sur- 
face. 

7. Every surface which is neither a plane, nor composed 
of plane surfaces, is a curved surface, 

8. A solid is that which has length, breadth, and thick- 
ness, and therefore combines the three dimensions of exlen* 
si on. 

9 When two straight lines meet together, their inclina- 
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tion, or Opening, is called an angle. The poi.it of meeting 
.s called the vertex^ and the lines are called the sides of the 
angle. 

If there is only one angle at a point, it may 
DO denoted by a letter placed at the vertex, as 
the angle at A. ^ 




But if several angles are at one point, any one of them i» 
expressed by three letters, of which the middle one is the let 
ter at the vertex. 

Thus, the angle which is contained by the 
straight lines BC, CD, is called the angle 
BCD, or DCB. 

Angles, like other quantities, may be added, subtracted, 
multiplied, or divided. Thus, the angle BCD is the sum of 
the two angles BCE, ECD ; and the angle ECD is the diffei 
ence between the two angles BCD, BCE. 

10. When a straight line, meeting another straight line 
makes the adjacent angles equal to one another, 
each of them is called a right angle, and the 
straight line which meets the other is called a 
pejyendicular to it. _ 

11. An acute angle is one which is le<is than a 
right angle. 



An obtuse angle is one which fs greater 
ihan a right angle. 

12. Parallel straight lines are such as are 

11 th3 same plane, and which, being produced 

ever so far both ways, do not meet. 

13. A, plane figure is a plane terminated on all sides bj 
anes either straight or curved. 

If the lines are straight, the space they in- 
close is called a rectilineal figure, or polygon, 
and the lines themselves, taken together, form 
the perimeter of the polygon. 

14. The polygon of three sides is the simples of all, and is 
called a triangle; that of four sides is called a quadrilateral \ 
Ihat of five, a pentagon ; that of six, a hexagon, &c. 
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^; An equilateral triangle is one wk'ch has its 
/)u X ^idcs equal. 



An isosceles triangle is that which has only two 
sides e:)uaL 



A scalene triangle is one which has three un- 
equal sides. 

16. A rigld'izngled triangle is one which has 
a right angle. The side opposite the right an- 
gle is called the hypothenuse. 

An obtuse-angled triangle is one which has an obtuse an 
gle. An acute-angkd triangle is one which has three acute 
angles. 



17. Of quadrilaterals, a square is that which has 
all its sides equal, and its angles right angles. 

A rectangle is that which has all its angles right 
Singles, but all its sides are not necessarily equal. 



A rhombus is that which has all its sides 
•»qual, but its angles are not right angles. 



A paralklogram is that which has its op- 
posite sides parallel. 
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A trapezoid is that which has only two sides 
Darallel. 



18. The diagonal of a figure is a line B 
which joins the vertices of two angles not 
adjacent to each other. . 

Thus, AC, AD, AE are diagonals. 



19. An equilateral polygon is one which has all its sides 
equal. An equiangular polygon is one which has all its an- 
gles equal. 

20. Two polygons are mutually equilateral when they 
have all the sides of the one equal to the corresponding sides 
i/f the other, each to each, and arranged in the same order. 

Two polygons are mutually equiangular when they have 
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all the ang es ol the one equal to the corresponding anglei 
of the other, each to each, and arranged in the same order. 

In both cases, the equal sides, or the equal angles, are call- 
ed homologous sides or angles. 

21. An axiom is a self-evident truth. 

22. A theorem is a truth which becomes evident oy a traui 
of reasoning called a demonstration. 

A direct demonstration proceeds from the premises by a 
regular deduction. 

An indirect demonstration shows that any supposition con- 
trary to the truth advanced, necessarily leads to an absurd- 
ity. 

23. A probkm is a question proposed which requires a so 
lution. 

24. A postulate requires us to admit the possibility of an 
operation. 

25. A proposition is a general term for either a theorem, 
or a problem. 

One proposition is the converse of another, when the con- 
clusion of the first is made the supposition in the second. 

26. A corollary is an obvious consequence, resulting from 
one or more propositions. 

27. A scholium is a remark appended to a proposition. 

28. An hypothesis is a supposition made either in the enun- 
ciation of a proposition, or in the course of a demonstration. 



Axioms, 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals are added to equals, the wholes are equal. 

3. If equals are taken from equals, the remainders are 
equal. 

4. If equals are added to unequals, the wholes are unequal. 

5. If equals are taken from unequals, the remamders are 
unequal. 

6. Things which are doubles of the same thing are equal to 
each other. 

7. Things which are halves of the same thing are equal to 
each other. 

8. Magnitudes which coincide with each other, that is, 
which exactly fill the same space, are equal. 

9. The whole is greater than any of its parts. 

10. The whole is equal to the sum of all its parts. 

11. Fron one point to another only one straight line can 
be drawn. 
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12. Twc straight lines, wh'ch intersect one another cao 
oot both be parallel to the same straight line. 



Explanation of Signs, 

For the sake of brevity, it is convenient to employ, to soiun 
«xtent, the signs of Algebra in Geometry. Those chiefly em 
ployed are the following: 

The sign = denotes that the quantities between which u 
stands are equal ; thus, the expression A=B signifies that A 
is equal to B. 

The sign + is called plus, and indicates addition ; thus 
A-f B represents the sum of the quantities A and B. 

The sign — is called winws, and indicates subtraction ; thus, 
A — B represents what remains after subtracting B from A. 

The sign X indicates multiplication ; thus, AxB denotes 
the product of A by B. Instead of the sign x, a point ia 
sometimes employed ; thus, A.B is the same as A xB. The 
name product is also sometimes represented without any in- 
termediate sign, by AB ; but this expression should not be 
employed when there is any danger of confounding it with 
the line AB. 

A parenthesis ( ) indicates that several quantities are tu 
be subjected to the same operation; thus, the expression 
Ax(B-fC — D) represents the product of A by the quantiiv 
B+C— D. 

A 

The expression -^ indicates the quotient arising from divk 

ding A by B. 

A number placed before a line or a quantity is to be re 
garded as a multiplier of that line or quantity ; thus, 3AB de 
notes that the line AB is taken three times ; iA denotes the 
half of A. 

The square of the line AB is denoted by AB' ; its cube b> 
AB'. 

The sign ^ indicates a root to be extracted ; thus, y/2 de- 
notes the square root of 2 ; y/A X B denotes the square root 
of the product of A and B. 

N.B. — The first six bocks treat only of plane figures, or fi^ 
ures drawn on a plane surface. 
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GECMETRT. 



?ROPOSiTIOx\ :. THEOREM. 



All ight angles are equal to each i\thcr. 



D 



K 



H 



C 



££ 



Le. tiic straight line CD 
bs perpendicular to AB, and 
GH to EF ; then, by defini- 
tion 10, each of the angles 
ACD, BCD, EGH,FGH, will -— 
be a right angle ; and it is to 
be proved that the angle ACD is equal to the angle EGH. 

Take the four straight lines AC, CB, EG, GF, all equal tc 
each other ; then will the line AB be equal to the line EF 
(Axiom 2). Let the line EF be applied to the line AB 
so that the point E may be on A, and the point F on B ; 
then will the luies EF, AB coincide throughout ; for other- 
wise two different straight lines might be drawn from one 
point to another, which is impossible (Axiom 11). More- 
over, since the line EG is equal to the line AC, the point G 
will fall on the point C ; and the line EG, coinciding with 
AC, the line GH will coincide with CD. For, if it could 
have ainy other position, as CK, then, because the angle EGH 
is equal to FGH (Def. 10), the angle ACK must be equal to 
BCK, and therefore the angle ACD is less than BCK. Bui 
BCK is less than BCD (Axiom 9) ; much more, then, is ACD 
.ess than BCD, which is impossible, because the angle ACD 
(s equal to the angle BCD (Def. 10) ; therefore, GH can not 
but coincide with CD, and the angle EGH coincides with 
the angle ACD, and is equal to it (Axiom 8). Therefore, al* 
rigrht angles are equal to each other. 



PROPOSITION JI. THEOREM- 



Tlie angles which one straight line makes w^tk anothey^upj'^ 
one side of it, are either two right angles, cr are together eqvj* 
to two right angles. 

Let the straight line AB make with CD, 
upon one side of it, the angles ABC, ABD ; 
these are either two right angles, or are to- 
gether equal to two right angles. 

^or if the angle ABC is equal to ABD, 

1 of them is a right angle (Def 10) ; but ^ 



BOOK 1 



1^ 




B 



it not, suppose the line BE to be drawn from 
the point B, perpendicular to CD ; then will 
each of the angles CBE, DBE be a right 
angle. Now the angle CBA is equal to the 
sum of the two angles CBE, EBA. To _ 
each of these equals add the angle ABD; ^ 
then the sum of the two angles CBA, ABD will be equal tc 
the sum of the three angles CBE, EBA, ABD (Axiom 2), 
Again, the angle DBE is equal to the sum of the two angles 
DBA, ABE. Add to each of these equals the angle EBC; 
then will the sum of the two angles DBE, EBC be equal to 
the sum of the three angles DBA, ABE, EBC. Now things 
that are equal to the same thing are equal to each other 
(Axiom 1) ; therefore, the sum of the angles CBA, ABD is 
equal to the sum of the angles CBE, EBD. But CBE, EBD 
are two right angles ; therefore ABC, ABD are together 
equal to two right angles. Therefore, the angles which one 
straight line, &c. 

Corollary 1. If one of the angles ABC, ABD is a right 
angle, the other is also a right angle. 

Cor. 2. If the line DE is perpendicular to D 

AB, conversely, AB will be perpendicular to 
DE. 

For, because DE is perpendicular to AB, AC B 

the angle DCA must be equal to its adjacent 
angle DCB (Def. 10), and each of them must E 

be a right angle. But since ACD is a right angle, its adja- 
cent angle, ACE, must also be a right angle (Cor. 1). Hence 
the angle ACE is equal to the angle ACD (Prop. L), and AB 
is perpendicular to DE. 

Cor. 3. The sum of all the angles BAC, D 

CAD, DAE, EAF, formed on the same / yE 

side of the line BF, is equal to two right c 
angles ; for their sum is equal to that of 
I he two adjacent angles BAD, DAF 




PROPOSITION III. THEOREM {Couverse of Prop. IL). 

If at a point in a straight line, two other straight lines, upon 
me opposite sides of it, make the adjacent angles together equal 
to two right angles, these two straight lines are in one and thp 
tame straight line. 

At the point B, in the straight line AB, let the two straight 
hnos BC, BD, upon the opposite sides of AB, make the adja- 
cent angles, ABC, ABD, together equal to two righ angle 



/ 




16 GEOMETRY 

then will BD be in the same straight ine 
with CB. 

For, if BD is not in the same straight 
line with CB, let BE be in the same / jfi 

straight line with it; then, because the 

straight line CBE is met by the straight C B D 

line AB, the angles ABC, ABE are together equal to two 
right angles (Prop. 11.) . But, by hypothesis, the angles ABC 
ABD are together equal to two right angles;, therefore, tho 
sum of the angles ABC, ABE is equal to the sum of the an- 
gles ABC, ABD. Take away the common angle ABC, and 
the remaining angle ABE, is equal (Axiom 3) to the remain- 
ing angle ABD, the less to the greater, which is impossible. 
Hence BE is not in the same straight line with BC ; and in 
like manner, it may be proved that no other can be in the same 
straight line with it but BD. Therefore, if at a point, &c 



PROPOSITION IV. THEOREM. 

T\oo straight linesj which have two points common^ coincian 
with each other throughout their whole extent^ and form hut one 
and the same straight line. 

Let there be two straight lines, having p. 

the points A and B in common ; these i 

lines will coincide throughout their whole } 

extent. £ 

It is plain that the two lines must co- j- — = — ^ '^ ' 

incide between A and B, for otherwise 
there would be two straight lines between A and B, which 
IS impossible (Axiom 11). Suppose, however, that, on being 
produced, these lines begin to diverge at the point C, one 
taking the direction CD, anc. the other CE. From the point 
C draw the line CF at rignt angles with AC ; then, since 
A CD is a straight line, the angle FCD is a right angle (Prop. 
II , Cor. 1) ; and since ACE is a straight line, the angle FCE 
is also a right angle ; therefore (Prop. L), the angle FCE 
IS equal to the angle FCD, the less to the greater, which ij 
absurd. Therefore, two straight lines which have, &c. 



PROPOSITION V. THEOREM. 

If two straight lines cut one another^ the veiiical or oppoiik>. 
angles are equal, 

\ et the two straicfh. lines. AB, CD, cut one another in th« 
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point E ; then will the angle AEC be equal 
to the angle BED, and the angle AED to 
Ihe angle CEB. 

For the angles AEC, AED, which the A 
straight line AE makes with the straight 
line CD, are together equal to two right 
angles (Prop. II.) ; and the angles AED, DEB, which the 
straight line DE makes with the straight line AB, are also 
together equal to two right angles ; therefore, the sum of the 
two angles AEC, AED is equal to the sum of the two angles 
AED, DEB. Take away the common angle AED, and the 
remaining angle, AEC, is equal to the remaining angle DEB 
(Axiom 3). In the same manner, it may be proved that the 
angle AED is equal to the angle CEB. Therefore, if two 
straight lines, &c. 

Cor. I. Hence, if two straight lines cut one another, the 
four angles formed at the point of intersection, are together 
equal to four right angles. 

Cor. 2. Hence, all the angles made by any number of 
straight lines meeting in one pointy are together equal to four 
right angles. 



PROPOSITION VI. THEOREM. 




If two triangles have two sides, and the included angle of fie 
U716, equal to two sides and the included angle of the other, each 
to each, the two triangles will be equal, their third sides will />/• 
equal, and their other angles will he equal, each to each. 

Let ABC, DEF be two triangles, 
having the side AB equal lo DE, 
and AC to DF, adid also the angle 
A equal to the /ngle D; then will 
ihe triangle -^C be equal to the 
triangle DEF/ . 

For, if the/ triangle ABC is ap- ^ ^^ 

plied to the triangle DEF, so that the point A may be on D, 
and the straight line AB upon DE, the point B will coincide 
with the poini E, because AB is equal to DE ; and AB, coin- 
ciding with DE, AC will coincide with DF, because the an- 
gle A is equal to the angle D. Hence, also, the point C will 
coincide with the point F, because AC is equal to DF. But 
the point B coikcides with the point E ; therefore the base 
BC will coincidewith the base EF (Axiom II), and will be 
equal to it. Hence, also, the whole triangle ABC will coin 
cide with the whole triangle DEF, and will be equal to it 

B 
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and tho remaining angles of the one, will coincide with the 
-emaining angles of the other, and be equal to them, viz. : the 
angle ABC to the angle DEF, and the angle ACB to the an* 
g'e DFE. Therefore, if two triangles, &c. 
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If two triangles have two angles, and the included side oftfu 
oncy equal to two angles and the included side of the other, each 
to each, the two triangles will be equal, the other sides will be 
equal, each to each, and the third angle of the one to the third 
angle of tlie other. 

Let ABC, DEF be two 
triangles having the angle 
B equal to E, the angle C 
equal to F, and the inclu- 
ded sides BC, EF equal to _ 

each other; then will the B CE 

triangle ABC be equal to the triangle DEF. 

For, if the triangle ABC is applied to the triangle DEF, so 
that the point B may be on E, and the straight line BC upon 
EF, the point C will coincide with the point F, because BC 
is equal to EF. Also, since the angle B is equal to the an- 
gle E, the side BA will take the direction ED, and therefore 
the point A will be found somewhere in the line DE. And 
because the angle C is equal to the angle F, the line CA wiP 
take the direction FD, and the point A will be found some- 
where in the line DF ; therefore, the point A, being found at 
the same time in the two straight lines DE, DF, must fall at 
their intersection, D. Hence the two triangles ABC, DEF 
coincide throughout, and are equal to each other ; also, the 
two sides AB, AC are equal to the two sides DE, DF, each 
to each, and the angle A to the angle D. Therefore, if two 
riangles, &c. 



rjlOPOSITION VIII. THEOREM. 

Any side of a triangle is less than the sum of the other iwn 

Let ABC be a triangle ; any one of its 
sides is less than the sum of the other two, 
viz. : the side AB is less than the sum of AC 
and BC ; BC is less than the sum of AB and 
AC ; and AC is less than the sum of AB ^ 
and BC. 
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For the straight line AB is the shortest path between tne 
points A and B (Def. 3) ; hence AB is less than the sum of 
AC and BC. For the same reason, B(]) is less than the sum 
of AB and AC ; and AC less thaji the sum of AB and BC 
Therefore, any two sides, &c. 



PROPOSITION IX. THEOREM. 

If, from a point within a triangle, two straight lines are 
Irawn to the extremities of either side, their sum will he leu 
han the sum of the other two sides of the triangle. 

Let the two straight lines BD, CD be 
drawn from D, a point within the triangle 
ABC, to the extremities of the side BC ; 
then will the sum of BD and DC be less 
than the sum of BA, AC, the other two 
sides of the triangle. 

Produce BD until it meets the side AC B C 

in E ; and, because one side of a triangle is less than the sum 
of the other two (Prop. VIIL), the side CD of the triangle 
CDE is less than the sum of CE and ED. To each of these 
add DB; then will the sum of CD and BD be less than the 
sum of CE and EB. Again, because the side BE of the tri- 
angle BAE is less than the sum of BA and AE, if EC be add- 
ed to each, the sum of BE and EC will be less than the sum 
of BA and AC. But it has been proved that the sum of BD 
and DC is less than the sum of BE and EC ; much more, then, 
is the sum of BD and DC less than the sum of BA and AC, 
Therefore, if from a point, &c. 



PROPOSITION X. THEOREM. 

TAc angles at the base of an isosceles triangle are equal ta 
cnc another. 

Let ABC be an isosceles triangle, of which 
the side AB is equal to AC ; then will the angle 
B be equal to the angle C. 

For, conceive the angle BAC to be bisected 
by the straight line AD ; then, in the two trian- 
gles ABD, ACD, tvsTo sides AB, AD, and the in- 
cluded angle in the one, are equal to the two B D C 
Bides AC, AD, and the included angle in tne other ; there- 
fore (Prtp. VI.), the angle B is equo^ to the angle C. Theio- 
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Cot. 1. Hence, also, the ine BD is equal to DC, ana th 
angle ADB equal tD ADC ; consequently, each of these an- 
gles :s a right angle (Def. 10). Therefore, the line bisecting 
the vertical angle of an isosceles triangle bisects Vie base al 
right angles ; and, conversely, the line bisecting the base of an 
isosceles triangle it right angles bisects also the vesical angle. 

Cor. 2. Every equilateral triangle is also equiangular. 

Scholium. Any side of a triangle may be considered as 
ts base, and the opposite angle as its vertex ; but in an isos 
celes triangle, that side is usually regarded as the base, which 
IS not equal to either of the others. 



PROPOSITION xi. THEOREM {Convcrse of Prop. X.). 

If two angles of a triangle are equal to one another^ the op* 
posite sides are also equal. 

Let ABC be a triangle having the angle 
ABC equal to the angle ACB; then will the 
side AB be equal to the side AC. 

For if AB is not equal to AC, one of them 
must be greater than the other. Let AB be 
the greater, and from it cut off DB equal to AC 
the less, and join CD. Then, because in the tri- „ 
angles DBC, ACB, DB is equal to AC, and BC ^ 
is common to both triangles, also, by supposition, the angle 
DBC is equal to the angle ACB ; therefore, the triangle DBC 
is equal to the triangle ACB (Prop. VL), the less to the great- 
er, which is absurd. Hence AB is not unequal to AC, that 
's, it is equal to it. Therefore, if two angles, &c. 

Cor. Hence, every equiangular triangle is also equilateral. 



PROPOSITION XII. THEOREM. 

The greater side of every triangle is opposite to the greater 
mngh; and, conversely^ the greater angle is opposite to th* 
greater side. 

Le: ABC be a triangle, having the angle ACB 
greater than the angle ABC ; then will the side 
AB be greater than the side AC. 

Draw the straight line CD, making the angle 
BCD equal to B ; then, in the triangle CDB, the 
Bide CD must be equal to DB (Prop. XL). Add 
AD to each, then will the sum of AD and DC 
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De equal to the sum of AD and DB. But AC is less tnar the 
sum of AD and DO (Prop. VIII.) ; it is, therefore, less tnan 
AB. 

Conversely, if the side AB is greater than the side AC, then 
will the angle ACB be greater than the angle ABC. 

For if ACB is not greater than ABC, it must be either 
equal to it^ or less. It is not equal, because then the side 
AB would be equal to the side AC (Prop. XL), which is con- 
trary to the supposition. Neither is it less, because then the 
side AB would be less than the side AC, according to the for- 
mer part of this proposition ; hence ACB must be greater 
than ABC. Therefore, the greater side, &c. 



PROPOSITION Xin. THEOREM. 

If two triangles have two sides of the one equal to two siaes 
of the other^ each to each, but the included angles unequal, the 
base of that which has the greater angle^will be greater thar 
the base of the other. 

Let ABC, DEF be two trian- 
gles, having two sides of the one 
equal to two sides of the other, 
<^iz. : AB equal to DE, and AC to 
DF, but the angle BAC greater 

than the anffle EDF ; then will ^ „ 

the base BC be greater than the •" 
base EF. 

Of the two sides DE, DF, let DE be the side which is iioi 
greater than the other ; and at the point D, in the straight 
Sne DE, make the angle EDG equal to BAC; make DG 
equal to AC or DF, and loin EG, GF. 

Because, in the triangles ABC, DEG, AB is equal to DE, 
and AC to DG ; also, the angle BAC is equal to the angle 
EDG ; therefore, the base BC is equal to the base EG (Prop. 
VI.). Also, because DG is equal to DF, the angle DFG is 
equal to the angle DGF (Prop. X.). But the angle DGF is 
greater than the angle EGF; therefore the angle DFG is 
greater than EGF ; and much more is the angle EFG greatei 
than the angle EGF. Now, in the triangle EFG, because 
the angle EFG is greater than EGF, and because the great 
er side is opposite the greater angle (Prop. XIL), the side 
EG is greater than the side EF. But EG has been proved 
equal to BC ; and hence BC is greater than EF. Therefore, 
f two triangles, &c. 





22 



OEOMCTRl. 



fROPi.s TioN X V. THEOREM (CoTivei se of Prop Kill,). 

If two tHangles have two sides of the one equal tJ two sidei 
of the other, each to each, but the bases unequal, the angle con^ 
tained by the sides of that which has the greater base, will bt 
greater than the angle contained by the sides of the other. 

Let ABC, DEF be two triangles 
having two sides of the one equal to 
two sides of the other, viz. : AB equal 
to DE, and AC to DF, but the base 
BC greater than the base EF; then 
will the angle BAG be greater than 
the angle EDF. 

For if it is not greater, it must be 
either equal to it, or less. But the angle BAG is not equal 
to the angle EDF, because then the base BC would be equal 
to the base EF (Prop. VL), which is contrary to the suppo- 
sition. Neither is it less, because then the base BC would be 
less than the base EF (Prop. XIIL), which is also contrary 
to the supposition ; therefore, the angle BAC is not less than 
the angle EDF, and it has been proved that it is not equal 
to it ; hence the angle BAC must be greater than the angle 
EDF. Therefore, if two triangles, &c. 




PROrOSITION XV, THEOREM. 



If two triangles have the three sides of the one equal to tne 
three sides of the other, each to each, the three angles will also 
be eqii^l, each to each, and the triangles the?nsplves will he 
'qual 

Let ABC, DEF be two trian- 
gles having the three sides o^ the 
one equal to the three sides of the 
other, viz. : AB equal to DE. BC 
to EF, and AC to DF ; then will 
the three angles also be equal, 
viz. : the angle A to the angle D, 
the angle B to the angle E, and the angle C to the angle F. 

For if the angle A is not equal to the angle D, it must be 
either greater or less. It is not greater, because then tte 
base BC would be greater than the base EF (Prop. XIII ) 
which is contrary to the hypothesis; neithe: ie it less, be 
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cause then the base BC would be less tluui the base El 
(Prop. XIII.), which is also contrary to the hypothesis. 
Therefore, the angle A must be equal to the angle D. In 
the same maimer, it may be proved that the angle B is equal 
to the angle E, and the angle C to the angle F ; hence the 
two triangles are equal. Therefore, if two triangles, &c. 

Scholium. In equal triangles, the equal angles are oppu 
site to the equal sides ; thus, the equal angles A and D art 
opposite to the equal sides BC, EF. 
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PROPOSITION XVI. THEOREM. 

From a point without a straight linfi^ only one perpendicuiaf 
can be drawn to that line. 

Let A be the given point, and DE the j^ 

given straight line ; from the point A only k 

one perpendicular can be drawn to DE. 

For, if possible, let there be drawn two 

perpendiculars AB, AC. Produce the line 
AB to F, making BF equal to AB, and join 
CF. Then, in the triangles ABC, FBC, be- u 

cause AB is equal to BF, BC is common to ^ 

both triangles, and the angle ABC is equal to the angle Fl^C. 
being both right angles fProp. II., Cor. I); therefore, two 
sides and the included angle of one triangle, are equal to two 
sides and the included angle of the other triangle ; hence the 
angle ACB is equal to the angle FCB (Prop. VL). But, 
since the angle ACB is, by supposition, a right angle, FCB 
must also be a right angle; and the two adjacent angles 
BCA, BCF, being together equal to two right angles, the two 
straight lines AC, CF must form one and the same straight 
line (Prop. III.) ; that is, between the two points A and F, 
two straight lines, ABF, ACF, may be drawn, which is im- 
possible (Axiom 11) ; hence AB and AC can not both be per 
pendicular to DE. Therefore, from a point, &c. 

Cor. From the same point, C, in the ^ 

line AB, more than one perpendicular to 
this line can not be drawn. For, if possi- 
ble, let CD and CE be two perpendicu- 
lars ; then, because CD is perpendicular 

to AB, the angle DCA is a right angle ; jl ^ B 

and, because CE is perpendicular to AB, 

the angle ECA is also a right angle. HencC; the angle ACD 

is equal to the angle ACE ^^Prop. I.), the less to the greater 
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which IS absurd ; therefore, CD and CE can not both be p« 
pendicular to AB from the same point C. 



PROPOSITION XVII. THEOREM 

If^Jrom a point without a straight line, a perpendicular be 
drawn to this line^ and oblique lines he drawn to different 
points : 

\sL The perpendicular will he shorter than any ohlique line 

2d. Two oblique lines, which meet the proposed line at equa. 
distances from the perpendicular, will be equal. 

Sd. of any two ohlique lines, that which is further from tJi^- 
perpendicular will be the longer. 

Let DE be the given straight line, and 
A any point without it. Draw AB per- 
pendicular to DE; draw, also, the ob- 
lique lines AC, AD, AE. Produce the j.^ 
line AB to F, making BF equal to AB, 
ind join CF, DF. 

First. Because, in the triangles ABC, 
FBC, AB is equal to BF, BC is common 
to the two triangles, and the angle ABC is equal to the angle 
FBC, being both right angles (Prop. II., Cor. 1) ; therefore 
two sides and the included angle of one triangle,are equal to 
two sides and the included angle of the other triangle ; hence 
the side CF is equal to the side CA (Prop. VI.). But the 
straight line ABF is shorter than the broken line ACF (Prop. 
VIII.) ; hence AB, the half of ABF, is shorter than AC, the 
half of ACF. Therefore, the perpendicular AB is shorter 
than any oblique line, AC. 

Secondly. Let AC and AE be two oblique lines which 
meet the line DE at equal distances from the perpendicular ; 
Ihey will be equal to each other. For, in the triangles ABC, 
ABE, BC is equal to BE, AB is common to the two triangles, 
and the angle ABC is equal to the angle ABE, being both 
right angles (Prop. I.) ; therefore, two sides and the included 
angle of one triangle are equal to two sides and the included 
angle of the other ; hence the side AC is equal to the side 
AE (Prop. VI.). Wherefore, two oblique lines, equally dis 
tant irom the perpendicular, are equal. 

Thirdly. Let AC, AD be two obUque lines, of which AD 
is further from the perpendicular than AC ; then will AD be 
longer than AC. For it has already been proved that AC is 
equal to CF ; and in the same manner it may be proved thai 
AD is equal to DF. Now, by Prop. IX., the suia of the two 
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tines AC, CF is iess than i.he sum of the two hnes AD, DF 
Therefore, AC, the half of ACF, is less than AD, the half of 
ADF ; hence the oblique line which is furthest from the per 
pendicular is the longest. Therefore, if from a point, &c. 

Cor. 1. The perpendicular measures the shortest distance 
of a point from a line, because it is shorter than any oblique 
ine. 

Cor. 2. It is impossible to draw three equal straight lines 
from the same point to a given ^raight line. 



PROPOSITION XVIII. TEIEOREM. 

If iJirough the middle point of a straight line a perpendic- 
ular is drawn to this line : 

Ist. Each point in the perpendicular is equally distant from 
Uie two extremities of the line. 

2d. Any point out of the perpendicular is unequally dis 
lantfrom those eoetremities. 

Let the straight line EF be drawn perpen- 
iicular to AB through its middle point, C. 

First. Every point of EF is equally dis- 
tant from the extremities of the line AB ; for, 
since AC is equal to CB, the two oblique 
ines AD, DB are equally distant from the j^i 
perpendicular, and are, therefore, equal (Prop. 
XVII.). So, also, the two oblique lines AE, 
EB are equal, and the oblique lines AF, FB 
are equal ; therefore, every point of the per- 
pendicular is equally distant from the extremities A and B, 

Secondly. Let I be any point out of the perpendicular. 
Draw the straight lines lA, IB ; one of these lines must cut 
the perpendicular in some point, as D. Join DB ; then, by 
the first case, AD is equal to DB. To each of these equals 
add ID then will lA be 'equal to the sum of ID and DB. 
Now, in the triangle IDB, IB is less than the sum of ID and 
DB (Prop. VIII.) ; it is, therefore, less than lA ; hence, every 
point out of the perpendicular is unequally distant from the 
extremities A and B. Therefore, if through the middle 
point, &c. 

Cor. If a straight line have two points, each of which is 
equally distant from the extremities of a second line, it wiil 
»>e perpendicular to the second line at its middle point. 

B 
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PROPOSITION XIX THEOREM. 




IJ txoo right-angkd triangles have the ht/poihenuse and « 
tide of the one,equal to the hypothenuse and a side of the other 
each to each, the triangles are equal. 

Let ABC, DEF be two 

right-angled triangles, having 

the hypothenuse AC and the 

side AB of the one, equal to 

the hypothenuse DF and side 

DE of the other; then will 

the side BC be equal to EF, and the triangle ABC to the tri 

angle DEF. 

For if BC is not equal to EF, one of them must be greater 
than the other. Let BC be the greater, and from it cut off 
fiG equal to EF the less, and join AG. Then, in the triangles 
ABG, DEF, because AB is equal to DE, BG is equal to EF 
ana the angle B equal to the angle E, both of them being 
fight angles, the two triangles are equal (Prop. VL), and AG 
is equal to DF. But, by hypothesis, AC is equal to DF, and 
therefore AG is equal to AC. Now the oblique line AC, be 
ing further from the perpendicular than AG, is the longei 
(Prop. XVII.), and it has been proved to be equal, which is 
impossible. Hence BC is not unequal to EF, that is, it is equa. 
fo it ; and the triangle ABC is equal to the triangle DEF 
vProp.. XV.^ Therefore, if two right-angled triangles, &c 



PROPOSITION XX. THEOREM. 



Two straight lines perpendicular to a th'^^d line^ are pay 
»Atiei» 



ijet the two straight line^ ' 
AC, BD be both perpendicui 
lar to AB ; then is AC par- 
allel to BD. ^ 

For if these lines are not 
parallel, being produced, they 
must meet on one side or the other of AB. Lot them be pi 
duced, and meet in O ; then there will be two perpendiiA . 
lars, OA, OB, let fall from the same point, on the same 

-aight line, which is impossible (Prop. XVI.). Thereiore 
straight lines, &,o 
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PROPOSITION XXI. THECREM, 

If a straight line, meeting two other straight lines, mihss tfu 
interior angles on the same side^together equal to two right an* 
gles, the two Hies are parallel. 

Let thi straight line AB, which a E c 

meets the two straight lines AC, BD, 
make the interior angles on the same 
side, BAG, ABD, together equal to two 
right angles; then is AC parallel to 
BD. 

From G, the middle point of the line J" B li 

AB, draw EGF perpendicular to AC ; it will also be perpen- 
dicular to BD. For the sum of the angles ABD and ABF ia 
equal to two right angles (Prop. 11.) ; and by hypothesis the 
sum of the angles ABD and BAC is equal to two right an- 
gles. Therefore, the sum of ABD and ABF is equal to the 
sum of ABD and BAC. Take away the common angle 
ABD, and the remainder, ABF, is equal to BAC ; that is 
GBF is equal to GAE. 

Again, the angle BGF is equal to the angle AGE (Prop 
V.) ; and, by construction, BG is equal to GA ; hence the tri- 
angles BGF, AGE have two angles and the included side of 
the one, equal to two angles and the included side of the oth- 
er ; they are, therefore, equal (Prop. VII.) ; and the angle 
BFG is equal to the angle AEG. But AEG is, by construc- 
tion, a right angle, whence BFG is alsp a right angle ; that 
IS, the two straight lines EC, FD are perpendicular to the 
same straight line, and are consequently parallel (P)op. 
XX.). Therefore, if a straight line, &c. 

Scholium, When a straight line 
mtersects two parallel lines, the in- 
terior angles on the same side, are 

those which lie within the parallels, A ^ B 

and on the same side of the secant 
line, as AGH, GHC ; also, BGH, 
<iHD. 

Alternate angles lie within the 
parallels, on different sides of the '^ 

secant line, and are not adjacent to each other, as AGH 
GHD ; also, BGH, GHC. 

Either angle without the parallels being called at exteriot 
angle, the interior and opposite angle on the same side, V 
within the parallels, on the same side of the secant line, 
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lot adjacent i thus, GHD is an interior angle oppos'te to the 
•xterior angle EGB : so, also, with the angles CHG, AGE. 
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PROPOSITION XXII. THEOREM. 

If a Straight line, intersecting tivo other straight lines, makes 
'he alternate angles equal to each other, or makes an exterior 
^ngle equal to the interior and opposite upon the same side of 
Uie secant line, these two lines are parallel. 

Let the straight line EF, which 
mtersects the two straight lines AB, 
CD, make the alternate angles AGH, 
GHD equal to each other ; then AB -^ 
is parallel to CD. For, to each of 
the equal angles AGH, GHD, add q. 
the angle HGB; then the sum of 
AGH and HGB will be equal to the 
vum of GHD and HGB. But AGH 
and HGB are equal to two right angles (Prop. 11.) ; there- 
fore, GHD and HGB are equal to two right angles ; and 
nence AB is parallel to CD (Prop. XXL). 

Again, if the exterior angle EGB is equal to the interioi 
and opposite angle GHD, then is AB parallel to CD, For, 
the angle AGH is equal to the angle EGB (Prop. V.) ; and, 
by supposition, EGB is equal to GHD ; therefore the angle 
A.GH is equal to the angle GHD, and they are alternate an- 
gles ; hence, by the first part of the proposition, AB is par- 
allel to CD. Therefore, if a straight line, &c. 



PROPOSITION XXIir. THEOREM. 

{Converse of Propositions XXL and XXIL) 

If a straight line intersect two parallel lines, it makes t/u 
aUemate angles equal to each other ; also, any exterior angle 
equal to the interior and opposite on the same side ; and the 
two interior angles on the same side together equal to two right 
i'nglcs. 

Let the straight line EF intersect 
tlie two parallel lines AB, CD ; the 
alternate angles AGH, GHD are 
equal to each other ; the exterior an- 
gle EGB is equal to the interior and 
opposite angle on the same side, 
oJHD ; and the two interior angles on 
the same side, BGH, GHD, are to- 
ether equal to two rifi:ht nnsjle* 
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For if AGH is not equal to GHD, through G draw the 
line KL, making the angle KGH equal to GHD ; then KL 
must be parallel to CD (Prop. XXIL). But, by supposition, 
AB is parallel to CD ; therefore, through the same point, G 
two straight lines have been drawn parallel to CD, which ia 
impossible (Axiom 12). Therefore, the angles AGH, GHD 
are not unequal, that is, they are equal to each other. Now 
the angle AGH is equal to EGB (Prop. V.), and AGH has 
been proved equal to GHD ; therefore EGB is also equa to 
GHD. Add to each of these equals ihe angle BGH ; then 
will the sum of EGB, BGH be equal to the sum of BGH, 
GHD. But EGB, BGH are equal to two right angles (Prop. 
II.) ; therefore, also, BGH. GHD are equal to two right an 
gles. Therefore, if a straight line, &c 

Cor, 1. If a straight line is perpendicular to one of twc 
parallel lines, it is also perpendicular to the other. 

Cor. 2. If two lines, KL and CD, make with EF the twc 
angles KGH, GHC together less than two right angles, then 
will KL and CD meet, if sufficiently produced. 

For if they do not meet, they are parallel (Def. 12). Bui 
they are not parallel ; for then the angles KGH, GHC wouhi 
be equal to tw^o right angles. 



PROPOSITION XXIV, THEOREM. 

Straight lines which are parallel to the same line^are paral 
lei to each other. 

Let the straight lines AB, CD be 

each of them parallel to the line EF; e . 

then will AB be parallel to CD. 1^ 

For, draw any straight line, as C \^ T^ 

PQR, perpendicular to EF. Then, r 

since AB is parallel to EF, PR, which A 1^ B 

is perpendicular to EF, will also be 

perpendicular to AB (Prop. XXIIL, Cor. 1) ; and since CD 
IS parallel to EF, PR will also be perpendicular to CD. 
Hence, AB and CD are both perpendicular to the same 
straight line, and are consequently parallel (Prop. XX.) 
Therefore, straight lines which are parallel, &c. 



PROPOSITION XXV. THEOREM. 

Two parallel straight lines are every where equally distaru 
Jrom each other. 

Let AR CD be two pirallel straight lines. From a»M 
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potfxts, E ind F, in one of them, 
draw tiie Mnes EG, FH perpendic- c 
ular to AB ; they will also be per- 
pendicular to CD (Prop. XXIIL, 
Cor. 1). Join EH ; then, because "^ -^ 
EG and FH are perpendicular to the same straight line AB 
they are parallel (Prop. XX.) ; therefore, the alternate an 
gles, EHF, HEG, which they make with HE are equal 
(Prop. XXIIL). Again, because AB is parallel to CD, the 
ahernate angles GHE, HEF are also equal. Therefore, the 
triangles HEF, EHG have two angles of the one euual to 
two angles of the other, each to each, and the side Ell inclu 
ded between the equal angles, common ; hence the triangles 
are equal (Prop. VII.) ; and the line EG, which mea&ares the 
distance of the parallels at the point E, is equal t« the line 
FH, which measures the distance of the same parallels at the 
point F. Therefore, two parallel straight lines, &c. 



PROPOSITION XXVI. THEOREM. 

Two angles are equaUwhen their sides are parallel^ each to 
each, and are similarly situated. 

Let BAG, DEF be two angles, having 
he side BA parallel to DE, and AC to 
EF; the two angles are equal to each 
other. 

Produce DE, if necessary, until it meets 
AC in G. Then, because EF is parallel 
to GC, the angle DEF is equal to DGC vj 
(Prop. XXIIL) ; and because DG is par- 
allel to AB, the angle DGC is equal to BAC ; hence the an 
gle DEF is equal to the angle BAC (Axiom 1). Therefore, 
two angles, &c. 

Scholium. This proposition is restricted to the case in 
which the sides which contain the angles are similarly situ- 
ated ; because, if we produce FE to H, the angle DEH has 
its sides parallel to those of the angle BAC ; but the two an- 
gles are not equal. 



PROPOSITION XXVII. THEOREM. 

If one side of a triangle is produced, the exterior angle u 
equal to the sum of the two interior and opposite angles ; and 
the three interior angles of every triangle are equal to two 
right angles. 

Let ABC be anv nlan^. trian^-e, and let the side BC be 
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;>roduced to J) ; then will the ex 
terior angle ACD be equal to the 
sum of the two interior and oppo- 
site angles A and B ; and the sum 
of the three angles ABC, BCA, 
CAB is equal to two right angles. 

For, conceive CE to be drawn parallel to the side AB of 
the triangle ; then, because AB is parallel to CE, and AC 
meets them, the alternate angles BAG, ACE are equal (Prop. 
XXIII.). Again, because AB is parallel to CE, and BD 
meets them, the exterior angle ECD is equal to the interior 
and opposite angle ABC. But the angle ACE was proved 
equal to BAC ; therefore the whole exterior angle ACD is 
equal to the two interior and opposite angles CAB, ABC 
(Axiom 2). To each of these equals add the angle ACB ; 
then will the sum of the two angles ACD, ACB be equal to 
the sum of the three angles ABC, BCA, CAB. But the an- 
gles ACD, ACB are equal to two right angles (Prop. 11.) ; 
hence, also, the angles ABC, BCA, CAB are together equal 
to two right angles. Therefore, if one side of a triangle, &c. 

Cor. 1. If the sum of two angles of a triangle is given, the 
third may be found by subtracting this sum from two right 
angles. 

Cor. 2. If two angles of one triangle are equal to two an- 
gles of another triangle, the third angles are equal, and the 
triangles are mutually equiangular. 

Coi\ 3. A triangle can have but one right angle; for if 
diere were two, the third angle would be nothing. Still less 
can a triangle have more than one obtuse angle. 

Cor. 4. In a right-angled triangle, the sum of the two acut«» 
angles is equal to one right angle. 

Cor. 5. In an equilateral triangle, each of the angles is one 
'bird of two right angles, or two thirds of one right angle. 



PROPOSITION XXVIII. THEOREM. 

The sum of all the interior angles of a polygon, is equal to 
twice as many right angles, wanting four, as the figure has 
sides 

Let ABCDE be any polygon ; then the sum of all its inte- 
rior angles A, B, C, D, E is equal to twice as many right an 
gles, wanting four, as the figure has sides (see next page). 

For, from any point, F, within it, draw lines FA, FB, FC, 
&c , tj all the angles The polygon is thus divided into ai 
naau> iri tngles as it has sides. Now the sum of the thre<» 
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angles of each of these triangles, is equal 
to two right angles (Prop. XXVII.) ; 
therefore the sum of the angles of all the 
triangles is equal to twice as many right ^' 
angles as the polygon has sides. But 
the same angles are equal to the angles 
of the polygon, together with the angles 
at the point F, that is, together with four 
right angles (Prop. V., Cor. 2). Therefore the angles of the 
polygon are equal to twice as many right angles as the fig- 
ure has sides, wanting four right angles. 

Cor. 1. The sum of the angles of a quadrilateral is foui 
right angles ; of a pentagon, six right angles ; of a hexagon, 
eight, &c. 

Cor. 2. All the exterior angles of a polygon are togethei 
equal to four right angles. Because every interior angle, ABC, 
together with its adjacent exterior an- 
gle, ABD, is equal to two right angles 
(Prop. 11.) ; therefore the sum of all the 
interior and exterior angles, is equal to 
twice as many right angles as the poly- 
gon has sides ; that is, they are equal to 
all the interior angles of the polygon, 
together with four right angles. Hence jg" 
the sum of the exterior ang'es must be 
equal to four right angles (Axiom 3). 




PROPOSITION XXIX. THEOREM. 



The opposite sides and angles of a parallelogram are equai 
tc each other. 




Let ABDC be a parallelogram ; then will j^ 

ts opposite sides and angles be equal to v ; 

each other. \ y^ 

Draw the diagonal BC ; then, because AB \y^ 
s paraFiel to CD, and BC meets them, the c B 

alternate angles ABC, BCD are equal to each other (Prop. 
XXIII.). Also, because AC is parallel to BD, and BC meets 
them, the alternate angles BCA, CBD are equal to each oth* 
cr. Hence the two triangles ABC, BCD have two angles, 
ABC, BCA of the one, equal to two angles, BCD, CBD, of 
the other, each to each, and the sid^ BC included between 
these equal angles, common to the two triangles ; therefore 
their other sides are equal, each to each, and the third angl« 
f/f the one to the third angle of the othei (Prop. VII.), viz. 
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the siae AB I J the side CD, and AC lo BD, and the aoglf 
BAC equal to the angle BDC. Also, because the angle ABC 
is equal to the angle BCD, and the angle CBD to the angle 
BCA, the whole angle ABD is equal to the whole angle 
A.CD. But the angle BAC has been proved equal to the an 
gle BDC ; therefore the opposite sides and angles of a par 
allelogram are equal to each other. 

Ccr, Two parallels, AB, CD, comprehended between twu 
other parallels, AC, BD, are equal ; and the diagonal BC di 
vides the parallelogram into two equal triangles. 



PROPOSITION XXX. THEOREM (Converge o/* Prop. JTX/X.) 

If the opposite sides of a quadrilateral are equals each tc 
eachf the equal sides are parallel, and the figure is a parallelo 
gram. ' 

Let ABDC be a quadrilateral, having its a 
opposite sides equal to each other, viz. : the 
side AB equal to CD, and AC to BD ; then 
will the equal sides be parallel, and the fig- 
ure will be a parallelogram. 

Draw the diagonal BC ; then the triangles ABC, BCD 
have all the sides of the one equal to the corresponding sides 
of the other, each to each ; therefore the angle ABC is equal 
to the angle BCD (Prop. XV.), and, consequently, the side 
AB is parallel .to CD (Prop. XXII.). For a like reason, AC 
is parallel to BD ; hence the quadrilateral ABDC is a par- 
allelogram. Therefore, if the opposite sides, <fec. 



PROPOSITION XXXI. THEOREM. 

If two opposite sides of a quadrilateral are equal and pa? 
ullely the other two sides are equal and parallel, and the figwf 
15 a parallelogram. 

Let ABDC be a quadrilateral, having the A b 

fcides AB, CD equal and parallel ; then will V /\ 
the sides AC, BD be also equal and parallel, \ / \ 
and the figure will be a parallelogram. ^ ^ 

Draw the diagonal BC ; then, because 
AB is parallel to CD, and BC meets them, the alternate an 
gles ABC, BCD are equal (Prop. XXIII). Also, because 
ASi is equal to CD, and BC is common to the two triangles 
AlBC BCD, the two triangles ABC, BCD have two sides and 
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the included tuigle of the one, equal to two sides and the in* 
cluiled angle of tlie other ; therefore, the side AC is equa\ 
to BD (Prop. VI.), and the angle ACB to the angle CBD 
Andj because the straight line BC meets the two straight 
(ines AC, BD, making the alternate angles BCA, CBD equal 
to each other, AC is parallel to BD (Prop. XXII.) ; hence 
the figure ABDC is a parallelogram. Therefore, if two op* 
posite sides, &c. 



PROPOSITION XXXII. THEOREM. 

The diagonals of every parallelogram bisect each other 

Let ABDC be a parallelogram whose di- ^ 
agonals, AD, BC, intersect each other in E ; 
then will AE be equal to ED, and BE to 
EC. 

Because the alternate angles ABE, ECD C D 

are equal (Prop. XXIII.) , and also the alternate angles EAB, 
EDC, the triangles ABE, DCE have two angles in the one 
equal to two angles in the other, each to each, and the inclu< 
ded sides AB, CD are also equal ; hence the remaining sides 
are equal, viz. : AE to ED, and CE to EB. Therefore, the 
diagonals of every parallelogram, <fec. 

Gor^ If the side AB is equal to AC, the triangles AEB, 
AEC have all the sides of the one equal to the corresponding 
sides of the other, and are consequently equal ; hence the 
8ngle AEB will equal the angle AEC, and therefore ike di 
ttgonals of a rliombus bisect each other at right angles 




iJOOK II ^5 



A 
1 




« 


E 

1 


GB 

1 1 


C 

1 


1 


-J 







BOOK 11 

RATIO AND PROPORTION. 

On ike Relation of Magnitudes to Numbers. 

Tub ratios of magnitudes may be expressed by numbeia 
either exactly or approximately ; and in the latter case, the 
approximation can be carried to any required degree of pre 
cision. 

Thus, let it be proposed to find the numerical ratio of two 
^straight lines, AB and CD. 

From the greater line AB, cut 
off a part equal to the less, CD, 
as many times as possible ; for 
example, twice, with a remain- 
der EB. From CD, cut off a 
oart equal to the remainder EB as often as possible ; for ex 
ample, once, with a remainder FD. From the first remain- 
der, BE, cut off a part equal to FD as often as possible ; foi 
example, once, with a remainder GB. From the second re- 
mainder, FD, cut off a part equal to the third, GB, as manj 
times as possible. Continue this process until a remainder is 
found which is contained an exact number oH times in the 
preceding one. This last remainder will be the common 
measure of the proposed lines ; and regarding it as the meas- 
uring unit, we maj' easily find the values of the preceding 
remainders, and at iengtli those of the proposed lines; whence 
we obtain their ratio iii numbers. 

For example, if wo find GB is contained exactly twice in 
FD, GB will be the common measure of the two proposed 
lines. Let GB be called unity, then FD w^ill be equal to 2. 
But EB contains FD once, plus GB; therefore, EB=3. CD 
contains EB once, plus FD ; therefore, CD =5. AB contains- 
CD twice, plus EB; therefore, AB=13. Consequently, the 
atio of the two lines AB, CD is that of 13 to 5. 

However far the operation is continued, it is possible thai 
we may never find a remainder which is contained an exact 
wmber of times in the preceding one. In such cases, the ex- 
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cic^ ratio can not be expressed in numbers ; but, by taking I In 
measuring unit sufficiently small, a ratio may always bo 
found, which shall approach as near as we please to the true 
ratio. 

So, also, in comparing two sur- Unit 
faces, we seek some unit of meas- Q 
ure which is contained an exact 
number of times in each of them. 
Lot A and B represent two sur- 
faces, and let a square inch be 
the unit of measure. Now, if 
this measuring unit is contained 
15 times in A and 24 times in B, then the ratio of A to B is 
that of 15 to 24. And although it may be difficult to jfind 
this measuring unit, we may still conceive it to exist ; or, if 
there is no unit which is contained an exact number of times 
in both surfaces, yet, since the unit may be made as small as 
we please, we may represent their ratio in numbers to any 
degiee of accuracy required. 

Again, if we wish to find the ratio of two solids, A and B, 
we seek some unit of measure which is contained an exact 
number of times in each of them. If we take a cubic inch 
as the unit of measure and we find it to be contained 9 times 
in A, and 13 times in B, then the ratio of A to B is the same 
as that of 9 to 13. And even if there is no unit which is 
contained an exact number of times in both soHds, still, by 
taking the unit sufficiently small, we may represent their ra- 
tio in numbers to any required degree of precision. 

Hence the ratio of two magnitudes in geometry, is the 
same as the ratio of two numbers, and thus each magnitude 
has its numerical representative. We therefore conclude 
that ratio in geometry is essentially the same as in arith-. 
metic, and we might refer to our treatise on algebra for such 
properties of ratios as we have occasion to employ. How 
ever, in order to render the present treatise complete in it- 
elf, we will here demonstrate the most useful properties. 



Di'Jinitions. 

Def, 1. Ratio is the relation which one magnitude beais to 
another with respect to quantity. 

Thus, the ratio of a line two inches in length, to another 
six inches in length is denoted by 2 divided by 6, i. s., f or 
J, ;he number 2 being the third part of 6. So, also, the ra- 
tio of 3 feet to 6 feet is expressed by | or ^. 

\ ratio is most conveniently written as a fraction ; thua^ 
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the ratio of A to B is written r^. The two magnitudes com 

pared together are called the terms of the ratio ; the first is 
called the antecedent^ and the second the consequent. 

Def. 2. Proportion is an equality of ratios. 

Thus, if A has tD B the same ratio that C has to D, these 
' »«jr quantities forir a proportion, and \*e write it 

A^C 

B"^n' 

01^^ A-B: C:D. 

Tne hist and last terms of a proportion are called the twii 
extremes, and the second and third terms the two means. 

Of four proportional quantities, the last is called d. fourth 
proportional to the other three, taken in order. 

Since A=^, 

B D 

it is obvious that if A is greater than B, C must be greutei 

than D ; if equal, equal ; and if less, less ; that is, if one ante 

cedent is greater than its consequent, the other anteceden' 

must be greater than its consequent ; if equal, equal ; and if 

less, less. 

Def. 3. Three quantities are said to be proportional, wher 
the ratio of the first to the second is equal to the ratio of the 
second to the third ; thus, if A, B, and C are in proportion 
then 

A:B::B:C. 

In this case the middle term is said to be a mean propot 
lional between the other two. 

Def 4. Two magnitudes are said to be equimultiples ol 
two others, when they contain those others the same numbei 
of times exactly. Thus, 7A, 7B are equimultiples of A and 
B ; so, also, are mK and mB. 

Def 5. The ratio of B to A is said to be the reciprocal of 
the ratio of A to B. 

Def. Q. Inversion is when the antecedent is made the con- 
lequent, and the consequent the antecedent. 

Thus, if A : B : • C : D ; 

thin, inversely, 

B : A . : D : C. 

Def. 7. Alternation is when antecedent is compared with 
antecedent, and consequent with consequent 

Thus, if A : B : : C : D ; 

ihen, by alternation, 

A : C : : B : D. 

Def 8. Composition is when the sum of antecedent ano 
consequent is comparp.d p'thft^ with the antecedent or cop 
«*»«iuent. 
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Thus, if A:B::C:D; 

then, by composition, 

A+B : A : : C+D : C, and A+B : B : : C+D : D. 
Def. 9. Division is when the difference of antecedent ana 
consequent is compared either with the antecedent or con 
sequent. 

Thus, if A : B : . C : D ; 

then, by division, 

A— B : A : : C— D : C, and A— B : B : : C— U : D. 



Axioms, 

1. Equimultiples of the same, or equal magnitudes, arc 
equal to each other. 

2. Those magnitudes of which the same or equal magni- 
tudes are equimultiples, are equal to each other. 



PROPOSITION I. THEOREM. 

If four quantities are proportional, the product of the two ex- 
rmes is equal to the product of the two means. 

It has been shown that the ratio of two magnitudes, wheth- 
er they are lines, surfaces, or solids, is the same as that ot 
wo numbers, which we call their numerical representatives. 

Let, then. A, B, C, D be the numerical representatives of 
four proportional quantities, so that A : B : : C : D ; then 
willAxD=-BxC. 

For, since the four quantities are proportional, 

A_C 

B~F 

Multiplying each of these equal quantities by B (Axiom 1) 
we ibtain 

Mu.tiplying each of these last equals by D, we have 

AxD=BxC. 
Cor, If there are three proportional quantities, the produ^ \ 
of the two extremes is equal to the square of the mean. 

Thus, if A : B : : B : C ; 

'hau, by .he proposition, 

AxC=BxB, which is equa' to B". 
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I'EOiosiTioN II. THEOREM (Couverse of Prop, I, J. 

If the product of two quantities is equal to the product oj twt 
otiier quantities, the first two may be made the extremes, ana 
the other two the means of a proportion. 

Thus, suppose we have A xD=B xC ; then will 

A : B : : C : D. 
For, since AxD=BxC, dividing each of these equals Uy 
D (Axiom 2), we have 

Dividing each of these last equals by B, we obtain 

AC 

B""D' 
that is, the ratio of A to B is equal to that of C to D, 
or, A : B : : C : D. 



PROPOSITION III. THEOREM. 



If four quantities are proportional, they are also proportion- 
al when taken alternately. 

Let A, B, C, D be the numerical representatives of foui 
proportional quantities, so that A : B : : C : D ; then will 

A : C : : B : D. 

For, since A : B : : C : D, 

Sy Prop. I., A X D =B X C. 

And, since A X D = B X C, 

bv Prop. IL, A : C : : B : D. 



PROPOSITION IV. THEOREM. 

Ratios thai are equal to the same ratio, are equal to each 
9ther. 



Let 


A : B : : C : D, 


and 


A:B::E:F; 


then will 


C : D : : E : F. 


For. since 


A : B : : C : D, 




A C 


we have 


t7 — ^t=x* 




B D 



40 GEOMETRY. 

And, since A : B : : E F, 

A E 
we have R~F* 

C E A 

But pT and p, being severally equal to t^, must be equal to 

each other, and therefore 

C : D : E : F. 
Cor. If the antecedents of one proportion are equai to tne 
antecedents of another proportion, the consequents are pro 
portional. 

If A : B : : C : D, 

and A:E::C:F; 

then will B : D : : E : F. 

For by alternation (Prop. III.), the first proportion be* 
comes 

A : C : : B : D, 
and the second, A : C : : E : F. 

Therefore, by the proposition, 

B : D : : E : F. 



PROPOSITION V. THEOREM. 

If four- quantities are proportional, they are aba proportion 
al when taken inversely. 

Let A : B : : C : D ; 

then will B : A : : D : C. 

For, since A : B : : C : D, 

bv Prop. I., AxD=BxC, 

or, BxC=AxD; 

therefore, by Prop. II., 

B : A : : D : C, 



PROPOSITION VI. THEOREM. 

If four quantities are proportional^ they are also prcpm-ticn 
al by composition. 

Let A : B : : C : D, 

hen will A+B : A : : C+D . C. 

For, since A : B : : C : D, 

by Prop. I., BxC=AxD. 

To each of these equals add 

AxC=A xC 
then AxC+BxC = AxC+AxD. 
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(A+B)XC=AX(C+D, 
Tnerefore, by Prop. IL, 

A+B : A : : C-f D : C. 



PROPOSITION VII. THEOREM. 

If four quantities are proportionaU they are alsop ofottion 
^j by division. 

Let A : B C : D ; 

\iim wiL A— B : A : : C— D : C. 

For, since A : B : : C : D, 

by Prop. I., BxC=:AxD. 

Subtract each of these equals from A X C ; 
then AxC— BxC=AxC— AxD, 

or, (A— B) xC=A X (C— D). 

Therefore, by Prop. II., 

A— B : A : : C— D : C. 

Cor. A+B : A— B : : C+D : C— D. 



PROPOSITION VIII. THEOREM. 

Equimultiples of two quantities have tlie same ratio as tfit 
quantities themselves. 

Let A and B be any two quantities, and mA, mB then 
equimultiples ; then will 

A : B : : mA : mB. 
For »ixAxB=mxAxB, 

or, Axw»B=Bx»iA. 

Therefore, by Prop. II., 

A : B : : mA : mB. 



PROPOSITION IX. THEOREM. 

If any number of quantities are proportionaU any one ante 
cedent is to its consequent, as the sum of all the antecedents, u 
to the sum of all the consequents. 



Let 


A : B : : C : D : : E : F, &c. ; 


then will 


A B : : A+C+E : B+D+F 


For, since 


A : B : : C : D, 


we have 


AxD-BxC. 


And, since 


A : B : : E : F, 


we have 


AxF=BxE. 



To those ©]uals a^d 

AxB=AxB 
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and we have 

AxB+AxD+AxF=AxB+BxC+BxE 
i>r, Ax(B+D+F)=Bx(A+C-lE). 

Tnerefore, l)y Prop. IL, 

A : B : : A+C+E : B-f D+F. 



PROPOSITION X. THEOREM. 

If four quantities are proportional^ their squares or cvbe 
are also proportional. 



Let A :B 

r.hen will A'* : B" 

and A'' : B' 

For, since A : B 



C :D; 

C : D^ 
C :D, 



ny Prop. I., A x D=B x C ; 

or, multiplying each of these equals by itself (Axiom 1), wc 

have 

A'xD'=B^xC''; 
and multiplying these last equals by AxD = BxC, we have 

A'xD'=B'xC". 
Therefoie, by Prop. II., 

A" : B" : : C : DS 
•nd A':B'::C':D'. 



PROPOSITION XI. THEOREM. 

If tJiere are two sets of proportional quantities^ the producu 
.»/ the corresponding terms are proportional. 

Let A : B : : C : D, 

md E : F : : G : H ; 

then will AxE . BxF : : CxG : DxH. 

For, since A : B : : C : D, 

i 7 Prop. I., A x D =B X C. 

And, since E : F : : G : H, 

.y Prop. I., ExH=FxG. 

Multiplying together these equal quantities, we have 

AxDxExH=BxCxFxG; 

01, (AxE)x(DxH) = (BxF)x(CxG)5 

therefore, by Prop. II., 

AxE:BxF::CxG:DxH. 

Cor. If A : B : ; C : D, 

ana B : F : : G ; H ; 

then A:F: :CxG: DxH. 
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For, by the proposition, 

AxB:BxF::CxG:DxH 

Also, by Prop. VIII., 

AxB-BxF:: A:F; 
hence, by Prop. IV., 

A : F::CxG:DxH. 



PROPOSITION XII. THEOREM. 

If three quantities are proportional^ the first is to th^ thirst 
xs the square of the first to the square of the second. 

Thus, if A : B : : B : C ; 

then A 2 C : : A' : B^ 

For, since A : B : : B : C, 

and A : B : : A : E ; 

therefore, by Prop. XL, 

A":B":: AxB:BxC. 
But,by P:op. VIII., 

AxB:BxC:: A:C; 
tiencr;, by Prop. IV , A : C : : A' : B*. 
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THE CIRCLE, AND THE MEASURE OP ANGLM. 

Definitions. 

1. A circle is a plane figure bounded by a line, evt>rY poiw 
of which is equally distant from a point within, called the 
center. 

This bounding line is called the circumfer- 
ence of the circle. 

2. A radius of a circle is a straight line 
drawn from the center to the circumference. 

A diameter of a circle is a straight line 
passing through the center, and terminated 
both ways by the circumference. 

Cor. All the radii of a circle are equal ; all the diameters 
are equal also, and each double of the radius. 

3. An arc of a circle is any part of the^ circumference. 
The chord of an arc is the straight line which joins its two 

extremities. 

4. A segment of a circle is the figure included between an 
arc and its chord. 

5. A sector of a circle is the figure included between an 
arc, and the two radii drawn to the extremities of the arc. 

6. A straight line is said to be inscribed in a circle, when 
its extremities are on the circumference. 

An inscribed angle is one whose sides are 
inscribed. 

r. A polygon is said to be inscribed in a 
c role, v/hen all its sides are inscribed. The 
< ircle is then said to be described about the 
lK)lygDn. 

8. A secant is a line which cuts the cir- 
cumference, and lies partly within and partly without the 
circle. 

9. A straight line is said to touch a circle, v/hen it meeth 
the circumference, and, being produced, does not cut it 
Such a Ime is called a tangen*^ and the point in which i' 
meets the circumference, is called the point vf contact. 
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iO. Two circumferences touch each 
51 her when they meet, but do not cut 
one another. 



11. A polygon is described about a circle, 
when eacn side of the polygon touches the cir- 
cumference of the circle. 

In the same case, the circle is said to be in- 
scribed in the polygon. 





PROPOSITION I. THEOREM. 

Every diameter divides the circle and its circumference tnto 
two equal parts. 

Let ACBD be a circle, and AB its di- 
ameter. The line AB divides the circle 
and its circumference into two equal parts. 
For, if the figure ADB be applied to the ^ 
figure ACB, while the line AB remains 
common to both, the curve line ACB must 
coincide exactly with the curve line ADB. 
For, if any part of the curve ACB were to 
fall either within or without the curve ADB, there would be 
points in one or the other unequally distant from the center 
which is contrary to the definition of a circle. Therefore 
every diameter, &c. 




PROPOSITION II. THEOREM. 

A straight line can not meet the circumference oj a circle m 
more than two points. 

For, if it is possible, let the straight 
line ADB meet the circumference CDE 
In three points, C, D, E. Take F, the 
center of the circle, and join FC, FD, 
FE. Then, because F is the center of 
ihe circle, the three straight lines FC, 
FD, FE are all equal to each other ; 
hence, three equal straight lines have 
baen drawn from the same point to the same straight I'ne. 
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which is impossible (Prop. XVII., Cor. 2, Book I.V Ther©" 
fore, a straight line, &c. 



PROPOSITION III. THEOREM. 

in equal circks, equal arcs are subtended by equal chords 
ind, conversely y equal chords subtend equal arcs. 

Let ADB, EHF be 

equal circles, and let the 
arcs AID, EMH also be 

equal; then will the Af ^ )-®^l 

chord AD be equal to 
the chord EH. 

For, the diameter AB 
being equal to the diameter EF, the semicircle ADB may be 
applied exactly to the semicircle EHF, and the curve line 
AIDB will coincide entirely with the curve line EMHF 
(Prop. I.). But the arc AID is, by hypothesis, equal to the 
arc EMH ; hence the point D will fall on the point H, and 
therefore the chord AD is equal to the chord EH (Axiom 

11, B. I.). 

Conversely^ if the chord AD is equal to the chord EH, then 
the arc AID will be equal to the arc EMH. 

For, if the radii CD, GH are drawn, the two triangles 
ACD, EGH will have their three sides equal, each to each 
viz. : AC to EG, CD to GH, and AD equal to EH ; the tri 
angles are consequently equal (Prop. XV., B. I.), and the an 
gle ACD is equal to the angle EGH. Let, now, the semicir- 
cle ADB be applied to the semicircle EHF, so that AC may 
coincide with EG ; then, since the angle ACD is equal, to the 
angle EGH, the radius CD will coincide with the radius GH, 
and the point D with the point H. Therefore, the arc AID 
must coincide with the arc EMH, and be equal to it. Hence, 
tn equal circles, &c. 



PROPOSITION IV. THEOREM. 

In equal circles, equal angles at the center , are subtended by 
equal arcs ; and, conversely, equal arcs subtend equal angles at 
the center. 

Let AGB, DHE be two equal circles, and let ACB, DFE 
be equal angles at their centers ; then will the arc AB bf 
%qual to the arc DE. Join AB, DE ; and, because the cir 
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cles A6B, DHE are equal, their 

radii are equal. Therefore, the 

two sides CA, CB are equal to 

the two sides FD, FE ; also, the 

angle at C is equal to the angle 

at F ; therefore, the base AB is 

equal to the base DE (Prop. VI., A' 

B. L). And, because the chord AB 

is equal to the chord DE, the arc AB must be equal to the 

arc DE (Prop. III.). 

Conversely J if the arc AB is equal to the arc DE, the an- 
gle ACB will be equal to the angle DFE. For, if these an- 
gles are not equal, one of them is the greater. Let ACB be 
the greater, and take ACI equal to DFE ; then, because 
equal angles at the center are subtended by equal arcs, the 
arc AI is equal to the arc DE. But the arc AB is equal to 
the arc DE ; therefore, the arc AI is equal to the arc AB, 
the less to the greater, which is impossible. Hence the an- 
gle ACB is not unequal to the angle DFE, that is, it is eouKi 
»o it. Therefore, in equal circles, &c. 



PROPOSITION V. THEOREM. 

In the same circle, or in equal circles, a greater arc is sub 
tended by a greater chord; and, conversely, the greater chord 
subtends the greater arc. 

In the circle AEB, let the arc AE be 
greater than the arc AD ; then will the 
chord AE be greater than the chord AD. 

Draw the radii CA, CD, CE. Now, if 
the arc AE were equal to the arc AD, A| 
the angle ACE would be equal to the an- 
gle ACD (Prop. IV.) ; hence it is clear 
that if the arc AE be greater than the arc 
AD, the angle ACE must be greater than the angle ACI). 
But the two sides AC, CE of the triangle ACE are equal to 
the two AC, CD of the triangle ACD, and the angle ACE is 
greater than the angle ACD ; therefore, the third side AE is 
greater than the third side AD (Prop. XIII., B. I.) ; hence 
the chord which subtends the greater arc is the greater. 

Conversely, if the chord AE is greater than the chord AD 
the arc AE is greater than the arc AD. For, because the 
two triangles ACE, ACD have two sides of the one equal 
to two sides of the other, each to each, but the base AE of 
the one is greater than the base AD <^»r the other, tliereforf 
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llie angle ACE is greater than the angle ACD (Prop. .Xl V • 
B. I.) ; and hence the arc AE is greater than the arc All 
(Pi op. IV.). Therefore, in the same circle, &c. 

Scholium, The arcs here treated of are supposed to be 
less than a semicircumference. If they were greater, the op- 
posite property would hold true, that is, the greater the axe 
the smaller the chord. 



PROPOSITION VI. THEOREM. 




The radius which is perpendicular to a chord, bisects the 
chord, and also the arc which it subtends. 

Let ABG be a circle, of which AB is a 
chord, and CE a radius perpendicular to 
it; the chord AB will be bisected in D, 
and the arc AEB will be bisected in E. 

Draw the radii C A, CB. The two right- 
angled triangles CDA, CDB have the side 
AC equal to CB, and CD common ; there- 
fore the triangles are equal, and the base 
AD is equal to the base DB (Prop. XIX., 
B. I.). 

Secondly, since ACB is an isosceles triangle, and the line 
CD bisects the base at right angles, it bisects also the verti- 
cal angle ACB (Prop. X., Cor. 1, B. I.). And, since the an- 
gle ACE is equal to the angle BCE, the arc AE must be 
equal to the arc BE (Prop. IV.) ; hence the radius CE, per- 
pendicular to the chord AB, divides the arc subtended by 
this chord, into two equal parts in the point E. Therefore, 
the radius, &c. 

Scholium. The center C, the middle point D of the chc^rd 
AB, and the middle point E of the arc subtended by this 
chord, are three points situated in a straight line perpendic- 
ular to the chord. Now two points are sufficient to deter- 
•nine the position of a straight line ; therefore any straight 
TiQ which passes through two of these points, will necessari" 
y pass through the third, and be perpendicular to the chord. 
Also, the perpendicular at the middle if a choid passes through 
the center of the circle and through the middle of the arc sub* 
iffi d d by t}ie chord. 
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rHOPOSITION VII. THEOREM. 

Through three given points^ not in the same straight lint 
vne circumference may be made to pass, and but one. 

Let A, B, C be three points not in the same straight line, 
they all lie in the circumference of the same circlev Joii 
AB, AC, and bisect these lines by the 
perpendiculars DF, EF; DF and EF 
produced wi.l meet one another. For, 
join DE ; then, because the angles ADF, 
AEF are together equal to two right an- 
gles, the angles FDE and FED are to- 
gether less than two right angles ; there- 
fore DF and EF will meet if produced 
(Prop. XXIIL, Cor. 2, B. I.). Let them 
meet in F. Since this point lies in the perpendicular DF, it is 
equally distant from the two points A and B (Prop. XVIIL, 
B. I.) ; and, since it lies in the perpendicular EF, it is equally 
distant from the two points A and C ; therefore the three 
distances FA, FB, FC are all equal ; hence the circumfe- 
rence described from the center F with the radius FA will 
pass through the three given points A, B, C. 

Secondly. No other circumference can pass through the 
same points. For, if there were a second, its center could 
not be out of the line DF, for then it would be unequally dig 
tant from A and B (Prop. XVIIL, B. I.) ; neither could it be 
out of the line FE, for the same reason ; therefore, it must be 
en both the lines DF, FE. But two straight lines can not 
cut each other in more than one point ; hence only one cir- 
cumference can pass through three given points. Therefore, 
through three given points, &c. 

Cor. Two circumferences can not cut each other in more 
ihan two points, for, if they had three common points, they 
would have the same center, and would coincide with each 
other. 



PROPOSITION VIII. THEOREM. 



Equal chords ai e equally distant from the center ; and of two 
unequal chords, the less is the more remote from the center. 

Let the chords AB, DE, in the circle ABED, be equal to 
'.^ne another : they are equally distant from the centes Tnkc 
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C, the center of the circle, and from it 

draw CF, CG, perpendiculars to AB, 

DE. Join Ca, ^D ; then, because the 

radius CF is perpendicular to the chord / 

AB, it bisects it (Prop. VI.). Hence 

AF is the half of AB ; and, for the same 

reason, DG is the half of DE. But AB 

ts equal to DE ; therefore AF is equal 

to DG (Axiom 7, B. I.). Now, in the 

right-angled triangles ACF, DCG, the hypothenuse AC is 

equal to the hypothenuse DC, and the side AF is equal to 

the side DG ; therefore the triangles are equal, and CF is 

equal to CG (Prop. XIX., B. I.) ; hence the two equal chords 

AB, DE are equally distant from the center. 

Secondly. Let the chord AH be greater than the chord DE ; 
DE is further from the center than AH. For, because the 
chord AH is greater than the chord DE, the arc ABH is 
greater than the arc DE (Prop. V.). From the arc ABH 
cut off a part, AB, equal to DE ; draw the chord AB, and 
let fall CF perpendicular to this chord, and CI perpendicular 
to AH. It is plain that CF is greater than CK, and CK 
than CI (Prop. XVII., B. I.) ; much more, then, is CF great- 
er than CI. But CF is equal to CG, because the chords AB, 
DE are equal ; hence CG is greater than CI. Therefore, 
equal chords, &c. 

Cor. Hence the diameter is the longest line that can be m 
picribed in a circle. 



PROPOSITION IX. THEOREM. 



A straight line perpendicular to a diameter at its extremAyu 
M a tangent to the circumference. 

Let ABG be a circle, the center of which is C, and the di- 
ameter AB ; and let AD be drawn from A perpendicular to 
AB ; AD will be a tangent to the circum- 
ference. 

In AD take any point E, and join 
CE ; then, since CE is an oblique line, 
it is longer than the perpendicular CA 
(Prop. XVII., B. I.). Now CA is equal 
to CK ; therefore CE is greater than 
CK, and the point E must be without 
Jie circle. But E is any point whatev- 
er in the line AD; therefore AD has 
only the point A in common with the 
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cii cumference, hence it is a langent (Def. 9). Therefcre, 
a straight line, &c. 

Scholium. Through the same point A in the cii cumfer- 
ence, only one tangent can be drawn. For, if possible let a 
second tangent, AF, be drawn ; then, since CA can not be 
perpendicular to AF (Prop. XVL, Cor., B. I.), another line, 
CH. must be perpendicular to AF, and therefore CH must be 
less than CA (Prop. XVII., B. I. ; hence the point H falls 
within the circle, and AH produced will cut the circumfer- 
ence. 



PROPOSITION X. THEOREM. 




Two parallels intercept equal arcs on the circumference* 

The proposition admits of three cases: 

First. When the two parallels are se- 
cants, as AB, DE. Draw the radius CH 
perpendicular to AB ; it will also be per- 
pendicular to DE (Prop. XXIII., Cor. 
1, B. I.) ; therefore, the point H will be 
at the same time the middle of the arc 
AHB, and of the arc DHE (Prop. VI.). 
Hence the arc DH is equal to the arc 
HE, and the arc AH equal to HB„ and therefore the arc AI> 
is equal to the arc BE (Axiom 3, B. L). 

Second. When one of the two par- 
allels is a secant, and the other a tan- D ^^ - ^ B 

gent. To the* point of contact, H, 
draw the radius CH ; it will be per- 
pendicular to the tangent DE (Prop. 
IX.), and also to its parallel AB. But 
since CH is perpendicular to the chord 
AB, the point H is the middle of the 
arc AHB (Prop. VI.) ; therefore the r- 
arcs AH, HB, included between the 
parallels AB, DE, are equal. 

Third. If. the two parallels DE, FG are tangents, the one 
at H, the other at K, draw the parallel secant AB ; then, ac- 
cording to the former case, the arc AH is equal to HB, and 
the arc AK is equal to KB ; hence the whole arc HAK is 
equal to the whole arc HBK (Axiom 2, B. I.). It is also ev- 
ident that each of these arcs is a semi circumference. There 
fore, two parallels, <bc. 
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PROPOSITION' XI. THEOREM. 

If two circumferences cut each other ^ the chord which joins 
the points of intersection, is bisected at right angles by th6 
straight line joining their centers. 

Let two circum- 
ferences cut each 
other in the points A 
and B ; then will the 
me AB be a com- 
Tion chord to the 
two circles. Now, if 
a perpendicular be 
vected from the middle of this chord, it will pass through C 
and D, the centers of the two circles (Prop. VI., SchoL). 
But only one straight line can be drawn through two given 
points ; therefore, the straight line which passes through th« 
centers, will bisect the common chord at right angles. 




PROPOSITION XII. THEOREM. 



If two circumferences touch each other, either externally ot 
internally, the distance of their centers must be equal to the 
^um or difference of their radii. 

It is plain that the centers of the circles and the point of 





contact are in the same straight line ; for, if possible, let the 
point of contact, A, be without the straight line CD. From 
A let fall upon CD, or CD produced, the perpendicular AE, 
and produce it to B, making BE equal to AE. Then, in the 
triangles ACE, BCE, the side AE is equal to EB, CE is com- 
mon, and the angle AEC is equal to the angle BEC ; there- 
fore AC is equal to CB (Prop. VI., B. I.), and the point B its 
m the circumference ABF. In the same manner, it may be 
ihown to be in the cisrumfe) ence ABG. and hence the point 
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B is in both circumferences. Therefore the two circumfe 
rences have two points, A and B, in common ; that is, they cut 
each other, which is contrary to the hypothesis. Therefore, 
the point of contact can not be without the Hne joining the 
centers ; and hence, when the circles touch each other exter- 
nally, the distance of the centers CD is equal to the sum of 
the radii CA, DA ; and when they touch internally, the dis 
tance CD is equal to the difference of the radii CA, DA 
Therefore, if two circumferences, &c. 

Schol. If two circumferences touch each other, externally 
or inteiTially, their centers and the point of contact are m 
the same straight line. 



PROPOSITION XIII. THEORBM. 

If two circumferences cut each other^ the distance between 
their centers is less than the sum of their radii, and greatet 
than their difference. 

Let two circumferences cut each 
other in the point A. Draw the ra- 
dii CA, DA ; then, because any two 
sides of a triangle are together great- 
er than the third side (Prop. VIIL, B. 
L), CD must be less than the sum of 
AD and AC. Also, DA must be less 
than the sum of CD and CA ; or, subtracting CA from these 
unequals (Axiom 5, B. I.), CD must be greater than the dit 
ference between DA and CA. Therefore, if two circumfe- 
rences, &c. 




PROPOSITION XIV. THEOREM. 

In equal circles, angles at the center have the same rati9 
with the intercepted arcs. 

Case first. When 
Ihe angles are in the 
ratio of two whole 
numbers. 

Let ABG, DFH 
be equal circles, and 
let the angles ACB, ^ 
DEF at their cen- 
ters be in the ratio of two whole numbers ; then will 
the angle ACB : angle DEF : : arc AP : arc DF. 
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Suppose, foi exan\] le, that the angles ACB, DEF are lu 
each other as 7 to 4 ; or, which is the same tning, suppose 
that the angle M, which may serve as a common measure 
is contained seven times in the angle ACB, and four times ir 
the angle DEF. The seven partial angles into which ACB 
is divided, being tach equal to any of the four partial angles 
into which DEF is divided, the partial arcs will also be 
equal to* each other (Prop. IV.), and he entire arc AB will 
be to the entire arc DF as 7 to 4. Now the same reasoning 
would apply, if in place of 7 and 4 any whole numbers what- 
ever were employed; therefore, if tiie ratio of the anglefi 
ACB, DEF can be expressed in whole numbers, the arcs AB, 
DF will be to each other as the angles ACB, DEF. 

Case second. When the ratio of the angles can not be ex • 
pressed by whole numbers. 

Let ACB, ACD be two an- 
gles having any ratio whatev- 
er. Suppose ACD to be tb© 
smaller angle, and let it be 
placed on the greater; then 
will the angle ACB : angle 
ACD : : arc AB : arc AD. 

For, if this proportion is not true, the first three terms re- 
maining the same, the fourth must be greater or less than 
AD. Suppose it to be greater, and that we have 

Angle ACB : angle AQD : : arc AB : arc AI. 

Conceive the arc AB to be divided into equal parts, each 
less than DI ; there will be at least one point of division be- 
twecL D arid I. Let H be that point, and join CH. The 
arcs AB, AH will be to each other in the ratio of two whole 
numbers, and, by the preceding case, we shall have 

Angle ACB : angle ACH : : arc AB : arc AH. 

Comparing these two proportions with each other, and ob- 
serving that the antecedents are the same, we conclude that 
the consequents are proportional (Prop. IV., Cor., B. II.) ; 
therefore, 

Angle ACD : angle ACH : : arc AI : arc AH. 

But the arc AI is greater than the arc AH ; therefore the 
angle ACD is greater than the angle ACH (Def. 2, B. II.), 
that is, a part is greater than the whole, which is absurd. 
Hence the angle ACB can not be to the angle ACD as the 
arc AB to an arc greater than AD. 

In the same manner, it may be proved that the fourth term 
of tne proportion can not be less than AD ; therefore, it must 
be AD, and we have the proportion 

Angle ACB angle A 3D : : arc AB : arc AD. 

Cor. I. Since tlie angle at the center of a circle, and th« 
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trc intercepted by its sides, are so related, that when one is 
increased or diminished, the other is increased or diminished 
in the same ratio, we may take either of these quantities as 
the measure of the other. Henceforth we shall take the arc 
AB to measure the angle ACB. It is important to observe, 
that in the comparison of angles, the arcs which measure 
them must be described with equal radii. 

Cor. 2. In equal circles, sectors are to each other as thex% 
arcs; for sectors are equal when their angles are equal. 



PROPOSITION XV. THEOREM. 




An inscribed angle is measured by half the arc included he* 
tween its sides, 

■ 

Let BAD be an angle inscribed in the circle BAD. The 
angle BAD is measured by half the arc BD. 

First. Let C, the center of the circle, 
be within the angle BAD. Draw the di- 
ameter AE, also the radii CB, CD. 

Because CA is equal to CB, the angle 
CAB is equal to the angle CB A (Prop. X., 
B. I.) ; therefore the angles. CAB, CBA 
are together double the angle CAB. But 
the angle BCE is equal (Prop. XXVIL, B. 
I.) to the angles CAB, CBA; therefore, 
also, the angle BCE is double of the angle BAC. Now the 
angle BCE, being an angle at the center, is measured by the 
arc BE ; hence the angle BAE is measured by the half of 
BE. For the same reason, the angle DAE is measured by 
half the arc DE. Therefore, the whole angle BAD is meas- 
ared by half the arc BD. 

Second. Let C, the center of the circle, 
be without the angle BAD. Draw the di- 
ameter AE. It may be demonstrated, as 
in the first case, that the angle BAE is 
measured by half the arc BE, and the. an- 
gle DAE by half the arc DE ; hence their 
difference, BAD, is measured by half of D> 
BD. Therefore, an inscribed angle, &c. 

Cor. 1. All the angles BAC, BDC, &c., ^ £ 

inscribed in the same segment are equal, for they are all 
measured by half the same arc BEC. (See next fig.) 

Cor. 2. Eveiy angle inscribed in a semicircle is a right 
angle, because it is measured by half a semicircuinference 
thxt is, the fonrti part of a circumference 
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Cor. 3. Every angle inscribed in a 
segment greater than a semicircle is an 
acute angle, for it is measured by half 
an arc less than a semicircumference. 

Every angle inscribed in a segment 
less than a semicircle is an obtuse an- 
gle, for it is measured by half an arc 
greater than a semicircumference. 

Cor. 4. The opposite angles of an in- 
scribed quadrilateral, ABEC, are together equal to two right 
angles ; for the angle BAG is measured by half the arc BEC, 
and the angle BEC is measured by half the arc BAG ; there- 
fore the two angles BAG, BEG, taken together, are measured 
by half the circumference ; hence their sum is equal to twc> 
right angles. 




PROPOSITION XVI. THEOREM. 



The angle formed by a tangent and a chord, is measured by 
half the arc included between its sides. 

Let the straight line BE touch the 
circumference AGDF in the point A, 
and from A let the chord AG be 
drawn ; the angle BAG is measured bv 
half the arc AFG. 

From the point A draw the diameter 
AD; The angle BAD is a right angle 
(Prop. IX.), and is measured by half 
the semicircumference AFD ; also, the 
angle DAG is measured by half the arc DG (Prop. XV.) ; 
therefore, the sum of the angles BAD, DAG is measured by 
half the entire arc AFDG. 

In the same manner, it may be shown that the angle GAE 
18 measured by half the arc AG, included between its sides. 

Cor. The angle BAG is equal to an angle inscribed in the 
segment AGG; and the angle EAG is equrl to an angle in 
scribed in the segment AFG. 
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BOOK IV. 

THE PROPORTIONS CF F.GUaEJS 
Definitions. 

1. Jiqual figures are such as maybe applied the one to ii«^ 
other, so as to coincide throughout. Thus, two circles having; 
equal radii are equal ; and two triangles, having the three sidesi 
of the one equal to the three sides of the other, each to eacli 
are also equal. 

2. Equivalent figures are such as contain equal areas 
Two figures may be equivalent, however dissimilar. Thus, 
a circle may be equivalent to a square, a triangle to a rec- 
tangle, &c. 

3. Similar figures are such as have the angles of the one 
equal to the angles of the other, each to each, and the sides 
about the equal angles proportional. Sides which have the 
same position in the two figures, or which are adjacent to 
equal angles, are called homologous. The equal angles may 
also be called homologous angles. 

Equal figures are always similar, but similar figures may 
he very unequal. 

4. Two sides of one figure are said to be reciprocally pro- 
portional to two sides of another, when one side of the first is 
to one side of the second, as the remaining side of the sec- 
t^nd is to the remaining side of the first. 

5. In difierent circles, similar arcs, sectors, or segments^ are 
tliose which correspond to equal angles at the center. 

Thus, if the angles A and D are 
equal, the arc BC will be similar to 
the arc EF, the sector ABC to the 
sector DEF, and the segment BGC 
to the segment EHF. 

6. The altitude of a triangle is the perpen- 
dicular let fall from the vertex of an angle 
on the opposite side, taken as a base, or on 
the base produced 
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7. The altitude of a parallelogram is the 
j)er})endicular drawn to the base from the 
opposite side. 

8. The altitude of a trapezoid is the distance 
Detween its parallel sides. 
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PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and equal altitudes 
are equivalent. 

Let the parallelo- y. 
fframs ABCD, ABEF ^ 
be placed so that their 
equal bases shall coin- 
cide with each other. 
Let AB be the common 
base ; and, since the two parallelograms are supposed to have 
the same altitude, their upper bases, DC, FE, will be in the 
same straight line parallel to AB. 

Now, because ABCD is a parallelogram, DC is equal to 
AB (Prop. XXIX., B. L). For the same reason, FE is equal 
to AB, wherefore DC is equal to FE ; hence, if DC and FE 
be taken away from the same line DE, the remainders CE 
and DF will be equal. But AD is also equal to BC, and AF 
to BE ; therefore the triangles DAF, CBE are mutually equi 
hteral, and consequently equal. 

Now if from the quadrilateral ABED we take the triangle 
ADF, there will remain the parallelogram ABEF ; and if 
from the same quadrilateral we take the triangle BCE, there 
will remain the parallelogram ABCD. Therefore, the two 
parallelograms ABCD, ABEF, which have the same base 
and the same altitude, are equivalent. 

Cor. Every parallelogram is equivalent to the rectangle 
wh^ch has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

Every triangle is half of the parallelogram which has tha 
fame base and the same altitude. 

Let the parallelogram ABDE and the triangle ABC have 
the same base, AB, and the same altitude ; the triangle is 
half of the pai allelogram. 
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Complete the parallelogram ABFC ; q 
ihen the parallelogram ABFC is equiv- 
alent to the parallelogram ABDE, be- 
cause they have the same base and the 
same altitude (Prop. I.). But the tri- 
angle ABC is half of the parallelogram 
ABFC (Prop. XXIX., Cor., B. I.) ; wherefore the triangle 
ABC is also half of the parallelogram ABDE Therefore, 
every triangle, &c. 

Cor. 1. Every triangle is half of the rectangle which has 
the same base and altitude. 

Cor. 2. Triangles which have equal bases and equal alti 
tudes are equivalent. 



PROPOSITION III. THEOREM. 



Two rectangles of the same altitude^ are to each other as then 
bases. 
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Let ABCD, AEFD be two rec- j^ F C 

tangles which have the common al- 
titude AD ; they are to each other 
-s their bases AB, AE. 

Case first. When the bases are in 
the ratio of two whole numbers, for 
example, as 7 to 4. If AB be divided into seven equal parts. 
AE will contain four of those parts. At each point of divis- 
ion, erect a perpendicular to the base ; seven partial rectan- 
gles will thus be formed, all equal to each other, since they 
have equal bases and altitudes (Prop. I.). The rectangle 
ABCD will contain seven partial rectangles, while AEFD 
will contain four ; therefore the rectangle ABCD is to the 
rectangle AEFD as 7 to 4, or as AB to AE. The same rea- 
soning is applicable to any other ratio than that of 7 to 4 j 
therefore, whenever the ratio of the bases can be expressed 
in whole numbers, we shall have 

ABCD : AEFD : : AB : AE. 

Case second. When the ratio of the bases can not be ex- 
pressed in whole numbers, it is still true that 

ABCD : AEFD :: AB AE. 

For, if this proportion is not true, the 

first three terms remaining the same, the 

fourth must be greater or less than AE. 

Suppose it to be greater, and that we have 

ABCD : AEFD : : AB : AG. 
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Conceive the line AB to be divided into ^ 
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equal parts, each less than EG ; there will 
be at least one point of division between 
E and G. Let H be that point, and draw 
the pejpendicular HI. The bases AB, AH 
will be to each other in the ratio of two 
whole numbers, and by the preceding case -^ 
we shall have 

ABCD : AHID : : AB : AH. 

But, by hypothesis, we have 

ABCD : AEFD : : AB : AG. 

In these two proportions the antecedents are equal ; theie- 
fore the consequents are proportional (Prop. IV., Cor., B. II.) 
and we have 

AHID : AEFD : : AH : AG. 

But AG is greater than AH ; therefore the rectangle 
AEFD is greater than AHID (Def. 2, B. 11.) ; that is, a part is 
greater than the whole, which is absurd. Therefore ABCD 
can not be to AEFD as AB to a line greater than AE. 

In the same manner, it may be shown that the fourth term 
of the proportion can not be less than AE ; hence it must h(^ 
AE, and we have the proportion 

ABCD : AEFD : : AB : AE. 
Therefore, two rectangles, &c. 



PROP08ITION IV. THEORSM. 



Any two rectangks are to each other as the prodticts of then 
bases by their altitudes. 

Let ABCD, AEGF be two rectangles ; the ratio of the rec- 
tangle ABCD to the rectangle AEGF, is the same with the 
ratio of the product of AB by AD, to th3 product of AE by 
AF ; that is, 

ABCD : AEGF : : AB X AD : AE x AF. 

Having placed the two rectangles so 
^lliat the angles at A are veitical, pro- 
duce the sides GE, CD till they meet in 
H. The two rectangles ABCD, AEHD 
*iave the same altitude AD ; they are, 
therefore, as their bases AB, AE (Prop. 
III.). So, also, the rectangles AEHD, 
AEGF, having the same altitude AE, 
are to each other as their bases AD, AF 
two proportions 

ABCD : AEHD : : AB AE, 
AEHD : AEGF : : AD AF. 
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Hence (Prop. XL, Cor., B. IL), 

ABCD : AEGF : : ABxAD : AExAF. 

Scholium, Hence we may take as the measure of a reo 
tangle the product of its base by its altitude ; provided we un 
derstand by it the product of two numbers, one of which if 
the number of lineai* units contained in the base, and the oth- 
Bf the number of linear units contained in the altitude. 



PROPOSITION V. THEOREM. 

The area of a parallelogram is equal to the product of it$ 
base by its altitude. 

Let ABCD be a parallelogram, AF its p d e U 

altitude, and AB its base ; then is its sur- 
face measured by the product of AB by 
AF. For, upon the base AB, construct a 
rectangle having the altitude AF ; the par- 
allelogram ABCD is equivalent to the rec- 
tangle ABEF (Prop. I., Cor.). But the rectangle ABEF is 
measured by AB X AF (Prop. IV., Schol.) ; therefore the area 
of the parallelogram ABCD is equal to ABxAF. 

Cor. Parallelograms of the same base are to each other as 
their altitudes, and parallelograms of the same altitude are 
to each other as their bases ; for magnitudes have the sam€ 
ratio that their equimultiples have (Prop. VHL, B. H.). 



PROPOSITION VI. THEOREM. 

The area of a triangle is equal to half the product of its 
Jiise by t7? altitude. 

Let ABC be any triang.e, BC its base, and 
AD its altitude ; the area of the triangle ABC 
B rr.easured by half the product of BC by AD. 

For, complete the parallelogram ABCE. 
The triangle ABC is half of the parallelo- 
gram ABCE (Prop. II.) ; but the area of the 
parallelogram is equal to BC X AD (Prop. V.) ; hence the 
area of the triangle is equal to one half of the product of 
BC by AD. Therefore, the area of a triangle, &c. 

Cor. 1. Triangles of the same altitude are to each other 
as their bases, and triangles of the same base are to each oth- 
er as their altitudes. 

Cor 2 Equivalent triangles, whose bases are equal, have 
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equal altiluaej ; and equivalent triangles, whose altitudes an 
equal, have equiJ bases. 



PROPOSITION VII. THEOREM. 




The area of a ti^apezoid is equal to half the product of iti 
altitude by the sum of its parallel sides. 

Let ABCD be a trapezoid, DE its al- 
titude, AB and CD its parallel sides ; 
'ts area is measured by half the product 
of DE, by the sum of its sides AB, CD. 

Bisect BC in F, and through F draw^ 
GH parallel to AD, and produce DC to a E 
H. In the two triangles BFG, CFH, 
the side BF is equal to CF by construction, the vertical an- 
gles BFG, CFH are equal (Prop. V., B. I.), and the angle 
FCH is equal to the alternate angle FBG, because CH and 
BG are parallel (Prop. XXIII.; B. I.) ; therefore the triangle 
CFH is equal to the triangle BFG. Now, if from the whole 
figure, ABFHD, we take away the triangle CFH, there will 
remain the trapezoid ABCD ; and if from the same figure, 
ABFHD, we take away the equal triangle BFG, there will 
"emain the parallelogram AGHD. Therefore the trapezoid 
ABCD is equivalent to the parallelogram AGHD, and is 
measured by the product of AG by DE. 

Also, because AG is equal to DH, and BG to CH, there- 
'ore the sum of AB and CD is equal to the sum of AG and 
DH, or twice AG. Hence AG is equal to half the sum of 
the parallel sides AB, CD ; therefore the area of the trape- 
zoid ABCD is equal to half the product of the altitude DE 
by the sum of he bases AB, CD. 

Cor. If through the point F, the middle of BC, we draw 
FK parallel to the base AB, the point K will also be the mid- 
dle of AD. For the figure AKFG is a parallelogram, as 
also DKFH, the opposite sides being parallel. Therefore 
AK is equal to FG, and DK to HF. But FG is equal to FH, 
since the triangles BFG, CFH are equal ; therefore AK is 
equal to DK. 

Now, since KF is equal to AG, the area of the trapezoid is 
equal to DE XKF. Hence tlie area of a trapezoid is equal to 
Us altitude^multiplied by the line whrch joins the middle pointi 
of the sides it hi ^k are not paralleL 
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PROPOSITI DN Vlll. THEOREM. 

If a straight line is divided into any two parts, the square oj 
the whole line is equivalent to the squares of the two paints, tO' 
^ether with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts in 
C; the square on AB is equivalent to the squares on AC 
CB, together with twice the rectangle contained by AC, CB 
that is, 

AB% or (AC+CB)»=AC»+CB-+2ACxCB. 

Upon AB describe the square ABDE ; j^ j£ 

take AF equal to AC, through F draw FG 
parallel to AB, and through C draw CH par- 
allel to AE. 

The square ABDE is divided into four 
parts : the first, ACIF, is the square on AC, 
since AF was taken equal to AC. The sec- 
ond part, IGDH, is the square on CB ; for, because AB is 
equal to AE, and AC to AF, therefore BC is equal to EF 
(Axiom 3, B. L). But, because BCIG is a parallelogram, 
GI is equal to BC ; and because DEFG is a parallelogram, 
DG is equal to EF (Prop. XXIX., B. I.) ; therefore HIGD is 
equal to a square described on BC. If these two parts are 
taken from the entire square, there will remain the two rect- 
angles BCIG, EFIH, each of which is measured by AC X 
CB ; therefore the whole square on AB is equivalent to the 
squares on AC and CB, together with twice the rectangle of 
AC X CB. Therefore, if a straight line, &c. 

Cor. The square of any line is equivalent to four times the 
square of half that line. For, if AC is equal to CB, the four 
figures AI, CG, FH, ID become equal squares. 

Scholium. This proposition is expressed algebraicaJv 

{a+by=a'+2ab+b\ 



PROPOSITION IX. THEOREM. 

The square described on the difference of two lines, is equiv 
alent to the sum of the squares of the lines, diminished by twict 
the rectangle contained by the lines. 

ijet AB, BC be anj two lines, and AC their difference ; 
the square described on AC is equivalent to the sum of the 
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squares on AB and CB, diminished ly twice the rcci&nglt 
contained by AB, CB ; that is, 

AC5S or (AB— BC)''=AB»+BC»— 2ABXBC. 

Upon AB describe the square ABKF ; Xi p G K 

take AE equal to AC, through C draw 
CG parallel to BK, and through E draw 
HI parallel to AB, and complete the 
square EFLL 

Because AB is equa'. to AF, and AC to 
AE ; therefore CB is equal to EF, and GK 
lo LF. Therefore LG is equal to FK or AB ; and hence the 
two rectangles CBKG, GLID are each measured by AB X 
EC. If these rectangles are taken from the entire figure 
ABKLIE, which is equivalent to AB'+BC, there will evi 
dently remain the square ACDE. Therefore, the square 
described, &c. 

Scholium. This proposition is expressed algebraically 
hus: 

{a—hy=^a^—2ab-\-h\ 

Cor. {a+hy—{a—by=Aah. 



PROPOSITION X. THEOREM. 



The rectangle contained by the sum and difference of two 
^ines, is equivalent to the difference of the squares of those lines 

Let AB, BC be any two lines ; the rectangle contained by 
the sum and difTeren&e of AB and BC, is equivalent to the 
difference of the squares on AB and BC ; that is, 
(AB+BC) X (AB— BC) = AB»— BC». 
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Upon AB describe the square ABKF, 
and upon AC describe the square ACDE ; 
produce AB so that BI shall be equal to -^ 
BC, and complete the rectangle AILE. 

The base AI of the rectangle AILE is 
the sum of the two lines AB, BC, and its 
altitude AE is the difference of the same -^ 
lines ; therefore AILE is the rectangle contained by the sum 
and difference of thai lines AB, BC. But this rectangle is 
composed of the two parts ABHE and BILH ; and the part 
BILH is equal to the rectangle EDGF, for BH is equal to 
DE, and BI is equal to EF. Therefore AILE is equivalent 
to the figure ABHDGF. But ABHDGF is the excess of the 
square ABKF above the square DHKG, which is the squar« 
07 BC ; t/ierefore, 

vABH-BC)x(AB— BC)-=AB'— BC^ 
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Scholium, This proposition is expressed algebraicall* 
thus: • 

{a+h)x{u—h)=d?—h\ 



PR0PC31TI0N XI. THEORIIM. 



In any right-angled triangx, the square described on the ity* 
fcthenuse is equivalent to the sum of the squares on the othet 
tu)6 sides. 




Let ABC be a right-angled triangle, 
having the right angle BAG ; the 
square described upon the side BC is 
equivalent to the sum of the squares 
upon BA, AC. , 

On BC describe ttie square BCED, 
and on BA, AC the squares BG, CH ; 
and through A draw AL i^arallel to 
BD, and join AD, FC. 

Then, because each of the angles 
BAC, BAG is a right angle, CA is in 
the same straight line with AG (Prop. III., B. I.). For the 
same reason, BA and AH are in the same straight line. 

The angle ABD is composed of the angle ABC and the 
right angle CBD. The angle FBC is composed of the same 
angle ABC and the right angle ABF; therefore the whole 
angle. ABD s equal to the angle FBC. But AB is equal to 
BF, being sides of the same square ; and BD is equal to BC 
for the same reason ; therefore the triangles ABD, FBC have 
two sides and the included angle equal ; they are therefore 
equal (Prop. VI., B. I.). 

But the rectangle BDLK is double of the triangle ABD^ 
because they have the same base, BD, and the same altitude, 
BK (Prop. II., Cor. 1) ; and the square AF is double of the 
triangle FBC, for they have the same base, BF, and the same 
altitude, AB. Now the doubles of equals are equal to one 
another (Axiom 6, B. I.) ; therefore the rectangle BDLK is 
equivalent to the square AF. 

In the same manner, it may be demonstrated that the rec- 
tangle CELK is equivalent to the square AI ; therefore the 
whole square BCED described on the hypothenuse, is equiv» 
alent to the two squares ABFG, ACIH, described on the two 
iither sides ; that is, 

BC«=AB'+AC». 

Cor. 1. The square of one of the sides of a ri^ht-angled 
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triangle is equivalent to the square of the hypothenuse, dimia 
■shed bj the square of the other side ; that is, 

AB'=BC'— AC\ 
Cor. 2. The square BCED, and the rectangle BKLD, hav- 
ing the same altitude, are to each other as their bases BC, 
BK (Prop. III.). But the rectangle BKLD is equivalent to 
the square AF ; therefore, 

BC^ : AB' : : BC : BK. 
In the same manner, 

BC» : AC : : BC : KC. 
Therefore (Prop. IV., Cor., B. II.), 

AB^ : AC^ : : BK : KC. 
That is, in any right-angled triangle, if a line be drawu 
from the right angle perpendicular to the hypothenuse, the 
gquares of the two sides are proportional to the adjacent seg- 
ments of the hypothenuse ; also, the square of the hypothenuse 
is to the square of either of the sides, as the hypothenuse is to 
the segment adjacent to that side. 

Cor. 3. Let ABCD be a square, and AC its 
diagonal ; the triangle ABC being right-angled 
and isosceles, we have 

AC»=AB'+BC^=2AB'; 
therefore the square described on the diagonal of a 
square, is double of the square described on a side. 
If we extract the square root of each mem- 
ber of this equation, we shall have 

AC=ABv^2 ; or AC : AB : : ^2 : 1 



PROPOSITION Xir. THEOREM. 

In any triangle, the square of a side opposite an acute angle, 
IS less than the squares of the base and of the other side, by 
twice th3 rectangle contained by the base, and the distance from 
the acute angle tc the foot of the perpendicular let fall from the 
opposite angle. 

Let ABC be any triangle, and the angle at C one of ita 
acute angles, and upon BC let fall the perpendicular AD from 
(he opposite angle ; then will 

AB»=BC«^AC«— 2BC XCD. 

First. When the perpendicular falls with- 
in the triangle. ABC, we have BD = BC- CD, 
and therefore BD^=:BC'-i-CD^— 2BC xCD 
(Prop. IX.). To each of these equals add 
AD^ then BD^+AD'=BC^+CD^ f AD^— 
2BCxCD But ii. tne right-nngled triangle b' 
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ABD, BD'+AD'=AB» ; and in the triangle ADC, CD*-*- 
AD'=AC' (Prop. XL); therefore 

AB»=BC^+AC"— 2BC XCD. 

Secondly. When the perpendicular falls 
without the triangle ABC, we have BD = 
CD— BC, and therefore BD^=CD'+BC"— 
2CDxBC (Prop. IX.). To each of these 
equals add AD" ; then BD»4- AD''=CD»+AD" 
+BC"— SCDxBC. But BD"+AD''=AB" ; 
and CDHAD'=AC" ; therefore 

AB''=BC"+AC'— 2BC x CD. 

Scholium. When the perpendicular AD falls upon AH 
this proposition reduces to the same as Prop. XL, Cor. L 




PROPOSITION XIII. THEOREM. 



In obtuse-angled triangles, the square of the side opposxtt 
tie obtuse angle, is greater than the squares of the base and the 
Uher side, by twice the rectangle contained by the base, and the 
distance from the obtuse angl^ to the foot of the perpendiculai 
let fall from the opposite angle on the base produced. 

Let ABC be an obtuse-angled triangle, having the Obtuse 
angle ABC, and from the point A let AD be drawn perpen- 
dicular to BC produced ; the square of AC is greater than 
the squares of AB, BC by twice the rectangle BC X BD. 

For CD is equal to BC+BD ; therefore CD" a 
=BC"+BD'+2BCxBD (Prop. VIIL). To 
vach of these equals add AD" ; then CD"4- 
AD" = BC"+BD"+AD"+2BCxBD. But AC" 
IS equal to CD"+AD" (Prop. XL), and AB" is 

equal to BD"+AD"; therefore AC"=BC"+ 

AB"4-2BCxBD. Therefore, in obtuse -an- " ® ^ 

gled triangles, &c. » 

Scholium. The right-angled triangle is the only one in 
which the sum of the squares of two sides is equivalent to the 
square on the third side ; for, if the angle contained by the 
two sides is acute, the sum of their squares is greater than 
the square of the opposite side ; if obtuse, it is less. 




PROPOSITION XIV. THEOREM. 



In any triangle, if a straight line is drawn from the veritu 
10 the middle of the base, the sum of the squares of the other two 
rides is equivalent to twice the square of the bisecting line, to- 
gather with twice the square of half the base. 

Let ABC bo a trang/e having a line AD drawn from tlie 
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middle of the base to the opposite angle ; the square^J of BA 
and AC are together double of the squares of AD and BP 

From A draw AE perpendicular to BC ; ^ 

then, in the triangle ABD, by Prop. XIIL, yi\ 

AB' = AD^+DB'-f 2DB X DE ; /] \ 

find, in the triangle ADC, by Prop. XIL, / / \ 

AC'=AD»+DC»— 2DCXDE. / /I \ 

I Hence, by adding these equals, and ob- >^ I j V 
rerving that BD=DC, and therefore BD'= ^ ^^ ^ 

DCS and DB X bE=DC X DE, we obtain 

AB''+AC^=2AD'+2DB'. 
Therefore, in any triangle, &c. 



PROPOSITION XV. THEOREM. 

In every parallelogram the squares of the sides are togettio* 
equivalent to the squares of the diagonals. 

Let ABCD be a parallelogram, of which a 
the diagonals are AC and BD ; the sum of 
the squares of AC and BD is equivalent to 
the sum of the squares of AB, BC, CD, DA. 

The diagonals AC and BD bisect each ^ ^ 

other in E (Prop. XXXIL, B. I.) ; therefore, in the triangle 
ABD (Prop. XIV.), 

AB'+AD'=2BE'+2AE» ; 
and, in the triangle BDC, 

CDHBC»=2BE^+2EC\ 
Adding these equals, and observing that AE is equal to 
EC, we have 

AB'+BC»+CD'+AD'=4BE»+4AE». 
But 4BE"=BD%and 4AE»=AC'' (Prop. VIII., Cor.) ; then*- 
fore 

ABHBCHCD'+AD'=BD'+AC'. 
Therefore, in every parallelogram, &c. 



PROPOSITION XVI. THEOREM. 

If a straight line he drawn parallel to the base of a triangte^ 
it will cut the other sides proportionally ; and if the sides be 
cut proportionally, the cutting line will be parallel to the hast 
of the triangle. 

Let DE be drawn parallel to BC, xYn) base of the triangld 
ABC then will AD DB : : AE : EC. 
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Join BJ^ and DC ; then the triangle J8DE is 
fsquivalent to the triangle DEC, because they 
nave the same base, DE, and the same altitude, 
since their vertices B and C are in a line par- 
allel to the base (Prop. IL, Cor. 2). 

The triangles ADE, BDE, whose common 
vertex is E, having the same altitude, are to 
each other as their bases AD, DB (Prop. VI., B' 
Cor. 1) ; hence 

ADE : BDE : : AD : DB. 

The triangles ADE, DEC, whose common vertex is D, 
having the same altitude, are to each other as their bases 
AE, EC ; therefore 

ADE:DEC:: AE:EC.' 

But, since the triangle BDE is equivalent to the triangle 
DEC, therefore (Prop. IV., B. IL), 

AD : DB : : AE : EC. 

Conversely, let DE cut the sides AB, AC, so that AD : DB 
: : AE : EC ; then DE will be parallel to BC. 

For AD : DB : : ADE : BDE (Prop. VL, Cor. 1) ; and AE 
: EC : : ADE : DEC ; therefore (Prop. IV., B. IL), ADE ; 
BDE : : ADE T DEC ; that is, the triangles BDE, DEC have 
the same ratio to the triangle ADE ; consequently, the trian 
gles BDE, DEC are equivalent, and having the same base DE; 
their altitudes are equal (Prop. VL, Cor. 2), that is, they are 
between the same parallels. Therefore, if a straight line, &c. 

Cor. 1. Since, by this proposition, AD : DB : : AE : EC ; 
by composition, AD+DB : AD : : AE+EC : AE (Prop. VL, 
B. IL), or AB : AD : : AC : AE ; also, AB : BD : : AC : EC. 

Cor. 2. If two lines be drawn parallel to the 
b<ise of a triangle, they will divide the other sides 
proportionally. For, because FG is drawn 
parallel to BC, by the preceding proposition, 
AP : FB : : AG : GC. Also, by the last cor- 
uUary, because DE is parallel to FG, AF : DF 
. : AG : EG. Therefore DF : FB : : EG : GC 
(Prop. IV., Cor., B. IL). Also, AD : DF : : 
AE : EG. 

Cor. 3. If any number of lines be drawn parallel to the 
base of a triangle, the sides will be cut proportionallv. 




PROPOSITION XVII. THEOREM. 



3%e line which bisects the vertical angle of a triangh, di- 
vides the base into two segmeMs^ which are proportional to tha 
adjacent *ide^. 
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Let the angle BAG of the triangle ABC be bisected by th* 
straight line AD ; then will E 

BD : DC : : BA : AC. t-... 

Through the point B draw BE par- 
allel to DA, meeting CA produced in E. 
The triangle ABE is isosceles. For, 
since AD is parallel to EB, the angle 
ABE is equal to the alternate angle 
DAB (Prop. XXIII., B. I.) ; and the exterior angle CAD is 
equal to the interior and opposite angle AEB. But, by hy- 
pothesis, the angle DAB is equal to the angle DAC ; there- 
fore the angle ABE is equal to AEB, and the side AE to the 
side AB (Prop. XL, B. I.). 

And because AD is drawn parallel to BE, the base of th© 
triangle BCE (Prop. XVI.), 

BD : DC : : EA ; AC. 

But AE is equal to AB, therefore 

BD : DC : : BA : AC. 

Therefore, the line, &c. 

Scholium. The line which bisects the exterior angle ol a 
triangle, divides the base produced into segments, which are 
proportional to the adjacent sides. 

Let the line AD bisect the exterior 
angle CAE of the triangle ABC ; then 
BD : DC : : BA : AC. 

Through C draw CF parallel to 
AD ; then it may be proved, as in the 
preceding proposition, that the angle 
ACF is equal to the angle AFC, and AF equal to AC. And 
because FC is parallel to AD (Prop. XVI., Cor. 1), BD : DC 

. BA : AF. But AF is equal to AC ; therefore 

BD : DC : : BA : AC. 




PROPOSITION XVIII. THEOREM. 

Etquiangular triangks have their homologous sides propor 
tional, and are similar. 

Let ABC, DCE be two equiangular 
triangles, having the angle BAG equal to 
ihe angle CDE, and the angle ABC equal 
to the angle DCE, and, consequently, the 
angle AGB equal to the angle DEC ; then 
the homologous sides will be proportion- 
al, and we shall have 

BC : CE : : BA : CD : : AC rDE. 
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Place the triangle DCE so that the side CE may be coii 
tiguous to BC, and in the same straight h'ne with it ; and pro- 
duce the sides BA, ED till they meet in F. 

Because BCE is a straight Une, and the angle ACB is 
equal to the angle DEC, AC is parallel to EF (Prop. X XII., 
B. l.\ Again, because the angle ABC is equal to the angle 
DCE, the line AB is parallel to DC; therefore the figure 
A CDF is a parallelogram, and, consequently, AF is equal ta 
CD, and AC to FD (Prop. XXIX., B. L). 

And because AC is parallel to FE, one of the sides of the 
triangle FBE, BC : CE : : BA : AF (Prop. XVI.) ; but AF is 
equal to CD ; therefore 

BC : CE : : BA : CD. 

Again, because CD is parallel to BF, BC : CE : : FD : DE 
But FD is equal to AC ; therefore 

BC : CE : : AC : DE. 

And, since these two proportions contain the same ratio 
BC : CE, we conclude (Prop. IV., B. IL) 

BA : CD : : AC : DE. 

Therefore the equiangular triangles ABC,' DCE have then 
homologous sides proportional ; hence, by Def. 3, they are 
similar. 

Cor. Two triangles are similar when they have two an 
gles equal, each to each, for then the third angles must also 
be equal. 

Scholium. In similar triangles the homologous sides are 
opposite to the equal angles ; thus, the angle ACB being 
equal to the angle DEC, the side AB is homologous to DC, 
and so with the other sides. 



PROPOSITION XIX. THEOEEM. 

Two triangles ickich have their homologous sides proportion^ 
a/, a?^e equiangular and similar. 

Let the triangles ABC, DEF 
nave their sides proportional, so 
that BC : EF : : AB : DE : : AC 
: DF ; then will the triangles 
have their angles equal, viz. : 
the angle A equal to the angle 
D, B equal to E, and C equal to 
F. 

At the point E, in the straight ^ 

line EF, make the angle FEG equal to B, and at the point B 
make the angle EFG equal to C ; the third ungle G will t* 
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equa. to the third angle A, and the \wo triangles ABC, GEF 
will be equiangular (Prop. XXVIL, Cor. 2, B. I.) ; therefore 
Dy the preceding theorem, 

BC : EF : : AB : GE. 
But, by hypothesis, 

BC:EF::AB:DE; 
therefore GE is equal to DE. 
Also, by the preceding theorem, 

BC:EF::AC:GF; 
but, by hypothesis, 

BC : EF : : AC : DF ; 
consequently, GF is equal to DF. Therefore the ti iangles 
GEF, JDEF have their three sides equal, each to each ; hence 
their angles also are equal (Prop. XV., B. L). But, by con- 
struction, the triangle GEF is equiangular to the triangle 
ABC ; therefore, also, the triangles DEF, ABC are equiangu- 
lar and similar. Wherefore, two triangles, &c. 



PROPOSITION XX. THEOREM. 

T\oo triangles are similar, when they have an angle of the 
one equal t^ an angle of the other, and the sides containing 
those angles proportional. 

Let the tiiangles ABC, DEF have the angle A of the one, 
equal to the angle D of the other, and let AB : DE : : AC 
DF ; the tri-^ngle ABC is similar to the triangle DEF. 

Take AG equal to DE, also AH a. 
equal to DF, and join GH. Then 
the triangles AGH, DEF are equal, 
since two sides and the included 
angle in the one, are respectively qI 
equal to two sides and the included / \ i 

angle in the other (Prop. VI., B. I.). / \ / \^ 

But, by hypothesis, AB : DE : : AC B C E F 

DF; therefore 

AB : AG : : AC : AH ; 
that is, the sides AB, AC, of the triangle ABC, are cut pro- 
portionally by the line GH ; therefore GH is parallel to BC 
(Prop. XVL). Hence (Prop. XXIIL, B. 1.) the angle AGH is 
equal to ABC, and the triangle AGH is similar to the trian- 
gle ABC. But the triangle DEF has been shown to b« 
equal to the triangle AGH ; hence the triangle DEF is simi' 
*ar to the triangle ABO. Therefore, two triangles, &c. 
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PROPOSITION XXI. THEOREM. 




Two triangles are similar^ when they have their homologous 
tides parallel or perpendicular to each other. 

Let the triangles ABC, a&c, DEF have their homologous 
gides parallel or perpendicular to each other ; the triangles 
are similar. 

First. Let the homologous 
sides be parallel to each other. 
If the side AB is parallel to 
fl6, and BC to 6c, the angle B 
is equal to the angle b (Prop. 
XXVL, B. L) ; also, if AC is 
parallel to ac, the angle C is 
equal to the angle c ; and hence 
the angle A is equal to the ^ 
angle a. Therefore the trian- 
gles ABC, aba are equiangular, and consequently similar. 

Secondly, Let the homologous sides be perpendicular to 
each other. Xet the side DE be perpendicular to AB, and 
the side DF to AC. Produce DE to I, and DF to H ; then, 
in the quadrilateral AIDH, the two angles I and H are right 
angles. But the four angles of a quadrilateral are together 
equal to four right angles (Prop. XXVIIL, Cor. 1, B. I.) ; 
therefore the two remaining angles lAH, IDH are together 
equal to two right angles. But the two angles EDF, IDH 
are together equal to two right angles (Prop. II., B. I.); 
therefore the angle EDF is equal to lAH or BAC. 

In the same manner, if the side EF is ajpo perpendicular to 
BC, it may be proved that the angle DFE is equal to C, and, 
consequently, the angle DEF is equal to B ; hence the trian- 
gles ABC, DEF are equiangular and similar. Therefore, two 
triangles &c. 

Scholium. When the sides of the two triangles are paral- 
lel, the parallel sides are homologous ; but when the sides aro 
perpendicular to each other, the perpendicular sides are ho* 
mol )gous. Thus DE is homologous to AB, DF to AC, and 
EF to BC 

D 
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PROPOSITION XXII. THEOREM. 

In a right-angled triangk^ if a perpendicular is d* awn from 
ike right angle to the hypothenus^ , 

Isl. The triangles on each side of the perpendicular are stm 
liar to the whole triangle and to each other. 

2d. The perpendicular is a mean proportional between th' 
segments of the hypothenuse, 

3d. Each of the sides is a mean proportional between ilie hi, 
pothenuse ana its segment adjacent to that side. 

Let ABC be a right-angled triangle, hav- 
ing the right angle BAG, and from the angle 
A let AD be drawn perpendicular to the 
hypothenuse BC. 

First. The triaiigles ABD, ACD are sim- B 
liar to the whole triangle ABC, and to each other. 

The triangles BAD, BAC have the common angle B, also 
tire angle BAG equal to BDA, each of them being a right an- 
gle, and, therefore, the remaining angle ACB is equal to the 
remaining angle BAD (Prop. XXVII., Cor. 2, B. I.) ; therefore 
the triangles ABC, ABD are equiangular and similar. In 
like manner, it may be proved that the triangle ADC is equi 
angular and similar to the triangle ABC ; therefore the three 
triangles ABC, ABD, ACD are equiangular and similar to 
each other. 

Secondly. The perpendicular AD is a mean proportional be 
tween the segments BD, DC of the hypothenuse. For, sina 
the triangle ABD is similar to the triangle ADC, their ho 
raologous sides are proportional (Def. 3), and we have 

1BD : AD : : AD : DC. 

Thirdly. Each of the sides AB, AC is a mean proportional 
between the hypothenuse and the segment adjacent to that 
side. For, since the triangle BAD is similar to the triangle 
BAC, we have 

BC : BA : : BA : BD. 

And, since the triangle ABC is similar to the triangle ACD 
we have 

BC : CA : : CA : CD 
Therefore, in a right-angled triangle, &c. 

Cor. If from a point A, in the circumfe- 
rerice of a circle, two chords AB, AC are 
diawn to the extremities of the diameter 
BC, the triangle BAC will be right-angled 
at A (Prop. TCV., Cor. 2, B. III.) : therefore ® 
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cne perpendicular AD is a mean proportional be 1 ween IJU 
and DC, the two segments of the diameter? thjit is, 

AD'=:BDxDC. 




PROPOSITION XXIII. THEOEEM. 

Two triangles, having an angle in the one equal to an angle 
tn the other, are to each other as the rectangles of the sides 
which contain the equal angles. 

Let the two triangles ABC, ADE have 
the angle A in common ; then will the trian- 
gle ABC be to the triangle ADE as the rect- 
angle AB X AC is to the rectangle AD X AE. 

Join BE. Then the two triangles ABE, 
ADE, having the common vertex E, have 
ihe same altitude, and are to each other as 
their bases AB, AD (Prop. VI., Cor. 1) ; 
therefore 

ABE : ADE : : AB : AD. 

Also, the two triangles ABC, ABE, having the common 
vertex B, have the same altitude, and are to each other at 
their bases AC, AE ; therefore 

ABC : ABE : : AC : AE. 

Hence (Prop. XL, Cor., B. IL). 

ABC : ADE : : ABxAC : ADxAE. 

Therefore, two triangles, &c; 

Cor. 1. If the rectangles of the sides containing the equsl 
angles are equivalent, the triangles will be equivalent. 

Cor. 2. Equiangular parallelograms are to each other as 
♦ne rectangles of the sides which contain the equal angles. 



PROPOSITION XXIV. THEOREM. 

Similar triangles are to each other as the squares described 
on their homologous sides. 

Let ABC, DEF be two simi- 
lar triangles, having the angle A 
equal to D, the angle B equal to 
E, and C equal to F ; then the 

triangle ABC is to the triangle ^ 

DEF as the square on BC is to B O F. 

the square on EF. 

By similar triangles, we have (Def. 3; 

AB : DE : : BC : EF. 

\lso, BC : EF : : BC : EF 
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Multiplying together the corresponding teims of these prt> 
portions, we obtain (Prop. XL, B. II.), 

ABxBC : DExEF : : BC : EF". 
But, by Prop. XXIIL, 

ABC : DEF : : AB xBC : DE xEF ; 
•*ence (Prop. IV., B. II.) 

ABC : DEF : : BC» : EF^ 
Therefore, similar triangles, &c. 



PROPOSITION XXV. THEOREM. 

Two similar polygons may he divided into the same numoei 
of triangles, similar each to each, and similarly situated. 

Let ABCDE, FGHIK 

be two similar polygons ; 
they may be divided into B 
the same number of sim- 
ilar triangles. Join AC, 
AD, FH, FI. 

Because the polygon ^"^Z ^ 

ABCDE is similar to the E 

polygon FGHIK, the angle B is equal to the angle G (Del 
3), and AB : BC : : FG : GH. And, because the triangles 
ABC, FGH have an angle in the one equri to an angle jn 
the other, and the sides about these equal angles proportion- 
al, they are similar (Prop. XX.) ; therefore the angle BCA 
IS equal to the angle GHF. Also, because the polygons are 
similar, the whole angle BCD is equal (Def. 3) to the whole 
angle GHI ; therefore, the remaining angle ACD is equal to 
the remaining angle FHI. Now, because the triangles ABC 
FGH are similar, 

AC : FH : : BC : GH. 
And, because the polygons are similar (Def. 3), 

BC : GH : : CD : HI ; 
whence AC : FH : : CD : HI ; 

that is, the sides about the equal angles ACD, FHI are pro- 
|)ortional ; therefore the triangle ACD is similar to the trian- 
gle FHI (Prop. XX.). For the same reason, the triangle 
ADE is similar to the triangle FIK; therefore the similar 
polygons ABCDE, FGHIK are divided into the same n um- 
ber of triangles, which are similar, each to each, and similar- 
ly situated. 

Cor, Conversely, if two polygons are composed of the same 
number of triangles, similar and similarly situated the polv" 
srons are similoj^ 
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For, because \he triangles are similar, the angle ABC is 
equal to FGH ; and because the angle BCA is equal to GHF 
and ACU to FHI, therefore the angle BCD is equal to GHI 
For the same reason, the angle CDE is equal to HIK, and so 
on for the other angles. Therefore the two polygons are mu- 
tually equiangular. 

Moreover, the sides about the equal angles are proportion- 
al. For, because the triangles are similar, AB : FG : : BC : 
GH. Also,BC : GH : : AC : FH,and AC : FH : : CD : HI ; 
hence BC : GH : : CD : HI. In the same manner, it may be 
proved that CD : HI : : DE : IK, and so on for the olhe? 
sides. Therefore the twro polygons are similar. 



PROPOSITION XXVI. THEOREM. 




TJie perimeters of similar polygons are to each other as then 
nomologous sides; and their areas are as the squares of thost 
^des. 

Let ABCDE, FGHIK 
be tv\ro similar polygons, 
and let AB be the side 3 
homologous to FG ; then 
the perimeter of ABCDE 
is to the perimeter of A* 
FGHIK as AB is to FG ; 
and the area of ABCDE 
is to the area of FGHIK as AB'' is to FG'' 

First. Because the polygon ABCDE is similar to the pol* 
ygon FGHIK (Def. 3), 

AB : FG : : BC : GH : : CD : HI, &c.; 
therefore (Prop. IX., B. II.) the sum of the antecedents AB 
f BC+CD, &c., which form the perimeter of the first figure 
is to the sum of the consequents FG+GH+HI, &c., which 
form the perimeter of the second figure, as any one antece- 
dent is to its consequent, or as AB to FG. 

Secondly. Because the triangle ABC is similar to the tri. 
angle FGH, the triangle ABC : triangle FGH : : AC : FH' 
(Prop. XXIV.). 

And, because the triangle ACD is similar to the trianojle 
FHI, 

ACD : FHI : : AC : FH''. 
Tlierefore the triangle ABC : triangle FGH : : triangit 
ACD : triangle FHI (Prop. IV., B. II.). In the same man- 
ner, it may be proved that 

ACD : FHI : : ADE : FIK. 
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Theiefore, as .he sum of the antecedents ABC-f-ACD-» 
ADE, or ihe polygon ABODE, is to the sum of the conse- 
quents FGH+FHI+FIK, or the polygon FGHIK, so is any 
one antecedent, as ABC, to its consequent FGH ; or, as AE' 
to FG'. Therefore, similar polygons, &o. 



PROPOSITION XXVII. THEOREM. 

If two chords in a circle intersect each otlier^ the rectangle 
contained by the parts of the one, is equal to the rectangle con* 
iained by the parts of the other. 

Let the two chords AB, CD in the circle 
ACBD, intersect each other in the point E ; 
the rectangle contained by AE, EB is equal 
to the rectangle contained by DE, EC. 

Join AC and BD. Then, in the triangles 
ACE, DBE, the angles at E are equal, be- 
ing vertical angles (Prop, V., B. I.) ; the 
angle A is equal to the angle D, being in- 
scribed in the same segment (Prop. XV., Cor. 1., B. III.) 
therefore the angle C is equal to the angle B. The triangl 
are consequently similar ; and hence (Prop. XVIII.) 

AE : DE : : EC : EB, 
.>r (Prop. I., B. II.), 

AExEB=DExEC. 
Therefore, if two chords, &c. 

Cor. The parts of two chords which intersect each other m 
ti circle are reciprocally proportional; that is, AE : DE : 
EC : EB. 




PROPOSITION XXVIII. THEOREM. 

If from a point without a circle, a tangent and a secant be 
drawn, the square of the tangent will be equivalent to the red 
angle contained by the whole secant and its external segment. 

Let A be any point without the circle ^v 
BCD, and let AB be a tangent, and AC a 
secant; then the square of AB is equiva- 
lent to the rectangle ADxAC. 

Join BD and BC. Then the triangles 
ABD and ABC are similar; because they Bj^ 
have the angle A in common ; also, the 
angle ABD formed by a tangent and a 
chord is measured b^ half the ore RD 
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(Prop XVI., B. III.) ; and the angle C is measured by half 
the same arc therefore the angle ABD is equal to C, and the 
two triangles ABD, ABC are equiangular, and, consequently 
similar • therefore (Prop. XVIII.) 

AC : AB : : AB : AD ; 
whence (Prop. I., B. II.), 

AB«=ACxAD. 
Therefore, if from a point, &c. 

Cor. I. If from a point without a circle, a tangent and a st.- 
cant be drawn, the tangent will be a mean proportional be- 
t^^^een the secant and its external segment. 

Cor. 2. If from a point without a circle, two secants be 
drawn, the rectangles contained by the whole secants and 
their external segments will be equivalent to each other ; foi 
each of these rectangles is equivalent to the square of the 
tangent from the same point. 

CoK 3. If from a point without a circle, two secants be 
drawn, the whole secants will be reciprocally proportional to 
their external segments. 



PROPOSITION XXIX. THEOREM. 

If an angle of a triangle be bisected by a line which cuts tne 
bascy the rectangle contained by the sides of the triangle^ is 
tquir.iilent to the rectangle contained by the segments of th^ 
hose, together with the square of the bisecting line. 

Let ABC be a triangle, and let the an- ^ 

gle BAC be bisected by the straight line y^'^Z^^^^^T^ 
AD ; the rectangle BA X AC is equiva- /^y^ J n\ 

lent to BD X DC together with the square '^r^ '-^ -^^ 

of AD. / / 

Describe the circle ACEB about the V / / J 

triangle, and produce AD to meet the cir- \^ / / y 
cumference in E, and join EC. Then, be- ^^""=p''^ 
cause the angle BAD is equal to the an- ** 

gle CAE, and the angle ABD to the angle AEC, for they are 
in the same segment (Prop. XV., Cor. 1, B. III.), the trian- 
gles ABD, AEC are mutually equiangular and similnr ; there- 
fore (Prop. XVIII.) 

BA : AD : : EA : AC ; 
consequently (Prop. I., B. II.), 

BAxAC=ADxAE. 

But AE=AD+DE ; and multiplying each of these equaia 
by AD, we have (Prop. III.) ADx AE = AD*+ADxDE 
But ADxDE^BDxDC (Prop. XXVII.); hence 

BAxAC=BDxDC+AD'. 

Therefore, if an angle. &«" 
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PROPOSITION XXX. THEOREM. 




The rectangle contained by the diagonals of a quadrilaterou 
inscribed in a circle^ is equivalent to the sum of the rectangles 
of tfie opposite sides. 

Let ABCD be any quadrilateral in- 
scribed in a circle, and let the diagonals 
AC, BD be drawn; the rectangle ACx 
BD is equivalent to the sum of the two 
rectangles AD x BC and AB x CD. 

Draw the straight line BE, making the 
angle ABE equal to the angle DBC. To 
each of these equals add the angle EBD ; 
then will the angle ABD be equal to the angle EBC. Bui 
the angle BDA is equal to the angle BCE, because they are 
both in the same segment (Prop. XV., Cor. 1, B. III.) ; hence 
the triangle ABD is equiangular and similar to the triangle 
EBC. Therefore we have 

AD : BD : : CE : BC ; 
and, consequently, AD X BC = BD x CE. 

Again, because the angle ABE is equal to the angle DBC 
and the angle BAE to the angle BDC, being angles in the 
same segment, the triangle ABE is similar to the triangle 
DBC ; and hence 

AB: AE::BD:CD; 
consequently^ AB X CD =BD X AE. 

Adding together these two results, we obtain 

ADxBC+ABxCD=BDxCE+BDxAE, 
which equals BD X (CE-f AE), or BD X AC. 

Therefore, the rectangle, &c. 



PROPOSITION XXXI. THEOREM. 

If from any angle of a triangle^a perpendicular be drawn 
to the opposite side or base, the rectangle contained by the sum 
and difference of the other two sides, is equivalent to the rect- 
angle contained by the sum and difference of the segments of 
the base 

Let ABC be any triangle, and let AD be a perpendiculai 
drawn from the angle A on the base BC ; then 

(AC+AB) X (AC- AB) = (CD-hDB) x (CD-DB). 
Prom A as a center, with a radius equnl to AF the short 
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er of the two sides, describe a circumference BFE. ftlK 
duce AC to meet the circumference in E, and CB, if neces- 
sary, to meet it in F. 

Then, because AB is equal to AE or AG, CE = AC-fAB, 
the sum of the sides ; and CG=AC — AB, the difference of the 
sides. Also, because BD is equal to DP (Prop. VI., B. III.) ; 
when the perpendicular falls within the triangle,CF=CD — 
DF=CD--DB, the difference of the segments of the base. 
But when the perpendicular falls without the triangle, CF=- 
CD-fDF=CD-l-DB, the sum of the segments of the base. 

Now in either case, the rectangle CE x CG is equivalent 
to CBxCF (Prop. XXVIII., Cor. 2) ; that is, 

(AC+AB) X (AC-AB) = (CD + DB) x (CD-DB). 

Therefore, if from any angle, &::. 

Cor. If we reduce the precedin;,^ equation to a proportiou 
(Prop. II., B. II.), we shall have 

BC : AC+AB : : AC-AB : CD-DB; 
that is, the base of any triangle is to the sum of the two other 
sides, as the difference of the latter is to the diflererce oi' the 
segments of the base made by the perpendicular. 



PROPOSITION XXXII. THEOREM. 



The diagonal and side of a square have no common measurv. 

Let ABCD be a square, and AC its 1/ 

diagonal ; AC and AB have no common 
aieasure. 

la order to find the common measure, 
if there is one, we must apply CB to CA 
as often as it is contained in it. For this 
purpoee, from the center C, with a radius 
CB, describe the semicircle EBF. We 
perceive that CB is contained once in AC, with a remainder 
AE, which remainder must be compared wilh BC or iti 
equal AB. 

Now. since the angle ABC is a right angle, AB is a tan- 
flfenl to fte circumference ; and AE : AB : : AB : AF (a rojpi 
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XX VIII., Jor. 1). Instead, therefore, of 
comparing AE with AB, we may substi- 
tute the equal ratio of AB to AF. But 
AB is contained twice in AF, with a re- 
mainder AE, which must be again com- 
pared with AB. Instead, however, of 
comparing .AE with AB, we may again 
employ the equal ratio of AB to AF. 
Hence at each operation we are obliged to compare AB with 
AF, which leaves a remainder AE ; from which we see that 
the process will never terminate, and therefore there is no 
common measure between the diagonal and side of a square 
that is, there 's no line which is contained an exact number 
vf times in eac:h of them. 
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PROBLEMS 

Postulates, 

m 

1 A i«^raight line may be drawn from any one point to 
any other point. 

2. A terminated straight line may be produced to any 
length in a straight line. 

3. From the greater of two straight lines, a part may be 
cut off equal to the less. 

4. A circumference may be described from any center, and 
with any radius. 



PROBLEM I. 

To bisect a given straight line. 

Let AB be the given straight line 
which it is required to bisect. 

From the center A, with a radius great- 
er than the half of AB, describe an arc of -^•■ 
a circle (Postulate 4) ; and from the cen- 
ter B, with the same radius, describe an- 
other arc intersecting the former in D and 
E. Through the points of intersection, draw the straight line 
DE (Post. 1) ; it will bisect AB in C. 

For, the two points D and E, being each equally distant 
from the extremities A and B, must both lie in the perpen- 
dicular, raised from the middle point of AB (Prop. XVIII. 
Cor., B. I.). Therefore the line DE divides the line AB 
into two equal parts at the point C. 
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PROBLEM II. 



To draw a perpendicular to a straight line, from a / iieTi 
point in thit line. 



>^ 



c 



Let BC be the given straight hne, and A 
the point given in it ; it is required to draw 
a straight line perpendicular to BC through 
the given poin. A, 

In the straight line BC take any point B 
and make AC equal to AB (Post. 3). Fiom ^ 
B as a center, with a radius greater than 
BA, describe an arc of a circle (Post. 4) ; and from O as a 
center, with the same radius, describe another arc intt^rsect- 
ing the former in D. Draw AD (Post. 1), and it will we the 
perpendicular required. 

For, the points A and D, being equally distant from B and 
C, must be in a line perpendicular to the middle of BC (Prop. 
XVIII., Cor., B. I.). Therefore AD has been dra^vn per- 
pendicular to BC from the point A. 

Scholium. The same construction serves to make a rii^ht 
angle BAD at a given point A, on a given line BC. 



PROBLEM III. 



To draw a perpendicular to a straight line, from a given 
point without it. 

Let BD bo a straight line of unlimited j^ 

length, and let A be a given point without 
it. It is required to draw a perpendicular 
to BD from the point A. 

Take any point E upon the other side .\^^^^ — ^ >-^"' 
of BD ; and from the center A, with the B^*^ J— -^''''^ 
radius AE, describe the arc BD cutting 
the line BCD in the two points B and D. ^(^ 

From the points B and D as centers, de- 
scribe two arcs, as in Prob. II., cutting each other in F. 
Join AF, and it will be the perpendicular required. 

For the two points A and F are each equally distant from 
the points B and D ; therefore the line AF has been drawn 
perpendicular to BD (Prop. XVIII., Cor., B. I.), from the 
given point A. 



BOOR \ 



Sd 



PROBLEM IV. 



At a given point in 2 straight line, tc make an angle vt^L^ju 
fs a given angle. 

Let AB be the given straight 
)lne, A the given point in it, and 
C .the given angle ; it is required 




to make an angle at the point A / 
in the straight line AB, that shall A 
be equal to the given angle C. 

With C as a center, and any radius, jlescribe an arc DE 
terminating in the sides of the angle ; and from the point A 
as a center, with the same radius, describe the indefinite arc 
BF. Draw the chord DE ; and from B as a center, with a 
radius equal to DE, describe an arc cutting the arc BF in G. 
Draw AG, and the angle BAG will be equal to the giver 
angle C. 

For the two arcs BG, DE are described with equal radii, 
and they have equal chords ; they are, therefore, equal (Prop, 
III., B. III.). But equal arcs subtend equal angles (Prop 
IV., B. III.) ; and hence the angle A has been made equal to 
the given angle C. 



PROBLEM v. 




To bisect a given arc or angle. 

First, Let ADB be the given arc which 
It is required to bisect. 

Draw the chord AB, and from the center 
draw CD perpendicular to AB (Prob. 
III.) ; it will bisect the arc ADB (Prop. 
VJ., B. III.), because CD is a radius per- 
pendicular to a chord. 

Secondly. Let ACB be an angle which it is required to bi- 
sect. From C as a center, with any radius, describe an arc 
AB ; and, by the first case, draw the line CD bisecting the 
arc ADB. The line CD will also bisect the angle ACB. For 
the angles ACD, BCD are equal, being subtended bv the 
e<iual arcs AD, DB (Prop. IV., B. III.). 

Scholium. By the same construction, each of the halvei 
AD, DB may be bisected ; and thus by successive bisections 
an arc or angle may be divide 1 into four equal parts, intc 
eight, sixteen, &c. 
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PROBLEM VI. 

Thrcug'h z given pointy to draw a straight line parallel ie 
a given line. 

Let A be the gi ^en point, and BC the jj DC 

given straight line ; it is required to drav^r -p 

through the point A, a straight line paral- ^ 

lei to BC. 1-^ 



• 



In BC take any point D, and join AD. ^ 

Then at the point A, in the straight line AD, make the angl« 
DAE equal to the angle ADB (Prob. IV.). 

Now, because the straight line AD, which meets the twc 
straight lines BC, AE, makes the alternate angles ADB, DAE 
equal to each other, AE is parallel to BC (Prop. XXII., B. 
I.). Therefore the straight line AE has been drawn through 
the point A, parallel to the given line BC. 



PROBLEM VII. 

Two angles of a triangle being given^ to find the third angle* 

The three angles of every triangle are to- j) 
gether equal to two right angles (Prop. 
XXVII., B, I.). Therefore, draw the in- 
definite line ABC. At the point B make 




the angle ABD equal to one of the given ABC 
angles (Prob. IV.), and the angle DBE equal to the other 
given angle ; then will the angle EBC be equal to the third 
angle of the triangle. For the three aneles ABD, DBE 
EBC are together equal to two right angles (Prop. II., B 
[.), which is the sum of all the angles of the triangle. 



PROBLEM VIII 



Given two sides and the included angle of a triangle^ to con 
ttruct the triangle. 

Draw the straight line BC equal to one 
of the given sides. At the point B make 
the an^le ABC equal to the given angle 
(Prob. iV.) ; and take AB equal to the other 
fifiven aide Join AC. And ABO will he the b 
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triangle required. For its sides AB, BC are made equal tc 
the given sides, and the included angle B is made equal tn 
die given angle. 



PROBLEM IX. 

Given one side and two angks of a inangk, to construct ttif 
triangle. 

The two given angles will either be both adjacent to the 
given side, or one adjacent and the other opposite. In the 
latter case, find the third angle (Prob. VII.) ; and then the 
two adjacent angles will be known. 

Draw the straight line AB equal to the 
given side ; at the point A make the angle 
BAG equal to one of the adjacent angles ; 
and at the point B make the angle ABD 
equal to the other adjacent angle. The two 
lines AC, BD will cut each other in E, and ® 

ABE will be the triangle required ; for its side AB is equal 
to the given side, and two of its angles are equal to the given 
angles. 



PROBLEM X. 

Given the three sides of a triangle, to construct the triangle 

Draw the straight line BC equal to one of 
the given sides. From the point B as a cen- 
ter, with a radius equal to one of the other 
sides, describe an arc of a circle ; and from 
the point C as a center, with a radius equal 
to the third side, describe another arc cutting 
the former in A. Draw AB, AC ; then will -^ 
ABC be the triangle required, because its three sides are 
e^ual to the three given straight lines. 

ScholirAn, If one of the given lines was greater than the 
sum of the other two, the arcs would not intersect each other, 
and the problem would be impossible ; but the solution will 
always be possible when the sum of any two sides is gi eater 
than the third. 
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PROBLEM XI. 



Given two sides of a triangle, and an angle opposite unr. q 
tnem, to construct the triangle. 

Draw an indefinite straight line 
liC. At the point B make the angle > 

ABC equal to the given angle, and y/ 

make BA equal to that side which is y^ / 
adjacent to the given angle. Then X \/ 
from A as a center, with a radius ^ ^***" "^^ ^ 
equal to the other side, describe an arc cutting BC in the 
points E and F. Join AE, AF. If the points E and F both 
fall on the same side of the angle B, each of the triangles 
ABE, ABF will satisfy the given conditions ; but if they fall 
upon different sides of B, only one of them, as ABF, will 
satisfy the conditions, and therefore this will be the triangle 
required. 

If the points E and F coincide with one another, which 
will happen when AEB is a right angle, there will be onl> 
one triangle ABD, which is the triangle required. 

Scholium. If the side opposite the given angle were less 
than the perpendicular let fall from A upon BC, the problem 
would be impossible. • 



PROBLEM XII. 

Given two adjacent sides of a parallelogram, and the in- 
eluded angle, to construct the parallelogram. 

Draw the straight line AB equal to 
one of the given sides. At the point A 
make the angle BAC equal to the 
given angle; and take AC equal to 
the other given side. From the point 
n as a center, with a radius equal to 
AB, describe an arc ; and from the point B as a center, with 
a radius equal to AC, describe another arc intersecting the 
former in D. Draw BD, CD ; then will ABDQ be the paraU 
lelogram required. 

For, by construction, the opposite sides are equal ; there- 
'bie the figure is a parallelogram (Prop. XXX., B. I.), and i< 
«i formed wi'li the given sides and the ^w&n aYigle 
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Cor. If the given angle is a rig at aij/gle, the figure will b€ 
A rectangle ; and if, at the same time, the sides are equal, it 
will be a square. 



PROBLEM XIII. 

To find the center of a given circle or arc. 

Ler. ABC be the given circle or arc; 
it is required to find *ts center. 

Take any three points in the are, as 
A B, C, and join AB, BC. Bisect AB 
in D (Prob. I.), and through D draw DF A\ 
perpendicular to AB (Prob. II.). In the 

same manner, draw EF perpendicular to 

BC at its middle point. The perpen- B 

dicnlars DF, EF will meet in a point F equally distant from 
ihe points A, B, and C (Prop. VII., B. III.) ; and therefore F is 
the center of the circle. 

Scholium. By the same construction, a circumference may 
be made to pass through three given points A, B, C ; and 
also, ^ circle may be described about a triangle. 



PROBLEM xn 
Through a given pointy to draw a tangent to a given circle 

First. Let the given point A be 
without the circle BDE ; it is re- 
quired to draw a tangent to the cir- 
cle through the point A. 

Find the center of the circle C, and 

6* lin AC. Bisect AC in D ; and with 
as a center, and a radius equal to 
Al), describe a circumference intersecting the given circum 
ference in B. Draw AB, and it will be the tangent required. 

Draw the radius CB. The angle ABC, being inscribed in 
a semicircle is a right angle (Prop. XV., Cor. 2, B. III.)« 
Hence the line AB is a perpendicular at the extremity of the 
radius CB; it is, therefore, a tangent to the circumference 
(Prop IX., B. III.). 

Secondly. If the given pomt is in the circumference of the 
circle, as the point B, draw the radius BC, and make BA 
perpendicular to BC BA will be the tangent required 
(Prop. IX.. B. UL). 
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Schilimn, When the point A Hes without the circle, twu 
tangents ma.y always be drawn; for the circumference whose 
center is D intersects the given circumference in two points. 



PROBLEM XV. 

To inscribe a circle in a given triangle. 

Let ABC be the given triangle ; it is 
equired to inscribe a circle in it. 

Bisect the angles B and C by the 
ines BD, CD, meeting each other in 
the point D. From the point of inter- 
section, let fall the perpendiculars DE, 
DF, D6 on the three sides of the tri- 
angle ; these perpendiculars will all be 
equal. For, by construction^ the angle -^ 
EBD is equal to the angle FBD ; the right angle DEB is 
equal to the right angle DFB ; hence the third angle BDE 
is equal to the third angle BDF (Prop. XXVIL, Cor. 2, B. 
I.). Moreover, the side BD is common to the two triangles 
BDE, BDF, and the angles adjacent to the common side are 
equal ; therefore the two triangles are equal, and DE is equa. 
*o DF. For the same reason, DG is equal to DF. There- 
fore the three straight lines DE, DF, DG are equal to each 
other ; and if a circumference be described from the center 
D, with a radius equal to DE, it will pass through the ex- 
tremities of the lines DF, DG. It will also touch the straight 
lines AB, BC, CA, because the angles at the points E, F, G 
are right angles (Prop. IX., B. III.). Therefore the circle 
EFG is inscribed in the triangle ABC (Def. II, B. III.) 

Scholium. The three lines which bisect the angles of a 
triangle, all meet in the same point, viz., the center of the in 
scribed circle. 



PROBLEM XVL 

upon a given straight line, to describe a segment of a circlh 
which shall contain a given angle. 

Let AB be the given straight line, upon which it is rc- 
v^uired to describe a segment of a circle containing a given 
nncrle. 

At the point A, in the straight line AB, make the angle 
jAD equal to the given angle; and from the point A draw 
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AC psrpendicular to AD. Bisect AB in E, and from E 
draw EC perpendicular to AB. From the point C, where 
these perpendiculars meet, with a radius equal to AC, de 
scribe a circle. Then will AGB be the segment required. 

For, since AD is a perpendicular at the extremity of the 
radius AC, it is a tangent (Prop. IX., B. III.) ; and the angle 
BAD is measured by half the arc AFB (Prop. XVI., B III.). 
Also, the angle AGB, being an inscribed angle, is measured 
by half the same arc AFB ; hence the angle AGB is equal to 
the angle BAD, which, by construction, is equal to the given 
angle. Therefore all the angles inscribed in the segment 
AGB are equal to the given angle. 

Scholium. If the given angle was a right angle, the re- 
quired segment would be a semicircle, described on AB as a 
diameter. 



PROBLEM XVII. 



To divide a given straight line into any number of equal 
partSf or into parts proportional to given lines. 

First. Let AB be the given straight C./ 

line which it is proposed to divide into 
any number of equal parts, as, for ex- 
ample, five. 

From the point A draw the indefinite 
straight line AC, making any angle 
with AB. In AC take any point D, A E 
and set off AD five times upon AC. Join BC, and draw DE 
parallel to it ; then is AE the fifth part of AB. 

For, since ED is parallel to BC, AE : AB : : AD : AC 
(Prop. XVI., B. IV.). But AD is the fifth part of AC ; 
therefore AE is the fifth part of AB. 

Secondly. Let AB be the given straight line, ard AC a di- 
wded line; it is required to divide AB similatly to AC. Sup- 
pose AC ^.o be divided in the points D and E. Place AB, 
AC so as to contain any angle ; join BC, and through the 
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points D, E draw DF, EG parallel to BC. 
The line AB wil. be divided into parts 
proportional to those of AC. 

For, because DF and EG are both par- 
allel to CB, we have AD : AF : : DE : FG 
• EC GB (Prop. XVI., Cor. 2, B. IV.). / 




PROBLEM XVIII. 



To find a fourth proportional to three given lines. 

Prom any point A draw two straight 
lines AD, AE, containing any angle 
DAE ; and make AB, BD, AC respect- 
ively equal to the proposed lines. Join 
B, C ; and through D draw DE parallel 
to BC ; then will CE be the fourth pro- 
portional required. 

For, because BC is parallel to DE, we have 

AB : BD : : AC ^ CE (Prop. XVL, B. IV.). 

Cor. In the same manner may be found a third propor 
tional to two given lines A and B ; for this will be the some 
as a fourth proportional to the three lines A. B, B. 
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PROBLEM XIX. 
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To find a mean proportional between two given lines. 
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Let AB, BC be the two given straight 
lines ; it is required to find a mean pro- 
portional between them. 

Place AB, BC in a straight line ; upon 
AC describe the semicircle ADC ; and 
from the point B draw BD perpendicular 
to AC. Then will BD be the mean proportional required. 

For the perpendicular BD, le*. fall from a point in the cir- 
cumference upon the diameter, is a mean proportional be- 
tween the two segments of the diameter AB, BC (Prop. 
XXII., Cor., B. IV.) ; and these segments are equal to th< 
wo given lines. 
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To (f/m:fe a given line into two partSy such that tfie greater 
part may be a mean proportional between the whole line and 
the other part 

Let AB be the given straight line ; 
it is required to divide it into two 
parts at the point F, such that AB : 
AF : : AF : FB. 

At the extremity of the line AB, 
erect the perpendicular BC, and make f^ 
it equal to the half of AB. From C 
as a center, with a radius equal to CB, describe a circle. 
Draw AC cutting the circumference in D ; and make AF 
equal to AD. The line AB will be d vided in the point F in 
the manner required. 

For, since AB is a perpendicular to the radius CB at its ex- 
tremity, it is a tangent (Prop. IX., B. III.) ; and if we pro- 
duce AC to E, we shall have AE : AB : : AB : AD (Prop. 
XXVIII., B. IV.). Therefore, by division (Prop. VIL, B. 
H.), AE— AB : AB : : AB— AD : AD. But, by construction, 
AB is equal to DE; and therefore AE — AB is equal to AD 
or AF; and AB — AD is equal to FB. Hence AF : AB : • 
FB : AD or AF ; and, consequently, by inversion (Prop. V 
B. II.), 

AB : AF : : AF : FB. 

Scholium. The line AB is said to be divided in extreme 
and mean ratio. An example of its use may be seen in Prop. 
v.. Book VI. 



PROBLExM XXT. 

Through a given point in a given angle^ to draw a straight 
line so that the parts included between the point and the sidei 
of the angky may be equal. 

Let A be the given point, and BCD the 
.fifiven angle ; it is required to draw through 
A a line BD, so that BA may be equal to 
AJ). 

Through the point A draw AE parallel to 
BC ; and take DE equal to CE. Through 
*he points D ana A draw the line BAD ; it 
"vill be the line required. 
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For, because AE is parallel to BC we hava (Prop. XVI. 

B. IV.), 

DE : EC : : DA : AB. 

But DE is equal to EC ; therefore DA is equal to AB. 



PROBLEM XXII. 

To describe a sqwire that shall be equivalent tc a giien 
parallelogram, or to a given triangle. 

First. Let ABDC be the given paral- C I) 

felogram, AB its base, and CE its altitude. 
Find a mean proportional between AB and 
CE (Prob. XIX.), and represent it by X ; 
the square described on X wijl be equiva- A. E 
lent to the given parallelogram ABDC. 

For, by construction, AB : X : : X : CE ; hence X' is equaJ 
to AB X CE (Prop. I., Cor., B. II.). But AB X CE is the 
measure of the parallelogram ; and X' is the measure of the 
square. Therefore the square described on X is equivalent 
to the given parallelogram ABDC. 

Secondly. Let ABC be the given triangle, a 

BC its base, and AD its altitude. Find a 
mean proportional between BC and the half 
of AD, and represent it by Y. Then will 
the square described on Y be equivalent to 
the triangle ABC. B j) c 

For, by construction, BC : Y : : Y : ^ AD ; hence Y* isi 
equivalent to BC X | AD. But BC X i AD is the measure of 
the triangle ABC; therefore the square described on Y ia 
ftouivalent to the triangle ABC. 



PROBLEM XX TIL 

Opon a given line, to construct a rectangle equivalent to a 
fwen rectangle. 

Let AB be the given straight q 
line, and CDFE the given rect- 
angle. It is required to con- 
struct on the line AB a rectan- 
gle equivalent to CDFE. 

Find a fourth proportional 





Prob. XVIII.) to the three lines AB, CD, CE, and let AG 
oe that fourth proportional. The rectangle coriitr icted oe 
ihe lines AB, AG will be equivaleit to CDFE 
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I* or, because AB : CD : : CE : AG, by Prop. L, B. II.. 
ABxAG=CDxCE. Therefore the rectangle ABHG is 
equivalent to the rectangle CDFE; end it is constructed 
upon the given line AB. 




PROBLEM XXIV. 

To construct a triangle which shall be equivalent to a given 
polygon. 

Let ABCDE be the given polygon ; it 
8 required to construct a triangle equiva- 
ent to it. 

Draw the diagonal BD cutting off the 
iiiangle BCD. Through the point C, 
diaw CF parallel to DB, meeting AB 
produced in F. Join DF ; and the poly- 
gon AFDE w^ill be equivalent to the polygon ABCDE. 

For the triangles BFD, BCD, being upon the same base 
BD, and between the same parallels BD, FC, are equivalent. 
To each of these equals, add the polygon ABDE ; then will 
the polygon AFDE be equivalent to the polygon ABCDE ; 
that is, we have found a polygon equivalent to the given 
polygon, and having the number of its sides diminished by 
one. 

In the same manner, a polygon may be found equivalent 
to AFDE, and having the number of its sides diminished by 
one ; and, by continuing the process, the number of sides 
may be at last reduced to three, and a triangle be thus obtain 
«d equivalent to the given polygon. 



PROBLEM XXV. 



To make a square equivalent to the sum or dijfe^^eme of twi 
i^iven squares. 

First To make a square equivalent to the sum of two 
given squares. Draw two mdefinite lines C 

AB, BC at right angles to each other. Take 
AB equal to the side of one of the given ^ 

squares, and BC equal to the side of the 



other. Join AC ; it will be the side of the \ h 

required square. 

For the triangle ABC, being right-anglei alB. the squa-^ 
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on AC will be eqanalent to the sum of the squares apo::i At 
and BC (Prop. XL, B. IV.). 

Secondly. To make a square equivalent to the difference 
of two given squares. Draw the lines AB, BC at right an 
gles to each other ; and take AB equal to the side of the less 
square. Then from A as a center, with a radius equal to the 
side of the other square, describe an arc intersecting BC in 
C ; BC will be the side of the square required ; because the 
square of BC is equivalent to the difference of the squares of 
AC and AB (Prop. XL, Cor. 1, B. IV.). 

Scholium. In the same manner, a square may be made 
equivalent to the sum of three or more given squares ; for 
the same construction which reduces two of them to one 
mil reduce three of them to two, and these two to one. 



PROBLEM XXVI. 

Upon a given straight line^ to construct a polygon s^mila 
to a given polygon. 

Loi ABCDE be the giv- 
en polygon, and FG be 
the given straight line ; it E 
«s required upon the line 
FG to construct a poly- 
gon similar to ABCDE. 

Draw the diagonals BD, 
BE. At the point F, in 
the straight line FG, make the angle GFK equal to the anglr 
BAE ; and at the point G make the angle FGK equal to the 
angle ABE. The lines FK, GK will intersect in K, and 
FGK will be a triangle similar to ABE. In the same man- 
ner, on GK construct the triangle GKI similar to BED, and 
on GI construct the triangle GIH similar to BDC. The 
polygon FGHIK will be the polygon required. For these 
two polygons are composed of the same number of triangles, 
which are similar to each other, and similarly situated ; there- 
fore the polygons are similar (Prop. XXV., Ccr., B. IV.) 




PROBLEM XXVn. 



Given the area of a rectangle^ and the sum of two adjacent 
kides, to construct the rectangle. 

Let AB be a straight line equal to the sum of the «dos oi 
h« required rectangle. 
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Upcn AB as a diameter, describe a 
^micircle. At the point A erect the 
perpendicular AC, and make it equal to 
the side of a square having the given 
area. Through C draw the line CD par- A 
allel to AB, and let it meet the circumference in D ; and 
from D draw DE perpendicular to AB. 1 hen will AE and 
EB be the sides of the rectangle required. 

For, by Prop. XXII., Cor., B. IV., the rectangle AExEB 
is equivalent to the square of DE or CA, which is, by con- 
struction, equivalent to the given area. Also, the sum of the 
sides AE and EB is equal to the given line AB. 

Schblium. The side of the square having the given area, 
must not be greater than the half of AB ; for in that case the 
line CD would not meet the circumference ADB. 



PROBLEM XXVIII. 



Given the area of a rectangle^ and the difference of two ad- 
jacent sides^ to construct the rectangle. 

Let AB be a straight line equal to the 
difference of the sides of the required rect- 
angle. 

Upon AB as a diameter, describe a cir- 
cle ; and at the extremity of the diameter, A - 
draw the tangent AC equal to the side of \ 
a square having the given area. Through V 
the point C and the center F draw the 
secant CE ; then will CD, CE be the adjacent sides of the 
rectangle required. 

For, by Prop. XXVIIL, B. IV., the rectangle CDxCE is 
equivalent to the square of AC, which is, by construction, 
equivalent to the given area. Also, the difference of the linef 
Cfi, CD is equal to DE or AB. 

E 
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BOOK VI. 

REGULAR POLYGONS, AND TH^ AREA OF THE CIRCLB. 

Definition. 

# 

A regular polygon is one which is both equiangular and 
equilateral. 

An equilateral triangle is a regular polygon of three sides ; 
a square is one of four. 

PROPOSITION I. THEOREM. 

Regular polygons of the same number of sides are simxtai 
figures. 

Let ABCDEF, ahcdef be 
two regular polygons of the 
same number of sides ; then 
will they be similar figures. 

For, since the two polygons 
have the same number of 
sides, they must have the 
same number of angled. Moreover, the sum of the angles of 
the one polygon is equal to the sum of the angles of the oiher 
(Prop. XX VlII., B. I.) ; and since the polygons are each 
equiangular, it follows that the angle A is the same part of 
the sum of the angles A, B, C, D, E, F, that the angle a is 
of the sum of the angles a, 6, c, d, c, /. Therefore tiie two 
angles A and a are equal to each other. The same is trup 
of the angles B and 6, C and c, &c. 

Moreover, since the polygons are regular, the sides AB, 
BC, CD, &c., are equal to each other (Def.) ; so, also, are the 
sides ahy hc^ cdy &c. Therefore AB :ab :: BC :bc:: CD : erf, 
&c. Hence the two polygons have their angles equal, and 
their homologous sides proportional ; they are consequently 
similar (Def. 3, B. IV.). Therefore, regular polygons, &c. 

Cor. The perimeters of two regular polygons ot the same 
Qumber of sides, are to each other as their homologous side& 
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mnd their areas are as the squares of .hose fides (Prop. 
XXVI^ li. IV.). 

Scholium. The angles of a regular polygon are de*«r 
mined by the number of its sides. 



PROPOSITION II. THEOREM. 



A circle may he described about any regular polygon^ and 
another may he inscribed within it 

Let ABCDEF be any regular polygon ; - p.., — ^ Tg 
a circle may be described about it, and /^^ /V. 
another may be inscribed within it. /7 \ / My 

Bisect the angles FAB, ABC by the jJL. .^ ^jy 

straight lines AO, BO ; and from the point y. /|\ b/J 
O in which they meet, draw the lines OC, ^^/ 'q^ \z/ 
OD, OE, OF to the other angles of the ^S-^— -^ 
polygon. 

Then, because in the triangles OBA, OBC, AB is, by 
Hypothesis, equal to BC, BO is common to the two triangles, 
and ,the included angles OBA, OBC are, by construction, 
equal to each other ; therefore the angle OAB is equal to the 
mgle OCB. But OAB is, by construction, the half of FAB ; 
ind FAB is, by hypothesis, equal to DCB ; therefore OCB is 
the half of DCB ; that is, the angle BCD is bisected by the 
line OC. In the same manner it may be proved that the an 
gles CDE, DEF, EFA are bisected by the straight lines OD 
OE, OF. 

Now because the angles OAB, OBA, being halves of equal 
angles, are equal to each other, OA is equal to OB (Prop. 
XL, B. L). For the same reason, OC, OD, OE, OF are each 
of them equal to OA. Therefore a circumference described 
from the center O, with a radius equal to OA, will pass 
through each of the points B, C, D, E, F, and be described 
about the polygon. 

Secondly. A circle may be inscribed withm the polygon 
ABCDEF. For the sides AB, BC, CD, &c., are equa 
chords of the same circle ; hence, they are equally distant 
from the center O (Prop. VIII., B. III.) ; that is, the perpen- 
diculars OG, OH, &c., are all equal to each other. There- 
fore, if from O as a center, with a radius OG, a circumference 
be described, it will touch the side BC (Prop. IX., B. III.), 
and each of the other sides of the polygon ; hence the circle 
will be inscribed within the polygon. Therefore a circle 
may be described, &c. 

Scholium I. In regular polyccons. the (center of the inscribed 
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and circuinscrlDed circles, is also called the center of the poly- 
gon; and the perpendicular from the cenver upon one of the 
sides, that is, the radius of the inscribed circle, is called the 
apothem of the polygon. 

Since all the chords A6, BC, &c., are equal, the angles a: 
the center, AOB, BOC, <fec., are equal ; and the value of each 
may be found by dividing four right angles by the number 
of sides of the polygon. 

Scholium 2. To inscribe a regular polygon of any number 
of sides in a circle, it is only necessary to divide the circum- 
ference into the same number of equal parts ; for, if the 
arcs are equal, the jchords AB, BC, CD, &c., will be equal. 
Hence the triangles AOB, BOC, COD, &:c., will also be 
equal, because they are mutually equilateral ; therefore all 
the angles ABC, BCD, CDE, <fec., will be equal, and the 
£gure ABCDEF will be a regular polygon. 



PROPOSITION III. PROBLEM. 

To inscribe a square in a given circle. 

Let ABCD be the given circle ; it is re- 
quired to inscribe a square in it. 

Draw two diameters AC, BD at right 
angles to each other; and join AB, BC, 
CD, DA. Because the angles AEB, BEC, 
&c., are equal, the chords AB, BC, &c., 
are also equal. And because the angles 
ABC, BCD, &c., are inscribed in semicir- 
cles, they are right angles (Prop. XV., Cor. 2, B. III.). 
Therefore ABCD is a square, and it is inscribed in the circle 
ABCD. 

Cor. Since the triangle AEB is right-angled and isoscetes, 
we have the proportion, AB : AE : : ^2 : 1 (Prop. XL, Cor. 
3, B. IV.) ; therefore the side of the inscribed square is to the 
radiuSy as the square root of 2 is to unity. 



PROPOSITION IV. THEOREM. 

The side of a regular hexagon is equal to the radius of thu 
circumscribed circle. 

Let ABCDEF be a regular hexagon inscribed in a circle 
whose center is O ; then any side as AB will be equal to tha 
radius AO. 
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Draw the radius BO. Then the anele 
AOB is thft sixth part of four right angles 
(Prop. II., Sch. 1), or the third part of two 
right angles. Also, because the three an- a( 
gles of every triangle are equal to two 
right angles, the two angles OAB, OBA 
are together equal to two thirds of two 
right angles ; and since AO is fequal to BO, each of these an« 
gles is one third of two right angles. Hence the triangle 
AOB is equiangular, and AB is equal to AO. Therefore the 
side of a regular hexagon, <fec. 

Cor. To inscribe a regular hexagon in a given circle, the 
ladius must be applied six times upon the circumference. 
By joining the alternate angles A, C, E, an equilateral trian- 
gle will be inscribed in the circle. 




PROPOSITION V. PROBLEM. 

To inscribe a regular decagon in a given circle. 

Let ABP be the given circle ; it is re- 
quired to inscribe in it a regular decagon. 

Take C the center of the circle ; draw 
the radius AC, and divide it in extreme 
and mean ratio (Prob. XX., B. V.) at 
the point D. Make the chord AB equal 
to CD the greater segment; then will 
AB be the side of a regular decagon in- 
scribed in the circle. 

Join BC, BD. Then, by construction, A B 

AC : CD : : CD : AD ; but AB is equal to CD ; therefore 
AC : AB : : AB : AD. Hence the triangles ACB, ABD 
have a common angle A included between proportional 
sides ; they are therefore similar (Prop. XX., B. IV.) And 
because the triangle ACB is isosceles, the triangle ABD must 
also be isosceles, and AB is equal to BD. But AB was made 
equal to CD ; hence BD is equal to CD, and the angle DBC 
is equal to the angle DCB. Therefore the exterior angle 
ADB, which is equal to the sum of DCB and DBC, must be 
double of DCB. But the angle ADB is equal to DAB ; there- 
fore each of the angles CAB, CBA is double of the angle 
ACB. Hence the sum of the three angles of the triangle 
ACB is five times the angle C. But these three angles are 
equal to two right angles (Prop. XXVII., B. I.) ; therefore 
the angle C is the fifth part of two right angles, or the tenth 
part of four right angles. Henc^ the ar^ AB is one t«DX^ f 
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the circuin Terence, and the cnord AB is the side of a regulai 
decagon inscribed n the circle. 

Cor. 1. By joining the alternate angles of the regular dec 
agon, a regular pentagon may be inscribed in the circle. 

Cor. 2. By combining this Proposition with the preceding, 
a regular pentedecagon may be inscribed in a circle. 

For, let AE be the side of a regular hexagon ; then the arc 
AE will be one sixth of the whole circumference, and the arc 
AB one tenth of the whole circumference. Hence the arc 
BE will be i— tV ^r j^j, and the chord of this arc will be the 
side of a regular pentedecagon. 

Scholium. By bisecting the arcs subtended by the sides oi 
any polygon, another polygon of double the number of sides 
may be inscribed in a circle. Hence the square will enable 
us to inscribe regular polygons of 8, 16, 32, &c., sides ; the 
hexagon will enable us to inscribe polygons of 12, 24, &c. 
sides ; the decagon will enable us to inscribe polygons of 
20, 40, &c., sides ; and the pentedecagon, polygons of 30, 60, 
&c., sides. 

The ancient geometricians were unacquainted with any 
method of inscribing in a circle, regular polygons of 7, 9, 11, 
13, 14, 17, &c., sides: and for a long time it was believed 
that these polygons could not be constructed geometrically ; 
but Gauss, a Germa'i mathematician, has shown that a regu 
lar polygon of 17 Fides may be inscribed in a circle, by em* 
ploying straight h'nes and circles only. 

PROPOSITION VI. PROBLEM. 

A regular polygon inscribed- in a circle being given, to de 
tcribe a similar polygon about the circle. 

Let ABCDEF be a regular polygon 
inscribed in the circle ABD ; it is re- 
quired to describe a similar polygon 
about the circle. 

Bisect the arc AB in G, and through 
6 draw the tangent LM. Bisect also 
the arc BC in H, and through H draw 
the tangent M N, and in the same man- 
ner draw tangents to the middle points 
of the arcs CD, DE, &c. These tangents, by their intersec- 
tions, will form a circumsciibed polygon similar to the one 
inscri'bed. 

Find O the centei of the circle, and draw the radii OG 
OH. Then, because OG is perpendicular to the tangent LM 
iProp. IX., B. III.), and also to the chord AB (Prop. VI 
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Sch., B. III.), the tangent is parallel to the chord (Prop. XX., 
B. L). In the same manner it may be proved that the other 
sides of the circumscribed polygon are parallel to the sides 
of the inscribed polygon.; and therefore the angles of the 
circumscribed polygon are equal to those of the inscribed one 
(Prop. XXVL, B. I.). 

Since the arcs BG, BH are halves of the equal arcs A6B, 
BHC, they are equal to each other ; that is, the vertex B is 
dt the middle point of the arc GBH. Join OM ; the line OM 
will pass through the point B. For the right-angled* trian- 
gles OMH, OMG have the hypothenuse OM common, and 
the side OH equal to OG ; therefore the angle GOM is equal 
to the angle HOM (Prop. XIX., B. I.), and the line OM passes 
through the point B, the middle of the arc GBH. 

Now because the triangle OAB is similar to the triangle 
OLM, and the triangle OBC to the triangle OMN, we have 
the proportions 

AB:LM::BO:MO; 
also, BC :MN::BO:MO; 

therefore (Prop, IV., B. II.), 

AB : LM : : BC : MN. 

But AB is equal to BC ; therefore LM is equal to MN. In 
the same manner, it may be proved that the other sides of the 
circumscribed polygon are equal to each other. Hence this 
polygon is regular, and similar to the one inscribed. 

Vor. 1. Conversely; if the circumscribed polygon is given, 
and it is required to form the similar inscribed one, draw the 
lines OL, OM, ON, &c., to the angles of the polygon ; these 
lines will meet the circumference in the points A, B, C, &c. 
Join these points by the lines AB, BC, CD, &c., and a similar 
polygon will be inscribed in the circle. 

Or we may sinrply join the points of contact G, H, I, <fec. 
by the chords GH, HI, <fec., and there will be formed ^n in 
scribed polygon similar to the circumscribed one. 

Cor. 2. Hence we can circumscribe about a circle, any 
regular polygon which can be inscribed within it, and con 
versely. - 

Cor. 3. A side of the circumscribed polygon MN is equa 
to'twice MH, or MG+MH. 



PROPOSITION VII. THEOREM. 

The area of a regular polygon is equivalemt to the pf'odue: 
•f its perimeter, by half the radius of the inscriied circle. 

Let ABCDEF be a regular polygon, and G the center ol 
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the inscribed circle. From G draw 

lines to all the angles of the polygon. 

The polygon will thus be divided into 

as many triangles as it has sides ; and 

the common altitude of these triangles 

is GH, the radius of the circle. Now, 

the area of the triangle BGC is equal to 

Ihe product of BC by the half of GH 

(Prop. VI., B. IV.) ; and so of all the 

other triangles having their vertices in G. Hence the sum 

of all the triangles, that is, the surface of the polygon, is 

equivalent to the product of the sum of the bases -AB, BC. 

&c ; that is, the perimeter of the polygon, multiplied by half 

of GH, or half the radius of the inscribed circle. Therefore. 

*he area of a regular polygon, &c. 





PROPOSITION VIII. THEOREM. 

The perimeters of two regular polygons of the same number 
of sides, are as the radii of the inscribed or circumscribed cir 
cles, and their surfaces are as the squares of the radii. 

Let ABCDEF, abcdef be 
two regular polygons of the 
same number of sides ; let G 
and g be the centers of the 
circumscribed circles; and 
let GH, gh be drawn per- 
pendicular to BC and be; B ^C 
then will the perimeters of the polygons be as the radii BG. 
bg; and, also, as GH, gh, the radii of the inscribed circles. 

The angle BGC is equal to the angle bgc (Prop. IL, Sch. 
1) ; and since the triangles BGC, bgc are isosceles, they are 
similar. So, also, are the right-angled triangles BGH, bgh ; 
and, consequently, BC : 6c : : BG ibg : : GH : gh. But the 
perimeters of the two polygons are to each other as the sides 
BC, be (Prop. I.t Cor.) ; they are, therefore, to each other as 
the radii BG, bg of the circumscribed circles; and also as the 
radii GH, gh of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides BC, be (Prop. I., Cct .) ; they 
are, therefore, as the squares of BG, bg, the radii of the cir 
cumscribed circles ; or as the squares of GH, ^A. the radii of 
the inscribed circles. 
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PROPOSITION IX. PROBLEM. 




TUe surface of a regular inscribed polygon^ and that of d 
Mimilar circumscribed polygon jheirtg given; to find the surfacei 
of regular inscribed and circumscribed polygons having aoubk 
the number of sides. 

Let AB be a side of the given in 
scribed polygon ; EF parallel to AB, a ^ 
side of the similar circumscribed poly- 
gon; and C the center of the circle. 
Draw the chord AG, and it will be the 
side of the inscribed polygon having 
double the number of sides. At the 
points A and B draw tangents, meeting 
EF in the points H and I; then will 
HI, which is double of HG, be a side of 
the similar circumscribed polygon (Prop. VI., Cor. 1). Let 
p represent the inscribed polygon whose side is AB, P the 
corresponding circumscribed polygon; pf the inscribed poly 
gon having double the number of sides, P' the similar cir- 
cumscribed polygon. Then it is plain that the space CAD is 
the same part of ^, that CEG is of P ; also, CAG of pf, and 
CAHG of P' ; for each of these spaces must be repeated the 
same number of times, to complete the polygons to which they 
severally belong. 

Mrst. The triangles ACD, ACG, whose common vertex is 
A, are to each other as their bases CD, CG ; they are also to 
each other as the polygons p and pf ; hence 

p:pf :: CD: CG. 

zVgain, the triangles CGA, CGE, whose common vertex is 
G are to each other as their bases CA, CE ; they are also to 
each other as the polygons pf and P ; hence 

pf :F::CA:CE. 

But since AD is parallel to EG, we have CD : CG : : CA 
CE; therefore, 

p pf : : pf :T?; 
that is, the polygon p' is a mean proportional between th€ 
two given polygons. 

Secondly. The triangles CGH, CHE, having the common 
altitude CG, are to each other as their bases GH, HE. Bui 
since CH bisects the angle GCE, we have (Prop. XVII , B. 
IV.), 

GH:HE::CG:CE::CD CA, or CG ipipf. 
Therefore, CGH : CHE : p.p^; 
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htn.ie (Prop. VI., B. II.) 

CGH : CGH+CHE, or CGE :.p:p+p* 
or 2CGH : CGE : : 2p : p+pf 

But 2CGH, or CGHA : CGE : : F P. 

2pP 
Therefore, P' : P : : 2p ip+pf ; whence P'=-^3r7» 

that 18, the polygon P' is found by dividing twice the product ij 
the two given polygons by the sum of the two inscribed polygons 
Hence, by means of the polygons p and P, it is easy to find 
the polygons p' and P' having double the number of sides. 



PROPOSITION X. THEOREM. 

A circle being given^ two similar polygons can always be 
foundy the one described about the circle^ and the other inscribea 
m it, which shall differ from each other by less than any as- 
ngnable surface. 

Let ACD be the given circle, and the square of X any 
given surface; a polygon can be inscribed in the circle 
ACD, and a similar polygon be described about it, such 
that the difference between them shall bd less than the 
square of X. 

Bisect AC a fourth part of the circumference, then bisect 
the half of this fourth, and so continue the bisection, until an 
arc is found whose chord AB is less than X. As this arc 
must be contained a certain number of times exactly in the 
whole circumference, if we apply chords AB, BC, &c., each 
equal to AB, the last will terminate at A, and a regular 
polygon ABCD, &c., will be inscribed in the circle. 

Next describe a similar polygon about the circle (Prop. 
y\.) ; the difference of these two polygons will be less than 
(he square of X. 

Find the center G, and draw the 
diameter AD. Let EIP be a side 
of the circumscribed polygon; and 
join EG, FG. These lines will pass 
through the points A and B, as was i:^ 
shown in Prop. VI. Draw GH to 
the point of contact H ; it will bisect 
AB in I, and be perpendicular to it 
(Prop. VL, Sch., B. III.). Join, also, 
BD. 

Let P represent the circumscribed polygon, and p the in- 
scribed polyffon. Then, because the polygons are similar, 
they are as the squares of the homologous sides EF and AB 
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(Prop. XXVL, B IV.) ; that is, because the triangles EFG 
AB6 are similar, as the square of EG to the square of AG 
hat is, of HG. 

Again, the triangles EHG, ABD, having their sides paral 
ccl to each other, are similar ; and, therefore, 

EG : HG : : AD : BD. 
But the polygon P is to the polygons/? as the square of EG 
to the square of HG ; 
hence P : ^ : : AD' : BD", 

and, by division, P : T?—p : : AD' : AD»-BD", or AB'. 
But the square of AD is greater than a regular pa.ygon of 
eight sides described about the circle, because it contains 
that polygon ; and for the same reason, the polygon of eight 
sides is greater than the polygon of sixteen, and so on. 
Therefore P is less than the square of AD ; and, consequent- 
ly (Def. 2, B. II.), V—p is less than the square of AB ; that is, 
less than the given square on X. Hence, the difference of 
the tviro polygons is less than the given surface. 

Cor. Since the circle can not be less than any inscribed 
polygon, nor greater than any circumscribed one, it follows 
that a polygon may be inscribed in a circle^ and another de- 
tcribed about it, each of which shall differ from the circle bv 
less than any assignable surface. 



PROPOSITION XI. PROBLEM. 

To find the area of a circle whose radius is unity. 

If the radius of a circle be unity, the diameter vsrill^be rep 
resented by 2, and the area of the circumscribed square wiL 
oe 4 ; wflile that of the inscribed square, being half the cir- 
cumscribed, is 2. Now, according to Prop. Ix., the surface 
of the inscribed octagon, is a mean proportional between the 
two squares p and P, so that ^'=y^8= 2.82843. Also, the 

2z7p 16 

circumscribed octagon P^= ^ , « -=3.31371. Hjiv- 

^ p+pf 2+^/8 

ing thus obtained the inscribed and circumscribed octagons, 

we may in the same way determine the polygons having 

twice the number cf sides. We must put />= 2.82843, and 

P= 3.31371, and we shall have ;?'=i/7P= 3.06147; and 

P'«-^^=3.18260. These polygons of 16 sides will furnish 
p+p 

us those of 32 ; and thus we may x "oceed, until there is no 

difference between the inscribed and .ircumscribed polygons. 

ftt least for anv number of decimal p. aces which miy l» de« 
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■ired. The following table gives the results of this cjmputA 
tion for five decimal places : 

Humber of Sides. Inscribed Polygon. Circumscribed Poijgoa 

4 2.00000 4.00000 

8 2.82843 3.31371 

16 3.06147 3.18260 

32 3.12145 3.15172 

64 3.13655 3.14412 

128 3.14033 3.14222 

256 3.14128 3.14175 

512 3.14151 3.14168 

1024 3.14157 3.14160 

2048 3.14159 3.14159 

Now as the inscribed polygon can not be greater than the 
circle, and the circumscribea polygon can not be less than 
the circle, it is plain that 3.14159 must express the area of a 
circle, whose radius is unity, correct to five decimal places. 

After three bisections of a quadrant of a circle, we obtain 
the inscribed polygon of 32 sides, which differs from the cor- 
responding circumscribed polygon, only in the second decimal 
place. After five bisections, we obtain polygons of 128 sides, 
which differ only in the third decimal place ; after nine bisec- 
tions, they agree to five decimal places, but differ in the sixth 
place ; auer eighteen bisections, they agree to ten decimal 
places ; and thus, by continually bisecting the arcs subtended 
by the sides of the polygon, new polygons are formed, both 
inscribed and circumscribed, which agree to a greater num- 
ber of decimal places. Vieta, by means of inscribed and cir- 
cumscribed polygons, carried the approximation to ten places 
of figures ; Van Ceulen carried it to 36 places ; Sharp com- 

Buted the area to 72 places ; De Lagny to 128 pl^es ; and 
•r. Clausen has carried the computation to 250 places of de- 
cimals. 

By continuing this process of bisection, the difference be- 
tween the inscribed and circumscribed polygons may be 
made less than any quantity we can assign, however small 
The number of sides of such a polygon will be indefinitel> 
great ; and hence a regular polygon of an infinite number of 
sides, is said to be ultimately equal to the circle. Henceforth 
we shall therefore regard the oircle as n regular polygon oi 
fC2. infinite r umber of sides. 
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PROPOSITION. XII. THEOREM. 

JTie arf 2 of a circle is equal to the product oj its ctrcum* 
ference by half the radius. 

Let ABE be a circle whose center is' C 
«ad radius CA: the area of the circle is 
•.qual to the product of its circumference by 
half of CA, 

Inscribe in the caxle any regular polygon, 
and from the center draw CD perpendicular 
to one of the sides. The area of the poly- 
gon will be equal to its perimeter multiplied ^ 
by half of CD (Prop. VII.). Conceive the number of sides 
of the polygon to be indefinitely increased, by continually 
bisecting the arcs subtended by the sides; its perimeter 
will ultinxately coincide with the circumference of the circle 
the perpendicular CD will become equal to the radius CA 
and the area of the polygon to the area of the circle (Prop 
XL). Consequently, the area of the circle is equal to tK 
product of its circumference by half the radius. 

Cor. The area of a sector is equal to the product of its arc 
by half its radius. 

For the sector ACB is to the whole circle 
ABD, as the arc AEB is to the whole cir- 
cumference ABD (Prop; XIV., Con 2, B. 
III.) ; or, since magnitudes have the same 
ratio which their equimultiples have (Prop. 
VIIL, B. II.), as the arc AEB X 1 AC is to the 
circumference ABD X 4 AC. But this last ex- **•*.. .,,/ 
pression is equal to the area of the circle; ^ 

Iherefore the area of the sector ACB is equal to the product 
of its arc AEB by half of AC. 



PROPOSITION XIII. THEOREM. 

The circumferences of circles are to each other as their radit^ 
tnd their areas are as the squares of their radii. 

Let R and r denote the radii of two circles ; C and c their 
circumferences ; A and a their areas ; then we shall have 

C : c : : R : r. 
aad A : a : : R' : r" 

Inscribe within the circles, two regular polygons having 
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the same number of sides. Now wnatever be tne numbei 
of sides of the polygons, their perimeters will be to each other 
as the radii of the circumscribed circles (Prop. VIIL). Con- 
ceive the arcs subtended by the sides of the polygons to be 
continually bisected, until the number of sides of the polygons 
becomes indefinitely great, the perimeters of the polygons will 
ultimately become equal to the circumferences of the circles, 

and we shall have 

C : c : : R : r. 

Again, the areas of the polygons are to each other as the 
squares of the radii of the circumscribed circles (Prop. VIIL). 
But when the number of sides of the polygons is indefinitely 
increased, the areas o^ the polygons become equal to the 
areas of the circles, and we shall have 

A : a : : R' : r*. 

Cor. 1. Similar arcs are to each other as their radii ; and 
similar sectors are as the squares of their radii. 

For since the arcs AB, ab are . 
umilar, the angle C is equal to the 
ingle c (Def. 5, B. IV.). But the 
ingle C is to fgur right angles, as 
\he arc AB is to the whole circum- 
3rence described with the radius 
C (Prop. XIV., B. III.) ; and the ^ 

angle c is to four right angles, as the arc ah is to the circum- 
ference described with the radius ac. Therefore the arcs 
A.B, ah are to each other as the circumferences of which they 
form a part. But these circumferences are to each other as 
x\C, ac ; therefore. 

Arc AB : arc ah : : AC : ac. 

For the same reason, the sectors ACB, ach are as the en 
tire circles to which they belong ; and these are as the squares 
of their radii ; therefore. 

Sector ACB : sector ach : : AC : ac*. 

Cor. 2. Let re represent the circumference of a circle whose 
diameter is unity ; also, let D represent the diameter, R the 
radius, and C the circumference of any other circle ; then, 
«ince the circumferences of circles are to each other as theii 
liameters, 

1 : TT : : 2R : C ; 
(herefore, C «= 27rR « ttD ; 

that is, the circumference of a circle is equal to the product of 
its diameter hy the constant number it. 

Cor. 3. According to Prop. XIL, the area of a circle is 
•qual to the product of its circumference by haJf the rai'iut 

If we jmt A to represent the area of a circle then 

A -C X lR-27rR X iR-rrR' ; 
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that is, the ar a of a circle is equal to thefroduct of tht squat i 
of its radius ^y the constant number n. 

Cor. 4. When R is equal to unity, "we have A=7r; that is, 
7r is equal to the area of a circle whose radius is unity. Ao 
cording to Prop, XL, n is therefore equal to 3.14159 nearly 
This number is represented by tt, because it is the first letter 
of tho Greek word which signifies circumference. 
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SOLID GEOMETRY. 

BOOK VII. 

PLANES AND SOLID ANGLES 
Definitions. 

1. A STRAIGHT line is perpendicular to a 
plane^ when it is perpendicular to every 
straight line which it meets in that plane. 

Conversely, the plane in this case is per 
pendicular to the line. 

The foot of the perpendicular, is the 
point in which it meets the plane. 

2. A line is parallel to a plane, when it can not meet tlits 
plane, tl\ough produced ever so far. 

Conversely, the plane in this case is parallel to the line. 

3. Two planes are parallel to each other, when they can 
not meet, though produced ever so far. 

4. The angle contained by two plants which cut each othe^^, 
3 the angle contained by two lines drawn 

from any point in the line of their common 
section, at right angles to that line, one in 
Aach of the jdanes. 

This angle may be acute, right, or obtuse. 

If it is a right angle, the two planes are 
perpendicular to each other. 

5. A solid angle is the angular space con- 
tained by more than two planes which meet at 
the same point. 



PROPOSITION I. THEOREM 

One part cf a straight line can not he in a plane, an^ another 
part without it. 

For from the definition of a plane (Def. 6, B. I.), vvlun 
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Straight line hae» two i points common with a plane it lies 
wholly in that plane. 

Scholium. To discover whether a surface is plane, we ap 
ply a straight line in different directions to this surface, and 
«ee if it touches throughout its whole extent. 



PROPOSITION II. THEOREM. 

Any two straight lines which cut each other^ are in one plants^ 
and determine its position. 

Let the two straight lines AB, BC cut 
each other in B; then will AB, BC be in 
the same plane. 

Conceive a plane to pass through the 
straight line BC, and let this plane be turned 
about BC, until it pass through the point A. ^ 
Then, because the points A and B are situated in this plane 
the straight line AB lies in it (Def. 6, B. I.). Hence the posi- 
tion of the plane is determined by the* condition of its con- 
taining the two lines AB, BC. Therefore, any two straight 
lines, &c. » 

Cor. 1. A triangle ABC, or three points A, B, C, not in the 
same straight line, determine the position of a plane. 

Cor, 2. Two parallel lines AB, CD v 

determine the position of a plane. For ^ \e ^ 

if the line EF be drawn, the plane of \ 

the two straight lines AE, EF will be C ^£ D 

the same as that of tlie parallels AB, ^ 

CD ; and it has already been proved that two straight lines 

which cut each other, determine the position of a plane 



PROPOSITION III. THEOBEM. 

If two planes cut each other, 4heir common section ti a 
straight line. 

Let the two planes AB, CD cut each 
other, and let E. F be two points in their ^ 
common section. From E to F draw the 
straight line EF. Then, since the points E 
and P are in the.plane AB, the straight line 
EF which joins them, must lie wholly in 
that plane (Def. 6, B. L). For the same 
reason, EF must lie wholly in the plane 
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CD. Therefore the straight line EF is common to the two 
planes AB, CD ; that is, it is their common section. Hence, 
if two planes, &c. 



PROPOSITION IV. THEOREM. 

Jff' a straight line be perpendicular to each of two straight 
lines at their point of intersection^ it will be perpendicular to 
the plane in which these lines are. 

Let the straight line AB be perpen- 
dicular to each of the straight lines 
CD, EF which intersect at B ; AB will 
also be perpendicular to the plane MN M| 
which passes through these lines. 

Through B draw any line BG, in the 

f)lane MN ; let G be any point of this 
ine, and through G draw DGF, so that 
DG shall be equal to GF (Prob. XXL, 
B. v.). Join AD, AG, and AF. 

Then, since the base DF of the triangle DBF is bisectec* 
in G, we shall have (Prop. XIV., B. IV.), 

BD'+BF'=2BG«+2GF'. 
Also, in the triangle DAF, 

AD'+AP=2AG'+2GF«. 
Subtracting the first equation from the second, we have 

AD'-BD'+AF*-BP=:2AG'-2BG*. 
But, because ABD is a right-angled triangle, 

AD'-BD*=AB'; 
and, because ABF is a right-angled triangle, 

AP-BF"=AB». 
Th3refore, substituting these values in the former equation, 

AB'+AB'=2AG'-2BG' ; 
whence AB'=AG'-BGS 

or AG«=AB«+BG'. 

Wherefore ABG is a right angle (Prop. XIII., Sch., B. IV.) 
that is, AB is perpendicular to the straight line BG. In lik# 
manner, it may be proved that AB is perpendicular to any 
other straifT*** Mne passing through B in the plane MN ; henc# 
it is perpe^-cficular to the plane MN (Def. 1). Therefore, if 
a straight line, &c. 

Scholitim. Hence it appears not only that a straight line 
may be perpendicular to every straight line which passes 
through its foot in a plane, but that it always must be so 
whenever it is perpenaicular to two lines in the plane, w)»»rli 
fhows that the first definifV>n involves no impossib'jity. 
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Cor. 1 The perpendicular AB is shorter than any oblique 
line AD ; it therefore measures the true distance of the poinl 
A. from the plane MN. 

Cor. 2, Through a given point B in a plane, or.ly one per- 
pendicular can be drawn to this plane. For, if there could 
be two perpendiculars, suppose a plane to pass through them, 
whose intersection with the plane MN is BG; then lliese 
two perpendiculars would both be at right angles to the line 
BG, at the same point and in the same plane, which is im- 
possible (Prop. Xyi., Cor., B. I.). 

It is also impossible, from a given point without a plane, to 
let fall two perpendiculars upon the plane. For, suppose AB, 
AG to be two such perpendiculars; then the triangle ABG 
will have two right angles, which is impossible {Prop. XXVII., 
Cor. 3, B. I.). 



PBOPOStTIOH V. THEOREM. 

Oblique linei drawn from a point to a plane, at equal dif 
tancesfrom the perpendicular, are equal; and of two oblique 
Unes unequally distant from tke perpendicular, the more remote 
i$ the longer. 

Let the straight line AB be ^ 

drawn perpendicular to the plane 
MN; and let AC, AD, AE be ob- 
lique lines drawn from the point A, 
equally distant from the perpendic- 
ular ; also, let AF be more remote 
from the perpendicular than AE ; 
then will the lines AC, AD, AE all 
be equal to each other, and AF be 
longer than AE. 

For, since the angles ABC, ABD, ABE are right angles 
and EC, BD, BE are equal, the triangles ABC, ABD, ABE 
have two sides and the included angle equal ; therefore the 
third sides AC, AD, AE are equal to each other. 

So, also, since the distance BF is greater than BE, it ii 
plain that the oblique line AF is longer man AE (Prop. XVIL, 
fe. I.). 

Cor. All the equal oblique lines AC, AD, AE, &c., termi- 
nate in the circumference ODE, which is described from B, 
the foot of<the perpendicular, as a center. 

If, then, it is required to draw a straight line perpendiculai 
JO the plane MN, from a point A without it, take three pointi 
in the plane C. P, E, equally distant from A, ani find B thfi 
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center of the circle which passes througn these points. Joim 
A.B, and it will be the perpendicular required. 

Scholium. The angle AEB is called the inclination of the 
line AE to the plane MN. All the lines AC, AD, AE, &c., 
which are eqUarlly distant from the perpendicular, have the 
same inclination to the plane ; because all the angles ACB 
ADB, AEB, &c., are equal. 



PROPOSITION VI. THEOREM. 



If a straight line is perpendicular to a plane, every plane 
which passes through that tine, is perpendicular to the first- 
mentioned plane. 

Let the straight line AB be perpen- 
dicular to the plane MN; then will 
every plane which passes through AB 
be perpendicular to the plane MN. 

Suppose any plane, as AE, to pass 
through AB, and let EF be the common 
section of the planes AE, MN. In the 
plane MN, through the point B, draw 
CD perpendicular to the common sec- 
tion JEF. *Then, since the line AB is perpendicular to the 
plane MN, ii must be perpendicular to each of the two 
straight lines CD, EF (Def. 1). But the angle ABD, formed 
by the two perpendiculars BA, BD, to the common section 
EF, measures the angle of the two planes AE, MN (Def. 4) ; 
and since this is a right angle, the two planes must be per- 
pendicular to each other. Therefore, if a straight li^e, &c. 

Scholium. When three straight lines, as AB, CD, EF, are 
perpendicular to each other, each of these lines is perpen- 
dicular to the plane of the other two, and the three planes 
are perpendicular to each other. 




PROPOSITION VII THEOREM. 

If two planes are perpendicular to each other, a straight line 
drawn in one of them perpendicular to their common section, 
will be perpendicular to the other plane. 

Let the plane AE be perpendicular to the plane MN, and 
let the line AB be drawn in the plane AE perpendicular to 
the common section EF ; then will AB be perpendicular to 
the plane MN. 
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For in the plane MN, draw CD 
tnrough the point B perpendicular to 
EF. Then, because the planes AlE and 
MM are perpendicular, the angle ABD 
is a right angle. Hence the line AB is 
perpendicular to the two straight lines 
CD, EF at their point of intersection; 
it is consequently perpendicular to their 
plane MN (Prop. IV.). Therefore, if 
two planes, &c. 

Cor. If the plane AE is perpendicular to the plane MN, 
and if from any point B, in their common section, we erect a 
perpendicular to the plane MN, this perpendicular will be in 
the plane AE. For ii not, then we may draw from the same 
pomt, a straight line AB in the plane AE perpendicular to 
EF, and this line, according to the Proposition, will be per- 
pendicular to the plane MN. Therefore there would be two 
perpendiculars to the plane MN, drawn from the same point, 
which is impossible (Prop. IV., Cor. 2). 



PROPOSITION Vltl. THEOKBM. 

^ two planes, which cut one another, are each of them per 
pendicular to a third plane, their common section is perpen' 
dicular to the same plane. 

L«t the two planes AE, AD be each 
of them perpendicular to a third plane 
MN, and let AB be the common sec- 
tion of the first two planes ; then will 
AB be perpendicular to the plane MN. 

For, from the point B? erect a per- 
pendicular to the plane MN. Then, by 
the Corollary of the last Proposition, 
this line must be situated both in the 
plane AD and in the plane AE ; hence it is their common 
■ectii)n AB. Therefore, if two planes, 6tc. 



FHOPOSITION IX. TUEOBBM. 

7W straight lines which are perpendicular to the same plane, 
tre furiiVel to each other. 

Lot the two stijight lines AB, CD be each of them perpen- 
Jioular to the same plane MN ; then will AB be parallel to CD 
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In the plane MN, draw the straight 
ine BD joining the points B and D. 
Through the lines AB, BD pass the 
plane EF; it will be perpendicular to ^^ 
the plane MN (Prop. VL); also, the 
line CD will lie in this plane, because it 
is perpendicular to MN (Prop. VII., 
Cor.). Now, because AB and CD are 
both perpendicular to the plane MN, 
they are perpendicular to the line BD in that plane ; and since 
AB, CD are both perpendicular to the same line BD, and lie 
in the same plane, they are parallel to each other (Prop. 
XX., B. I.). Therefore, two straight lines, &c. 

Cor, 1. If one of two parallel lines be perpendicular to a 
plane, the other will be perpendicular to the same plane. If 
AB is perpendicular to the plane MN, then (Prop. VI.) the 
plane EF will be perpendicular to MN. Also, AB is per- 
pendicular to BD ; and if CD is parallel to AB, it will be 
perpendicular to BD, and therefore (Prop. VII.) it is perpen- 
dicular to the plane MN. 

Cor. 2. Two straight lines, parallel to a third, are parallel 
to each other. For, suppose a plane to be drawn perpen 
dicular to any one of them ; then the other two, being paral- 
lel to the first, will be perpendicular to the same plane, by 
the preceding Corollary ; hence, by the Proposition, they wil- 
be parallel to each other. 

The three straight lines are supposed not to be in the same 
plane ; for in this case the Proposition has been already de 
monstrated 



PROPOSITION X. THEOREM. 

If a straight line, without a given plane, be parallel to a 
straight line in the plane, it will be parallel to the plane. 

Let the straight line AB be parallel 
10 the straight line CD, in the plane 
MN; then will it be parallel to the m, 
plane MN. 

Through the parallels AB, CD sup- 
pose a plane ABDC to pass. If the line 

AB can meet the plane MN, it must W 

meet it in some point of the line CD, which is the common 
intersection of the two planes. But AB can not meet CD 
since they are parallel ; hence it can not meet the plane MN 
that is, AB is parallel to the plane MN (Def. 2). Therefore^ 
if a straight line &c. 
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7W> planes, which are perpendicular to the tame stiaiglU 
Une, are parallel to each other. 

Let the planes MN, PQ be 
perpeadicular to the line AB ; 
then will they be parallel to each 
other. ] 

For if they are not parallel, 
they will meet if produced. Let 
them be produced and meet in C. 
Join AC, BC. Nopr the line AB, 
which is perpendicular to the plane MN, is perpendicular to 
the line AC drawn through its foot in that plane. For the 
same reason AB is perpendicular to BC. Therefore CA and 
CB are two perpendiculars let fall from the same point C 
upon the same straight line AB, which is impossible (Prop. 
XVI., B. I.). Hence the planes MN, PQ can not meet when 
produced ; that is, they are parallel to each other. There- 
fore, two planes, &c. 



PROPOSITION XII. TBEORBU. 

If two paraUel planes are cut hy a third plane, their common 
sections are parallel. 

Let the parallel planes MN, PQ be ^^ P 

cut by the plane ABDC ; and let their 
common sections with it be AB, CD; 
then will AB be parallel to CD. 

For the two lines AB, CD are in the 
same plane, viz., in the plane ABDC 
which cuts the planes MjV, FQ ; and 
if these lines were not parallel, they 
would meet when produced ; therefore 
the ]JLanes MN, PQ would also meet, which is mposf ible, b» 
cause they are parallel. Hence the lines AB, CD aro paial 
leL Therefore, if two para I9I planes, &c. 
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PROPOSITION XIII. THEOREM. 

If two plane i are parallel^ a straight line wkich is perpen 
dicular to one of them, is also perpendicular to the other. 

Let the two planes MN, PQ be par- 
allel, and let the straight line AB be 
perpendicular to the plane MN ; AB 
will also be perpendicular to the plane 

PQ. 

Through the point B, draw any line 
BD in the plane PQ ; and through the P 
lines AB, BD suppose a plane to pass injersecting the pianc 
MN in AC. The two lines AC, BD will be parallel (Prop. 
XII.). But the line AB, being perpendicular to the plane 
MN, is perpendicular to the straight line AC which it meets 
in that plane ; it must, therefore, be perpendicular to its par- 
allel BD (Prop. XXIII., Cor. 1, B. I.). But BD is any line 
drawn through B in the plane PQ ; and since AB is perpen- 
dicular to any line drawn through its foot in the plane PQ, 
it must be perpendicular to the plane PQ (Def. 1). There 
^ore, if two planes, &c. 




PROPOSITION XIV. THEOREM. 




Parallel straight lines included between two parallel plane* 
tre equal. 

Let AB, CD be the two parallel 
straight lines included between two 

Earallel planes MN, PQ ; then will AB 
e equal to CD. 
Through the two parallel lines AB, 
CD suppose a plane ABDC to pass, in- 
tersecting the parallel planes in AC and 
BD. The lines AC, BD will be parallel to each other (Prop. 
XII.). But AB is, by supposition, parallel to CD ; therefore 
the figure ABDC is a parallelogram ; and, consequently, AB 
is equal to CD (Prop. XXIX., B. L). Therefore, parallel 
straight lines, &c. 

Cor. Hence two parallel planes are every where equidis' 
tant; for if AB, CD are perpendicular to the plane MN, they 
will be perpendicular to the parallel plane PQ (Prop, XIII.) ; 
and being both perpendicular to the same plane, they* will be 
parallel to each other (Prop IX.), and, consequently, equal 
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PROPOSITION XV. THEOREM. 

If two angles^ not in tk? same plane, have their sides 
parallel and similarly situated, these angles will be equals 
and their planes will be parallel. 

Let the two angles ABC, DEF, lying q 

in different planes MN, PQ, have their My^ 
Bides parallel each to each and similarly %| 
situated ; then will the angle ABC be ^=^ 
equal to the angle DEF, and the plane 
MN be parallel to the plane PQ. ^'W' — 

Take AB equal to DE, and BC equal >^^.^^^^^ 
to EF, and join AD, I^E, CR AC, DF. N £ feS^::l m Q 
Then, because AB is equal and parallel to DE, the figure 
ABED is a parallelogram (Prop. XXXI., BI.) ; and AD is 
equal and parallel to BE. For the same reason CF is equal 
and parallel to BE. Consequently, AD and CF, being each 
of them equal and parallel to BE, are parallel to each other * 
(Prop. IX., Cor. 2), and also equal ; therefore AC is also equal 
and parallel to DP (Prop. XXXI., B. I.). Hence the triangles 
ABC, DEF are mutually equilateral, and the angle ABC is 
equal to the angle DEF (Prop. XV., B. L). 

Also, the plane ABC is parallel to the plane DEF. For, 
if they are not parallel, suppose a piano to psiss through A 
parallel to DEF, and let it meet the straight lines BE, CF in 
the points Gr and H. Then the three lines AD, GrE, HF will 
be equal (Prop. XIV.). But the three lines AD, BE, CF ha-'- 
already been proved to be equal; hence BE is equal to GrE,« 
and CF is equal to HF, which is absurd ; consequently, the 
plane ABC must be paraU'^l to the plane DEF. Therefore, 
if two angles, &c. 

Cor. 1. If two parallei planes MN, PQ, are met by two 
other planes ABED, BCFE, the angles formed by the inter- 
sections of the parallel planes will be equal. For the section 
AB is parallel to the section DE (Prop. XII.) ; and BC is 
parallel to EF ; therefore, by the Proposition, the angle ABC 
is equal to the angle DEF. 

Cor. 2. If three straight lines AD, BE, CF, not situated in 
the same plane, are equal and parallel, the triangles ABC^ 
DEF, formed by joining the extremities of these lines, will 
be equal, and their planes will be parallel. For, since AD i^ 
equal and parallel to BE, the figure ABED is a parallel* 
ograin ; hence the side AB is equal and parallel to DB' For 

F 
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the same reason, the sides BC and EF are equai and parai^ 
lel; as, also, the sides AC and DF. Consequently, the two 
triangles ABC, DEF are equal ; and, according to the Prop- 
osition, their planes are parallel. 



PROPOSITION XVI. THEOREM. 

If two straight lines are cut by parallel planes, they will be 
cut m the same ratio. 

Let the straight lines AB, CD be cut -m j ^ 

by the parallel planes MN, PQ, RS m \ *i ' ^ 

the points A, E, B, C, F, D ; then we ' / V 

shall have the proportion p .,^^L=^ fe 

AE : EB : : CF : FD. ^ ^^^ 

Draw the line BC meeting the plane / / I *Q 

PQ in G, and join AC, BD, EG, GF. ^^^^^^L 

Then, because the two parallel planes mdL M 

MN, PQ are cut by the plane ABC, the ^ ^^ S 

common sections AC, EG are parallel (Prop. XIL). Also, be 
cause the two parallel planes PQ, RS are cut by the plane 
BCD, the common sections BD, GF are parallel. Now, be- 
cause EG is parallel to AC, a side of the triangle ABC (Prop. 
XVI., B. IV.), we have 

AE : EB : : CG : GB. 
Also, because GF is parallel to BD, one side of the triangle 
BCD, we have 

CG:GB::CF:FD; 
hence (Prop. IV., B. II.), 

AE : EB : : CF : FD. 

Therefore, if two straight lines, &c. 



PROPOSITION XVII. THEOREM. 

If a solid angle is contained by three plane angles, the mm 
of any two of these angles is greater than the third. 

Let the solid angle at A be con- _ 

tained by the three plane angles 
BAC, CAD, DAB ; any two of these 
angles will be greater than the third. 

If these three angles are all equal 
to each other, it is plain that any ^ 

two of them must be greater than b i^-- -^^^^^^^p 

the third. But if they are not equal ^ 



let BAG be that angle wnich is no less than either of the 
otlier two, and is greater than one of them BAD. Tlien, at 
the point A, make the angle BAE equal to the angle BAB ; 
lake AE equal to AD ; through E draw the line BEG cutting 
AB, AC in the points B and C ; and join DB, DC. 

Now, because, in the two triangles BAD, BAE, AD ta 
equal to AE, A6 is common to both, and the angle BAD is 
equal to the angle BAE ; therefore the base BD is equal to 
the base BE (Prop. VI., B. I.}. Also, because the sum of the 
lines BD, DG is greater than BC (Prop. VIII., B. I.), and BD 
18 proved equal to BE, a part of BC, therefore the remaining 
line DC is greater than EC. Now, in the two triangles 
CAD, CAE, because AD is equal to AE, AC is common, but 
the baae CD is greater than the base GE ; therefore the an 
gle CAD is greater than the angle CAE (Prop. XIV., B. I.). 
But, by construction, the angle BAD is equal to the angle 
BAE; therefore the two angles BAD, CAD are together 
greater than BAE, CAE ; that is, than the angle BAC. 
Now BAG is not less than either of the angles BAD, CAD ; 
hence BAC, with either of them, is greater than the third. 
Therefore, if a solid angle, (Stc. 



FKOPOSITION XVllI. THEOREM. 

The plane angles which contain any solid angle, are togethm 
less than four right angles. 

Let A be a solid angle contained by any 
number of plane angles BAC, CAD, DAE, ^ 

EAF, FAB ; these angles are together less 
than four right angles. 

Let the planes which contain the solid an- 
gle at A be cut by another plane, forming 
5ie polygon BCDEF. Now, because the 
solid angle at B is contained by three plane 
angles, any two of which are greater than 
the third (Prop. XVII.), the two angles ABC, 
ABF are greater than the angle FBC. For "^ 

the same reason, the two angles ACB, ACD are greater thai 
tl)e angle BCD, and so with the other angles of the polygon 
EtCDEF. Hence, the sum of all the angles at the bases of the 
triangles having the common vertex A, is greater than the 
sum of all the angles of the polygon BCDEF. But all tha 
angles of these triangles are together equal to twice as many 
ri^t angles aa there are triangles (Prop. XXVII., B. I.), thai 
B. as there are sides of the polygon BGJJEF Also, tha an- 
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gles 01 the polygoa, together with lour right ingles, are equa 
to tivice as many riglit angles as the figure has sides (Prop. 
XXVIII., B. I.) ; hence all the angles of the triangles are 
equal to all the angles of the polygon, together with four 
right angles. But it has been proved that the angles at the 
oases of the triangles, are greater than the angles of Ih* 
polygon. Hence the remaining angles of the triangles, viz., 
those which contain the solid angle at A, are less than four 
right angles. Therefore, the plane angles, &c. 

Scholium. This demonstration supposes that the solid an- 
gle is convex ; that is, that the plane of neither of the faces, 
if produced, would cut the solid angle. If it were otherwise, 
tlie sum of the plane angles would no longer be limited, and 
might be of any magnitude. 



PROPOSITION XIX. THEOREM. 

If two solid angles are contained by three plane angki wktcA 
are equal, each to each, the planes of the equal angles will J* 
•(fnally inclined to each other. 

Let A and a be two solid jv 

Singles, contained by three 
plane angles which are 
equal, each to each, viz., the 
angle BAC equal to bac, 
the angle CAD to cad, and 
BAD equal to bad; then B 
will the incIinatioD of the 
planes ABC, ABD be equal 
to the inclination of the planes ahc, abd. 

In the line AC, the common section of the planes ABO, 
ACD, take any point C ; and through C let a plane BCE 
pass perpendicular to AB, and another plane CDE perpen- 
dicular to AD. Also, take ac equal to AC ; and through c 
let a plane bee pass perpendicular to ab, and another plane 
c(fc perpendicular to ad. 

Now, since the line AB is perpendicular to the plane BCE. 
it is perpendicular to every straight line which it meets in 
that plane ; hence ABC and ABE are right angles. For the 
same reason abc and abe are right angles. Now, in the tri 
angles ABC, abc, the angle BAG is, by hypothesis, equal to 
bac, and the angles ABC, abc are right angles ; therefore the 
angles ACB, acb are equal. But the side AC was made 
equal to the side ac ; hence the two triangles are equal 
(Ptop. V'U., 6. n ; that is. the side AB is equal to nb, and BC 
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to he. In the same manner, it may be proved that AD ia 
equal to ad, and CD to cd: 

We can now prove that the quadrilateral ABED is equal 
to the quadrilateral abed. For, let the angle BAD be placed 
upon the equal angle bad, then the point B will fall upon the 
point bf and the point D upon the point d; because AB ia 
equal to ab, and AD to ad. At the same time. BE, which ia 

E)erpendicular to AB, will fall upon be, which is perpendicu 
ar to ab; and for a similar reason DE will fall upon de 
Hence the point E will fall upon e, and we shall have BE 
equal to be, and DE equal to de. 

Now, since the plane BCE is perpendicular to the line AB, 
it is perpendicular to the plane ABD which passes through 
AB (Prop. VL). For the same reason CDE is perpendicular 
to the same plane ; hence CE, their common section, is per- 
pendicular to the plane ABD (Prop. VIII.). In the same man- 
ner, it may be proved that ce is perpendicular to the plane 
abd. Now, in the triangles BCE, bce,the angles BEC, bee are 
right angles, the hypothenuse BC is equal to the hypothenuse 
bCf and the side BE is equal to be ; hence the two triangles 
are equal, and the angle CBE is equal to the angle cbe. Bu] 
the angle CBE is the inclination of the planes ABC, ABD 
(Def. 4) ; and the angle cbe is the inclination of the planes 
aba, abd; hence these planes are ^>qually inclined to each 
other. 

We must, however, observe that the angle CBE is not, 
properly speaking, the inclination of the planes ABC, ABD, 
except when the perpendicular CE falls upon the same side 
of AB ^s AD does. If it fall upon the other side of AB, then 
the angle between the two planes will be obtuse, and this 
angle, together with the angle B of the triangle CBE, will 
make two right angles. But in this case, the angle between 
the two planes abc, abd will also be obtuse, and this angle, 
together with the angle b of the triangle cbe, will also make 
two right angles. And, since the angle B is always equal to 
the angle b, the inclination of the two planes ABC, ABD will 
always be equal to that of the planes abc, abd. Therefore, if 
iwo solid angles, &c. 

Scholium. If two solid angles are contained by three 
plane angles which are equal, each to each, and similarly 
situated, the angles will be equal, and will coincide when 
applied the one to the other. For we have proved that the 

Juadrilateral ABED will coincide with its equal abed 
[ow, because the triangle BCE is equal to the triangle bee, 
the line CE, which is perpendicular to the plane ABED, is 
equal to the line ce, which is perpendicular to the plane abed. 
And since only one perpenaicular can be drawn to a plane 
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from the same point (Prop. 
IV., Cor. 2), the lines CE, ce 
must coincide with each oth- 
er, and the point C coincide 
with the point c. Hence 
the two solid angles must 
coincide throughout. 

It should, however, be ob- 
served that the two solid an- 
gles do not admit of superposition, unless-the three equal plane 
angles are similarly situated in both cases. For if the per- 
pendiculars CE, ce lay on opposite sides of the planes ABED 
ahedf the two solid angles could not be made to coincide 
Nevertheless, the Proposition will always hold true, that the 
planes containing the equal angles are equally inclined to 
^ch other. 




BOOK VIII. 

POLYEDRONa 

Definitions. 

■ A pohfedron is a solid included by any numbe ' of ploaot 
wnich are called its faces. If the solia have only four faces 
which is the least number possible, it is called a tetraedron , 
if sii faces, it is called a hexaedron ; if eight, an octaedron • 
if twelve, a dodecaedron; if twenty, an icosaedron, &c. 

2. The intersections of the faces of a polyedron are called 
*ts edges. A diagonal of a polyedron is the straight line 
which joins any two vertices not lying in the same face. 

3. Similar poJyedrons are such asliave all their solid an- 
gles equal, eacn to each, and are contained by the same num- 
ber of similar polygons. 

4. A regular polyedron is one whose solid ancles are all 
equal to each other, and whose faces are all equal Euid regu- 
lar polygons, 

6. A prism is a polyedron having two faces 
which are equal and parallel polygons ; and 
the others are parallelograms. The equal 
and parallel polygons are called the bates of 
the prism ; the other faces taken together 
form the lateral or convex surface. The alti- 
tude of a prism is the perpendicular distance ^ 
between its two bases. The edges which join 

the corresponding angles of the two polygons 

are called the principal edges of the prism. 

6. A right prism is one whose principal edges are all per 
pendicular to the bases. Any other prism is called an oh- 
tigue prism 

7. A prism is triangular, quadrangular, pentagonal, hex- 
agonal, &c., according as its base is a triangle, a quadri* 
lateral, a pentagon, a hexagon, &tc, 

8. A parallelepiped is a prism whose 
bases are parallelograms. A right par- 
allelopiped is one whose faces are all rect- 
angles. , 

9. A cube ia a 'ight par allelopiped bounded by six equai 
squares. 
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10. A pyramid is a polyedron oontained by 
several triangular planes proceeding from the 
dame point, and terminating in the sides of a 
polygon. This polygon is called the base of 
the pyramid ; and the point in which the planes 
meet, is the vertex. The triangular planes form 
the convex surface. 

11. The altitude of a pyramid is the perpen- 
dicular let fall from the vertex upon the plane 
of the base, produced if necessary. The slant height of a 
pyramid is a line drawn from the vertex, perpendicular to 
one side of the polygon which forms its base. 

12. A pyramid is triangular^ quadrangular ^ &c., according 
as the base is a triangle, a quadrilateral, &c. 

13. A regular pyramid is one whose base is a regular poly- 
gon, and the perpendicular let fall from the vertex upon the 
base, passes through the center of the base. This perpendic- 
ular is called the axis of the pyramid. 

14. A frustum of a pyramid is a portion of the solid next 
the base, cut off by a plane parallel to the base. The alti- 
tude of the frustum is the perpendicular distance between 
the two parallel planes. 



PROPOSITION I. THEOREM. 

The convex surface of a right prism is equal to the pe- 
rimeter of its base multiplied by its altitude. 

Let ABCDE-K be a right prism; then will 
its convex surface be equal to the perimeter 
ofthebaseof AB+BC+CD+DB+EAmulti. ^' 
plied by its altitude AF. 

For the convex surface of the prism is 
equal to the sum of the parallelograms AGr, 
BH, CI, &c. Now the area of the parallelo- A** 
gram AG is measured by the product of its 
base AB by its altitude AF (Prop. IV., Sch., 
B. IV.). The area of the parallelogram BH is measured by 
BCxBGr; the area of CI is measured by CDxCH, and so 
of the others. But the lines AF, BG, CH, &c., are all equal 
to each other (Prop. XIV., B. VII.), and each equal to the 
altitude of the prism. Also, the lines AB, BC, CD, &c., taken 
together, from the perimeter of the base of the prism. There- 
fore, the sum of these parallelograms, or the convex surface 
of the prism, is equal to the perimeter of its base, multiplied 
by its altitude. 




Cor. 1' two right prisms have the same altitude, th«ii 
convex surfaces will be to each other as the perimeters of 
their bases. 



n. THEOREM. 

Itt every prists, the sections formed by parallel planes art 
iqual polygons. 

Let the prism LP" be cut by the parallel 
planes AC, FH ; then will the sections ABC 
DE, FGHIK, be equal polygons. 

Since AB and FG- are the intersections 
of two parallel planes, with a third plane 
LMON, they are parallel. The lines AF, 
BO- are also parallel, being edgea of the 
prism ; therefore ABGF is a parallelogram, 
and AB is equal to FG. For the same 
reason BC is equal and parallel to GH, CD ]a 
to IH, DE to IK, and AE to FK. 

Because the sides of tiie angle ABC are parallel to those ot 
FGH, and are similarly situated, the angle ABC is equal tt 
PGH (Prop. IV., B. VII.). In like manner it may be proved 
that the angle BCD is equal to the angle GHI, and so of the 
rest. Therefore the polygons ABCDE, FGHIK are equal. 

Cor. Every section of a prism, made parallel to the base, 
is equal to the base. 

PROPOSmON III. THEOREM. 

Two prisms are equal, when they have a solid angle con- 
tained by three faces which are equal, each to each, una 
timilarly situated. 

Lot AI, ai be two prisms K 

having the faces which eon- 
tain the solid angle B equal ' 
to the faces which contain 
tho solid angle b; viz., the 
base ABCDE to the base 
abcde, the parallelogram ; 
AG to the parallelogram 
agy and the parallelogram 

BH to the parallelogram bh ; then will the prism AI be eqaa/ 
to the prism ai. 



Let ihe prism AI be -g- 

applied to .ae prism ai, so 

that the equal bases AD I 

and ad may coincide, the 
point A falling upon a, B 
upon b, and so on. And 
because the three plane 
angles which contain the 
solid angle B, are equal 
to the three plane angles 

which contain the aolia angle 6, and these planea are similarli- 
situated, the solid angles B and b are equal (Prop. XIX., Sch, 
B. VII.). Hence the edge BG will coincide with its equal bg • 
and the point G will coincide with the point g. Now, be- 
cause the parallelograms AG and ag are equal, the side Gi 
will fall upon its equal gf; and for the same reason, GH wil. 
fall upon gh. Hence the plane of the base FGHIK will coin- 
cide with the plane of the base fgkik (Prop. II., B. VII.). But 
since the upper bases are equal to their corresponding lowei 
bases, they are equal to each other ; therefore the base FI will 
coincide throughout with/i ; viz., HI with hi, IK with ik, and 
KP with kf; hence the prisma coincide throughout, and are 
equal to each other. Therefore, two prisms, &;c. 

Cor. Two right prisms, which have equal bases and equal 
allitudes, are equal. 

For, since the side AB is equal to ab, and the altitude BG 
to bg, the rectangle ABGF is equal to the rectangle abgf. 
So, also, the rectangle BGHC is equal to the rectangle bghc ; 
hence the three faces which contain the solid angle B are 
«qua' to the three faces which contain the solid angle h • 
"consequently, the two prisms are equal. 



FBorOSITION IV. THEOBEH. 

T/ie opposite faces of a paralhlopiped are equal and parallel 

Let ABGH be a paralielopiped ; then 
will its opposite faces be equal and parallel. 

From the definition of a paralielopiped 
(Def. 8) the bases AC, EG are equal and 
parallel ; and it remains to be proved that 
the same is true of any two opposite faces, ■ 
as AH, BG. Now, because AC is a par* 
allelogram, the side AD is equal and par- 
allel to BC. For the same reason AE is equal and parallel 
to BF; hence 'le anfile DAE is equal to the angle CBF 
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(Prop, XV., B. VII.), and the plane DAE is parallel to the 
plane CBF. Therefore also the pi,rallelogram AH is equal 
to the parallelogram BG. In the same manner, it may be 
proved that the opposite faces AF and DG are equal and 
parallel. Therefore, the opposite faces, &c. 

Cor. 1. Since a parallelepiped is a solid contained by six 
laces, of which the opposite ones are equal and parallel, any 
face may be assumed as the base of a parallelopiped. 

Cor. 2. The four diagonals of a parallelopiped bisect each 
other. 

Draw any two diagonals AG, EC ; they 
will bisect each other. Since AE is equal 
and parallel to CG, the figure AEGC is a 
parallelogram ; and therefore the diago- 
nals AG, EC bisect each other (Prop. • 
XXXIL, B. I.). In the same manner, it ' 
may be proved that the two diagonals BH 
and DF bisect each other ; and hence the 
four diagonals mutually bisect each other, in a point whicii 
may be regarded as the center of the parallelopiped. 



P&OPOSITION V. THEOREM. 

If a parallelopiped be cut by a plane passing through the 
diagonals of two opposite faces, it will be divided into two 
equivalent prisms. 

Let AG be a parallelopiped, and AC, „ 

EG the diagonals of the opposite parallelo- 
grams BD, FH. Now, because AE,CG are 
each of them parallel to BF, they are par- 
allel to each other ; therefore the diagonals 
AC, EG are in the same plane with AE, 
CG ; and the plane AEGC divides the solid 
AG into two equivalent prisms. 

Through the vertices A and E draw the 
planes AIKL, EMNO perpendicular to AE, 
meeting the other edges of the parallelo- 
nped in the points I, K, L, and in M, N, 0. 
The sections AIK.L, EMNO are equal, because they are 
formed by planes perpendicular to the same straight lino, 
and, consequently, parallel (Prop. IL). They are also par- 
allelograms, because AI, KL, two opposite sides of the same 
lection, are the intersections of two parallel planes ABFE, 
DCGHiby the same plane. 

For the same reaso-., the figure ALOE is a parallelogram : 
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80, also, are AIME, IKNM, KLON, the 
other lateral faces of the solid AIKL-H 
EMNO ; hence this solid is a prism (Def. q 
5) ; and it is a right prism because AE is 
perpendicular to the plane of its base^ But 
the right prism AN is divided into two 
equal prisms ALK-N, AIK-N ; for theD 
basis of these prisms are equal, being halves L 
cf the same parallelogram AIKL, and they 
have the common altitude AE ; they are 
therefore equal (Prop. III. Cor.). 

Now, because AEHD, AEOL are parallelograms, the sided 
DH, LO, being equal to AE, are equal to each other. Take 
away the common part DO, and we have DL equal to HO. 
For the same reason, CK is equal to GN. Conceive now that 
ENO, the base of the solid ENGHO, is placed on AKL, the 
base of the solid AKCDL ; then the point falling on L and 
N on K, the lines HO, GN will coincide with their equals 
DL, CK, because they are perpendiculars to the same plane 
Hence the two solids coincide throughout, and are equal to 
each other. To each of these equals, add the solid ADC-N; 
then will the oblique prism ADC-G be equivalent to the 
right prism ALK-N. 

In the same manner, it may be proved that the oblique 
prism ABC-G is equivalent to the right prism AIK-N. But 
the two right prisms have been proved to be equal ; hence 
the two oblique prisms ADC-G, ABC-G are equivalent to 
each other. Therefore, if a parallelepiped, &c. 

Cor. Every triangular prism is half of a parallelepiped 
having the same solid angle, and the same edges AB, BC, BF. 

Scholium. The triangular prisms into which the oblique 
parallelopiped is divided, can not be made to coincide, because 
the plane angles about the corresponding solid angles are n^^ 
similarly situated. 

PROPOSITION VI. THEOREM. 

Parallelopipeds, of the same base and the same altitude^ 
Are equivalent. 

Case first. When their upper bases are between the samp 
parade! lines. 

Let the parallelopipeds AG, AL have the base AC cofnmon, 
and let their opposite bases EGy IL be in the same plane, 
and between the same parallels EK, HL ; then will the solid 
AG be equivalent to the solid AL. 
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Because AF, AK are paiallel- ^ & M I. 

ograms, EF and IK are each 
equal to AB, and therefore equal 
to each other. Hence, if EF and 
[K he taken away from the same 
line EK, the reinaindera EI and dI 
FK will be equal. Therefore 
the triangle AEl is equal to the 

triauHle BFK. Also, the parallelogram EM is equal to the 
paralTelo Tram FL, and AH to BG. Hence the solid angles 
at E and F are contained by three faces which are equal to 
each other and similarly situated ; therefore the prism AEI— 
M is equal to the prism BFK-L (Prop. III.). 

Now, if from the whole solid AL, we take the prism 
AEI-M, there will remain the parallelepiped AL; and if 
from the same solid AL, we take the prism BFK-L, there 
will remain the parallelepiped AG. Hence the paralleiopi 
peds AL, AG are equivalent to one another. 

Case second. When their upper bases are not between the 
same parallel lines. 

Let the parallelepipeds AG, , 
AL have the same base AC and 
the same altitude ; then will their 
opposite bases EG, IL be in the 
same plane. And, since the sides 
EF and IK are equal and parallel 
to AB, they are equal ana paral- 
lel to each other. For the same 
reason FG is equal and parallel 
to KL. Produce the sides EH, 
FG as also IK, LM, and let 

them meet in the points N, O, P, Q ; the figure NOPQ is a 
parallelogram equal to each of the bases EG. IL ; and, con- 
sequently, equal to ABCD, and parallel to it. 

Conceive now a third parallelopiped AP, hamg AC for its 
.ower base, and NP for its upper oase. The solid AP will 
he equivalent to the solid AG, by the first Case, because they 
have the same lower base, and their upper bases are in the 
tome plane and between the same parallels, EQ, FP. For 
tlie fiame reason, the sella AP is equivalent to tlie solid AL; 
hence the solid AG is equivalen. to he Eol'd AL. Therfl- 
forn. parallelopipeds, &c 
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PROPOSll ON VII. THEOEEM. 

Any paralleiopiped is equivalent to a right paralkhpipsa 
kiving t/ie same altitude and an equivalent base. 

Let AL be any parallelopiped ; it is equivalent to a righi 
parallelopiped having the same altitude and an equivalent 
base. 

From the points A, B, C, D draw AE, BF, CG, DH, per- 
pendicular to the plane of the low- 
er base, meeting the plane of the 
upper base in the points E, F, G, 
H. Join EF, FG, GH, HE ; there 
will thus be formed the parallelo- 
piped AG, equivalent to AL (Prop. 
Vl.) ; and its lateral faces AF, BG, 
CH, DE are rectangles. If the 
base ABCD is also a rectangle, 
AG will be a right parallelopiped, 
and it is equivalent to the parallel- 
opiped AL. But if ABCD is not a rectangle, from A and li 
draw AI, BK perpendicular to CD; and r^^ 
from E and F draw EM, FL perpendicu- 
lar to GH ; and join IM, KL. The solid 
ABKI-M will be a right parallelopiped. 
For, by construction, the bases ABKI and 
EFLM are rectangles; so, also, are the 
lateral faces, because the edges AE, BF, 
KL, IM are perpendicular to the plane of ^ 
the base. Therefore the solid AL is a right 
parallelopiped. But the two parallelopipeds 
AG, AL may be regarded as having the same base AF, ana 
the same altitude AI ; they are therefore equivalent. But the 
parallelopiped AG is equivalent to the first supposed parallel- 
opiped ; hence this parallelopiped is equivalent to the righ 
para lelopiped AL, having the same altitude, and an eqiiiva 
ler.t \ ase Therefore, any parallelopiped, /fee. 
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IBOrOSITION VIII. THEOREM. 

Right parathlopipeds, having the same base, are to each 9fA< 
ei as titeir altit'ides. 

Let AG, AL be two right parallelepipeds ^ q. 

having the same base ABCD ; then will they 
be to each other as their altitudes AE, AI, 

Case first. When the altitudes are in the 
ratio of two whole numbers. 

Suppose the altitudes AE, AI are in the 
latio of two whole numbers ; for example, as 
seven to four. Divide AE into s^ven equal 
parts ; AI will contain four of those parts. 
Through the several points of division, let 
planes be drawn parallel to the base ; these 
planes will divide the solid AG into seven 
small parallelopipeds, all equal to each other, having equal 
bases and equal altitudes. The bases are equal, because ev- 
ery section of a prism parallel to the base is equal to the base 
(Prop. II., Cor.) ; the altitudes are equal, for these altitudes 
are the equal divisions of the edge AE, But of these seven 
equal parallelopipeds, AL contains four ; hence the solid AG 
IS to the solid AL, as seven to four, or as the altitude AE is 
to the altitude AI, 

Case second. When the altitudes are not in the ratio of two 
whole numbers. 

Let AG, AL be two parallelopipeds whose altitudes have 
any ratio whatever ; we shall still have the proportion 
Solid AG : solid AL : : AE : AI. 

For if this proportion is not true, the first three terms re 
maining the same, the fourth term must be greater or loss 
than AI. Suppose it to be greater, and that we have 
Solid AG : solid AL : : AE : AO. 

Divide AE into equal parts each less than 01 ; there will 
be at least one point of division between O and I. Designate 
ihat point by N. Suppose a parallelopiped to be construct- 
ed, having ABCD for its base, and AN for its altitude ; and 
represent this parallelopiped by P. Then; because the alti- 
tudes AE, AN are in tne ratio of two whole numbers, w* 
shall have, by the preceding Case, 

Solid AG : P : : AE : AN. 
But, by hypothesis, we have 

Solid AG : solid AL : : AE : AO. 
Hence (rroj. [V -or., B, II.), 
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So/irfAL:P::AO:J\N. 
But AO is greater than AN; hence the solid Ali mast b« 
greater than P (Dof. 2, B. II,) ; on the contrary, it is less, 
which is absurd. Therefore tho solid AG- can not be to the 
solid AL, as the line AE to a line greater than AI. 

In the same manner, it may be proved that the fourth term 
of the proportion can not be less than AI ; hence it must ha 
AI, and we have the proportion. 

Solid AG : solid AL : : AE : AI. 
Therefore, right parallelopipeds, &c. 



PROPOSITION IX. 

Right parallelopipeds, having the same altitude, are to 
each other as their bases. 

Let AG-, AN be two right parallelopipeds having tho sam t 
altitude AG ; then will they be to each other as their base^; 
that is, 

Solid AG : solid AN : : base ABCD : base AIKL. 

Place the two solids so that their ] 
surfaces may have ihe common 
angle BAE ; produce the plane 
LKNO till it meets the plane DCGH 
in the line PQ; a third parallelepiped 
AQ, will thus be formed, which may 
De compared with each of the paral-i 
lelopipeds AG, AN. The two solids 
AG, AQ, having the same base 
AEHD, are to each other as their 
altitudes AB, AL (Prop. Vltl.) ; and 

the two solids AQ., AN, having the same base ALOE, are to 
each other as their altitudes AD, AI. Hence we have thu 
fwo proportions 

Solid AG : solid AQ, : : AB : AL ; 
Solid AQ : solid AN : : AD : AI. 
Hence (Prop. XI, Cor., B. II.), 

Solid AG : solid AN : : ABxAD : ALxAL 
But ABxAD is the measure of the base ABCD (Prop. IV., 
Soh.,B. rV.); and ALX AI is the measure of the base AIKL 
hence 

Solid AG : solid AN : : base ABCD : base AIKL 
Therefore, right parallelopipeds, &o. 



PH0P03ITI0N X TUEOREM. 

Any two rtg/it parallelopipeds are to each ot\ier as the proA 
ucti of their bas's by their altituJes. 

Let AG, ACi be two right paral- 
Iclopipeds, of which the bases are 
he rectangles ABCD, AIKL, and 
(he altitudes, the perpenaiculars AE, 
AP; then will the solid AG be to 
the solid AQi as the product of 
ABCD by AE,is to the product of 
AIKL by AP. 

Place the two solids sothat their 
surfaces may have the common an- 
gle BAE ; produce the planes ne- 
cessary to iorm the third parallelo- 

piped AN, having the same base with AQ, and the same alti- 
tude with AG. Then, by the last Proposition, we shall have 

Solid AG : solid AN : : ABCD : AIKL. 
But the two parallelopipeds AN, AQ, having the same base 
AIKL, are to each other as their altitudes AE, AP (Prop. 
VIII.) ; hence we have 

Solid AN : solid AQ : : AE : AP. 
Comparing these two proportions (PrO^. XL, Cor., B. IH 
we have 

Solid AG : solid AQ : : ABCD X AE : AIKL X AP. 

If instead of the base ABCD, we put its equal ABxAD, 
and instead of AIKL, we put its equal AI X AL, we shall have 

Solid AG : solid AQ, : : AB X AD X AE : AI x AL X AP. 
Therefore, any two right parallelopipeds, &c. 

Scholium. Hence a right parallelopiped is measured by 
the product of its base and altitude, or the product of itn Iflree 
dimensions. 

It should be remembered, that by the product of two oi 
.nore lines, we understand the product of the numbers which 
represent those lines ; and these numbers depend upon the 
linear unit employed, which may be assumed at pleasure. 
If we take a foot as the Unit of measure, then the number of 
feet in the length of the base, multiplied by the number of 
feet in its breadth, will give the number of square feet in the 
base. If we multiply this product by the number of feet in 
the altitude, it will give the number of cubic feetin the par- 
allelopiped. If we take an inch as the unit of measure, we 
shall obtain in the same manner the numbei of cubic inchei 
in the parallelopiped. i 
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PROPOSITION XI. THEOREM. 



The solidity of a prism is measured by the product of Us 
bete by its altitude. 

For any parallelopiped is equivalent to a right parallelo- 
piped; having the same altitude and an equivalent base (Prop. 
VlL). But the solidity of the latter, is measured by the prod- 
uct of its base by its altitude ; therefore the solidity of the 
former is also measured by the product of its base by its al- 
titude. 

Now a triangular prism is half of a parallelopiped having 

the same altitude and a double base (Prop. V.). But the 

solidity of the latter is measured by the product of its base by 

ts altitude; hence a triangular prism is measured by the 

product of its base by its altitude. 

But any prism can be divided into as many triangular 
prisms of the same altitude, as there are triangles in the poly- 
gon which forms its base. Also, the solidity of each of these 
triangular prisms, is measured by the product of its base by 
its altitude ; and since they all have the same altitude, the 
«um of these prisms will be measured by the sum of the tri- 
angles which form the bases, multiplied by the common alti- 
tude. Therefore, the solidity of any prism is measured by 
the product of its base by its altitude. 

Cor. If two prisms have the same altitude, the products of 
ihe bases by the altitudes, will be as the bases (Prop. VIII., 
B. II.) ; hence prisms of the same altitude are to each other as 
their bases. For the same reason, prisms of the same base 
are to each other as their altitudes ; and prisms generally are 
to each other as the products of their bases and altitudes. 



PROPOSITION XII. THEOREM. 

Similar prisms are to each other as the cubes of their homoi 
9gous edges. 

Let ABCDE-F, abcde-f be two similar prisms ; then wiL 
the prism AD-F be to the prism ad-f as AB' to ab% or as 
AF» to af\ 

For the solids are to each other as the products of their 
bases and altitudes (Prop. XL, Cor.) ; that is, as ABODE X 
AF, to abcde X af. But since the prisms are similar, the bases 
are similar figures, and ire to each other as the squares ot 
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the I lianoJogous aides ; that is, as AB' to afc'. Therefora 
we liavc 

Solid FD : soMfd : : AB' x AP : ab' X a/. 
But since BF and bf are similar figures, their homologoui 
Bides are proportional ; that is, 

AB : a& : : AF : a/, 
whence (Prop. X., B. H.), 

AB' : oJ' : : AF* : of. 
Also AF : a/ : : AF : af. 

Therefore (Prop. XL, B. II.), 

AB'xAF : ab'Xaf: : AF' : af : : AB* : ofc*. 
Heoce {Prop. IV., B. II.), we have 

Solid FD : solid fd : : AB' : ab' : : AF' : af. 
Therefore, similar prisms, &c. 



PEOP08ITION XIII. 

If a pyramid be cut by a plane parallel to its base, 

1st. The edges and the altitude will be divided proportionalli/. 

2d. The section will be a polygon similar to the base. 

Let A-BCDEF be a pyramid cut by a 
plane bcdef parallel to its base, and let 
AH be its altitude ; then will the edges 
AB, AC, AD, &;c., with the altitude AH, 
be divided proportionally in 6, c, d, e, f, 
. h; and the section 6cifefwill be similar to 
BCDEF 

First. Since the planes FBC, fbc are 
parallel, their sections FB,/6 with a third ij) 

plane AFB are parallel (Prop. XII., B. 
VII.); therefore the triangles AFB, Afb 
are similar, and we have the proportion 

AF: Af:: AB: Ai. 
For the same reason, 

AB . A6 : : AC : Ac. 



HO 

and so for the other edges. Thei^fo: e tae edges AB, AC 
&c., are cut proporticnaTly in b, c, &c. Also, since BH anK 
bh are parallel, we have 

AH : AA : : AB : A6. 

Secondly Because/6 is parallel to FB, be to BC, cd jb CD 
&c., the angle /6c is equal to FBC (Prop. XV., B. VU.), tht 
angle hcd is equal to BCD, and so on. Moreover, since tht 
Iriangles AFB, A/fc are similar, we have 
FB :/6 : : AB ■ A6. 
And because the triangles ABC, A6c aie similar, we have 

AB : A6 : : BC : U. 
Therefore, by equality of ratios (Prop. iV., B. II.), 

FB :/i : : BC : be. 
For the same reason, 

BC : fc : : CD : C(i, and so on. 
Therefore the polygons BCDEF, Jctfe/" have their angles 
equal, each to each, and their homologous sides proportional ; 
hence they are similar. Therefore, if a pyramid, &c. 

Cor. 1 . If two pyramids, having the same altitude, and tketr 
bases situated in the same plane, are cut by a plane parallel to 
their bases, the sections will be to each other as the bases. 

Let A-BCDEy, A-MNO 
be two pyram.ds having 
the same altitude, and their 
^a.aes situated in the same 
plane ; if these pyramids 
are cut by a plane parallel 
to the bases, the sections 
bcdef, mno will be to each , 
other as the bases BCDEF, 
MNO. 

For, since the polygons 
BCDEF, bcdef are similar, 

their surfaces are as the squares of the homologous sides BC 
he (Prop. XXVI., B. IV.). But, by the precedmg Proposition 

BC : 6c : : AB : AJ. 
Therefore, BCDEF : bcdef : ; AB' : Ab'. 
For the same reason, 

MNO -.mno:: AM' : Am*. 
But since bcdef and mno are in the same plane, we have 

AB : A6 : : AM : Am {Prop. XVI., B. VII.) ; 
consequently, BCDEF : bcdef : : MNO : mno. 

Cor. 2. If the bases BCDEF, MNO are equivalent, th» 
■ections bcdef, mno will also be equivalent. 



PB: POSITION XIV. THEOREM. 

Tke convex turface of a regular pyramid, is equal to tht 
verimeter of its base, multiplied by half the slant height 

Let A-BDE be a regular pyramid, whc 
liase is the polygon BCDEF, and Its sla 
height AH ; then will ita convex surface 
equal to tho perimeter BC+CD + DE, & 
multiplied b> half of AH. 

The triangles AFB, ABC, ACD, Sic., b 
all equal for the sides FB, BC, CD, &;c., 8 
all eqnal, {Def. 13) ; and since the obliq 
lines AF, AB, AC, &c., are all at equal d 
tanoes from the perpendicular, they e 
equal to each other {Prop. V., B. VII 
Hence the altitudes of these several triangles 
are equal. But the area of the triangle AFB is equal to FB, 
multiplied by half of AH ; and the same is true of the other 
triangles ABC, ACD, &o. Hence the sum of tho triangles is 
equal to the sum of the bases FB, BC, CD, DE, EF, multiplied 
by half the common altitude AH ; that is, the oonv^x surface 
of the pyramid is equal to the perimeter of its base, multiplied 
by half the slant height. 

Cor. 1. The convex surface of a frustum of a regular 
pyramid is equal to the sum of the perimeters of its two bases, 
multiplied by half its slant height. 

Each side of a frustum of a regular pyramid, as FB6/, is a 
trapezoid (Prop. XIII.). Now the area of this trapezoid is 
equal to the sum of its parallel sides FB,fb, multiplied by 
half its altitude HA (Prop. YIL, B. IV.). But the altitude 
of each of these trapezoids is the same ; therefore the area of 
all tho trapezoids, or the convex surface of the frustum, is 
equal tothesumof thepcrimetera of the two bases, multiplied 
by half the slant height. 

Cor.2. If the frustum is out by a plane, parallel to the. bases, 
and at equal distances from them, this plane mnst bisect the 
edges iib, Cc, &o. (Prop. XVI., B. IV.) ; and the area of each 
trapezoid is equal to its altitude, multiplied by the line which 
joins the middle points of its two inclined sides (Prop. VII., 
Cor., B. IV.). Hence the convex surface of a frustum of a 
pyramid is equal to its slant height, multiplied by the 
perimeter of a section at equal distances between the two 
bases. 
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PROPOSITION XV, IHBUBEM. 



IViangular pyramids, having equivalent bases and tqital a* 
ttudeSfare equivaknt. 



Let A-BCD, a~icd be two triangular pyramids having 
equivalent basea BCD, bed, supposed to be situated in the 
same plane, and having the common altitude TB ; then will 
the pyramid A-BCD be equivalent to the pyramid a-bcd. 

For, if they are not equivalent, let the pyramid A-BCD 
ftxoeed the pyramid a-bcd by a prism whose base is BCD 
and altitude BX. 

Divide the altitude BT into equal parts, each less thao 
BX ; and through the several points of division, let planes be 
made to pass parallel to the base BCD, making the sections 
EFG, efg equivalent to each other (Prop. XIII., Cor. Z) -■ 
also, HIK. equivalent to hik. Sac. 

EVom the point C, draw the straight line CR parallel to 
BE, meeting EF produced in R ; and from D draw DS par- 
alle. to BE, meeting EG in S. Join RS, and it is plain that 
the solid BCD-ERS is a prism lying partly without the pyr 
amid. In the same manner, upon the triangles EFG, HIK, 
5ec.,. taken as bases, construct exterior prisma, having for 
edges the parts EH, HL, &c., of the line AB. In like man 
ner, on the bases efg, hik, Imn, &c., in the second pyramid, 
construct ir.lerior prisms, having for edges the corresponding 
parts oi ab. It is plain that the sum of all the exterior prisms 
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ftl toe pyramid A-BCD is greater than this pyieniid; and 
also, that the sum of all the interior prisms of the uyramid 
a-bcd is smaller than this pyramid. Hence the diiference 
between the sum of all the exterior prisma, and the sum o' 
all the interior ones, must be greater than the difTerence be 
tween the two pyramids themselves. 

Now, beginning with the bases BCD, bed, the second ex 
.erior prism EFG-H is equivalent to the first interior prism 
efg—b, because their bases are equivalent, and they have the 
same altitude. For the same reason, the third exterior prism 
HIK— L and the second interior prism AiA-e are equivalent ; 
the fourth exterior and the third interior ; and so on, to the 
last in each series. Hence all the exterior prisms of the pyr- 
amid A-BCD, excepting the first prism BCD-E, have equiv- 
.ent corresponding ones in the interior prisms of the pyramid 
fi-hcd. Therefore the prism BCD-E is the difierence be- 
tween the sum of all the exterior prisms of the pyramid 
A-BCD, and the sum of all the interior prisms of the pyr- 
amid a-hcd. But the difierence between these two sets of 
prisms has been proved to he greater than that of the two 
pyramids ; hence the prism BCD-E is greater than the prism 
BCD-X ; which is impossible, for they have the same base 
BCD, and the altitude of the tirst,is less than BX,the altitude 
i>f the second. Hence the pyramids A-BCD, a-bcd are not 
unequal ; that is, they are equivalent to each other. There- 
fore, triangular pyramids, &c. 



FEOFOSITION XVI. THEOREM. 

Every triangular pyramid is the third pari of a tnangulat 
prism having the same base and the same altitude. 

Let E-ABC he a triangular pyramid, 
and ABC-DEF a triangular prism hav- ■" ^ 

ing the same base and the same altitude ; 
then will the pyramid be one third of the 
prism. 

Ctrt off from the prism the pyramid 
E-AiiC h>- the plane EAC ; there will re- 
main the solid E-ACFD, which may be ^^ 
wnsidered as a quadrangular pyramid 
whose vertex is E, and whose base is the 
paia.lelogram ACFD. Draw the diago- 
nal CD, and through the points C, D, E pass a plane, dividins 
.he quadrai^ular pyramid into two triangular ones E-ACD 
R-CFD Then, because ACFD is a naraileloj^ram, of wliici 
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CD is the akgcnal, the triangle ACD is 
equal to the tiiangle CDF. Therefore 
the pyramid, whose base is the triangle 
ACD, and vertex the point E, is equiva- 
lent to the pyramid whose base is the tri- 
angle CDF, and vertex the point E. But 
the latter pyramid is equivalent to the 
pyramid E-ABC for they have equal 
bases, viz., the triangles ABC, DEF, and 
the same altitude, viz., the altitude of the 
prism ABC-DEF. Therefore the three 
pyramids E-ABC, E-ACD, E-CDF, are equivalent to each 
other, and they compose the whole prism ABC-DEF ; hence 
the pyramid E-ABC is the third part of the prism whicb 
has the same base and the same altitude. 

Cor. The solidity of a triangular pyramid is measured l;\ 
the product of its base by one third of its altitude. 




PROPOSITION XVII. THEOREM. 



The solidity of every pyramid is measured by the product of 
tls base by one third of its altitude. 

Let A-BCDEF be any pyramid, whose 
base is the polygon BCDEF, and altitude 
AH ; then will the solidity of the pyramid 
be measured by BCDEF x i AH. 

Divide the polygon BCDEF into triangles 
by the diagonals CF, DF ; and let planes 
pass through these lines and the vertex A ; 
they will divide the polygonal pyramid 
A-BCDEF into triangular pyramids, all 
having the same altitude AH. But each of 
these pyramids is measured by the product 
of its base by one third of its altitude (Prop. 
XVI., Cor.) ; hence the sum of the triangular pyramids, c r 
the polygonal pyramid A-BCDEF, will be measured by ihe 
gum of the triangles BCF, CDF, DEF, or the polygon 
BCDEF,. multiplied by one third of AH. Therefore every 
pyramid is measured by the product of its base by one third 
of its altitude. 

Cor. I. Every pyramid is one third of a prism having the 
same base and altitude. 

Cor. 2. Pyramids of the same altitude are to each other 
AS their bases ; pyramids of the same base are to eacli otbpv 
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as their aitituaes ; and pyramids generally are to each othei 
jis the products of their bases by their altitudes, 

Co) 3. Similar pyramids are to each other as the cubas 
nf their homologous edges. 

Sckulium. The solidity of any polyedron may be founrf 
ty dividing it into pyramids, by planes passing through its 
vertices. 



PROPOSITION XVIII. tueorrm: 

A frustum of a pyrumid is equivalent to the ntm of tniet 
fiyramids, having the same altitude as the frustum, ani whose 
bases are the lower base of the frustum, its upper base.Jind a 
mean proportional between them. 

CasefirsL When the base of the frustum is a triaiigh:. 
Let ABC-DEF be a frustum of a tri- 
angular pyramid. If a plane be made to 
pass through the points A. C, E, it will 
cut off the pyramid E-ABC, whose alti- 
tude is the altitude of the frustum, and 
its base is ABC, the lower base of the 
frustum. 

Pass another plane through the points ^ 
C, D, E ; it will cut off the pyramid 
C-DEF, whose altitude is that of the 
frustum, and its base is DEF, the upper 
base of the frustum. 

• To find the magnitude of the remaining pyramid E-ACD, 
draw EG parallel to AD ; join CG, DG. Then, because the 
two triangles AGC, DEP have the angles at A and D equal 
to each other, we have (Prop. XXIIL, B. IV.) 
AGC : DEF : : AG X AC : DE xDF, 

: : AC : DF, because AG is equal to DE 
Also (Prop. VI., Cor. ], B. IV.), 

ACB : ACG : : AB AG or DE. 
But, because the triangles ABC, DEF are similar (Proi« 
XIII.), we have 

AB : DE : : AC : DF. 
Therefore (Prop. IV., B. II.), 

ACB: ACG:: ACG: DEF; 
that is, the triangle ACG is a mean proportional between 
ACB and DEF, the two bases of the frustum. 

Now the pyramid E-ACD is equivalent to the pyramid 
G-ACD, because it ha» the same base and the same altitude- 
for EG is parxilel lf> AD, and, consequently, parallel to the 
G 
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plane AGD. But the pyramid G-ACD has the same nitiludv 
as the frustum, and its base ACG is a mean pi'opoitional be 
'ween the two bases of the frustum. 

Caie second. When the base of the frustum is any poiygoa 

Let BCDBF-bcdef be a ^ 

frustum of any pyramid. 

Let G-HIK be a trian- 
gular pyramid having the 
same altitude and an equiv- 
alent base with the pyramid 
A-BCDEF, and from it let H 

a frustum illK-AiA be cut 
off, having the same altitude 
with the frustum BCDEF- 

bcdef. The entire pyramids are equivalent (Prop. XVIL; 
and the small pyramids A-bcdef, G-hik are also equivalec'^ 
for their altitudes are equal, and their bases are equivalent 
(Prop. XIII., Cor. 2). Hence the two frustums are equiva- 
lent, and they have the same altitude, with equivalent bases 
But the frustum HlK-hik has been proved to be equivalent to 
the sum of three pyramids, each having the same altitude as 
the frustum, and whose bases are the lower base of the frus. 
tum, its upper base, and a mean proportional between them 
Hence the same must be ti-ue of the frustum of any pyramid 
Therefore, a frustum of a pyramid, &>c. 



PROPOSITION XIX. TIIOBEM. 

There can be but five regular pulyedrons. 

Since the faces of a regular polyedron are regular poly 
Kons, they must consist of equilateral triangles, of squares, of 
regular pentagons, or polygons of a greater number of' sides. 

First. If the faces are equilateral triangles, each solid an- 
le of the polyedron may be contained by three of these tr» 



angle*!, forming the tetraedron ; or by four, forming the or 
taedron ; or by five, forming the icosaedron. 

So other regular polyedron can be formed with equilat 
eral triangles ; for six angles of these triangles amount tr 
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lour riglit angles, and can not form a solid angle 
(Prop. XVIII., B. VII.). 

Secondly. If the faces are squares, their an- 
gles may be united three and three, forming 
the hexaedron, or cube. 

Four angles of squares amount to four right 
angles, and can not form a solid angle. 

Thirdly. If the faces are regular penta- 
gons, their angles may be united three and 
three, forming the regular dodecaedran. Four 
angles of a regular pentagon, are greater 
than four right angles, and can not form a 
solid angle. 

Fourtkly. A regular polyedron can not be 
formed with regular hexagons, for three angles of a regular 
hexagon amount to four right angles. Three angles of a 
regular heptagon amount to more than four right angles ; 
and the same is true of any polygon having a grealer number 
of sides. 

Hence there can be but five regular jolyedrona; ihree 
formed with equilateral triangles, one with squares, and one 
irith pentagons 
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BOOK IX. 

SPHERICAL GEOMETRY 
Definitions. 

m 

1. A spliere is a solid bounded by a curved surface, aU Uio 
iniints of which are equally distant from a point within, caiJ- 
bd the center. 

The sphere may be conceived to be de- 
scribed by the revolution of a semicircle 
A.DB, about its diameter AB, which re- 
tiiains unmoved. 

2. The radius of a sphere, is a straight 
line drawn from the center to any point of 
the surface. The diame^r^ or axis^ is a line 
passing through the center, and terminated 
each way by the surface. 

All the radii of a sphere are equal; all the diameters aio 
also equal, and each double of the radius. 

3. It will be shown (Prop. L), that every section of a 
sphere made by a plane is a circle. A great circle is a sec- 
tion made by a plane which passes through the center of the 
sphere. Any other section made by a plane is called a srnah 
circle. 

4. A plane touches a sphere, when it meets the sphere, but, 
being produced, does not cut it. 

6. The pole of a circle of a sphere, is a pomt in the surface 
equally distant from every point in the circumference of 
this circle. It will be shown (Prop. V.), that every circle, 
whether great or small, has two poles. 

6. A spherical triangle is a part of the sur- 
face of a sphere, bounded by three arcs ot 
great circles, each of which is less than a semi- / i 

circumference. These arcs are called the sides / \ 

of the triangle; and the angles which their 
planes make with each other, are the angles 
of the triangle. 

•i A spherical triangle is called right-angled, isosceles oj 
tqiaiaieraU in the sfMne cases as a plane triangle. 




8. A sphei-ical polygon is a part of liie sur- 
face of a sphere bounded by several arcs of 
great cfrcles. 




9. A lune is a part of the surface of a sphere in- 
cluded between the halves of two great circles. 

10. A spherical wedge, or ungula, is that portion 
of the sphere included between the same semicir- 
rles, and has the lune for its base. 



II. A spherical pyramid is a portion of the 
sphere included between the planes of a solid 
angle, whose vertex ia at the center. The base 
of the pyramid is the spherical polygon inter 
cepted by those planes. 




12. A zone is a part of the surface of a 
sphere included between two parallel planes 

13. A apAerica/ segTnen/ is a portion of the , 
sphere included between two parallel planes 

14. The bases of the segment are the sec 
tions of the sphere ; the altitude of the seg 
ment, or zone, is the distance between the 
sections. One of the two planes may touch the sphere ii" 
which case the segment has but one base. 

15. A spherical sector is a solid de- 
scribed by the revolution of a circular 
sector, in the same manner as the 
sphere is described by the revolution 
of a semicircle. 

While the Bemicircle ADB, revolving 
round its diameter AB, describes a 
sphere, every circular aector, as ACE 
or ECD, describes a spherical sector. 

16. Two angles which are together 
equal to two right angles ; or two arcs 
which are together equal to a semicircum "e 
the sjqtplemejUa of eacn other. 




tree, are calls* 
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PROPOSITION I. THEOREM. 

Et ify sedion of a sphere, made by i plane^ is a circle 

Let ABD be a section, made by a 
plane, in a sphere whose center is C. 
From the point C draw CE perpendicu- A^ 
lar to the plane ABD ; and draw lines 
CA, CB, CD, &c., to different points of 
the curve ABD which bounds the sec- 
tion. 

The oblique lines CA, CB, CD are 
equal, because they are radii of the 
sphere ; therefore they are equally distant from the perpen- 
dicular CE (Pi op. v.. Cor., B. VII.). Hence all the lines 
EA, EB, ED are equal ; and, consequently, the section ABD 
is a circle, of which E is the center. Therefore, every sec- 
tion, &c. 

Cor. 1 If the section passes through the center of the 
sphere, its radius will be the radius of the sphere; hence al! 
fijreat circles of a sphere are equal to each other. 

Cor. 2. Two great circles always bisect each other; for 
since they have the same center, their common section is a 
diameter of both, and therefore bisects both. 

Cor, 3. Every great circle divides the sphere and its sur- 
face into two equal parts. For if the two parts are separated 
and applied to each other, base to base, with their convexities 
turned the same way, the two surfaces must coincide ; oth- 
erwise there would be points in these surfaces unequally dis- 
tant from the center. 

Cor. 4. The center of a small circle, and that of the sphere, 
are in a straight line perpendicular to the plane of the small 
circle. 

Cor. 5. The circle which is furthest from the center is the 
least ; for the greater the distance CE, the less is the chord 
AB, which is the diameter of the small circle ABD. 

Cor. 6. An arc of a great circle may be made to pasa 
through any two points on the surface of a sphere ; for the 
two given points, together with the center of the sphere, 
make three points which are necessary to determine the posi- 
tion of a plane. If, however, the two given points were sit* 
uated at the extremities of a diameter, these two points and 
the center would then be in one straight line, and any nuni 
ber of great /?i'cles might be made to pass through them. 
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PROPOSITION II. THEOREM. 

Any tuo sides of a spherical triangle are together great* 
er than the third, • 

Let ABC be a spherical triangle ; any 
two sides as, AB, BC, are together greater A^ 
than the third side AC. 

Let D be the center of the sphere ; and 
'oin AD, BD, CD. Conceive the planes 
ADB, BDC, CDA to be drawn, forming a 
solid angle at D. The angles ADB, BDC, 
CDA will be measured by AB, BC, CA, 
he sides of the spherical triangle. But 
when a solid angle is formed by three plane angles, the sura 
of any two of them is greater than the third (Prop. XVII., B. 
VII.) ; hence any two of the arcs AB, BC, CA must b 
greater than the third. Therefore, any two sides, &c. 




PROPOSITION III. THEOREM. 



D 



The shortest path from one point to another on the surface 
f a sphere^ is the arc of a great circle joining the two given 
points. 

Let A and B be any two points on the surface of 
t sphere, and let ADB be the arc of a great circle 
which joins them ; then will the line ADB be the 
shortest path from A to B on the surface of the 
sphere. 

For, if possible, let the shortest path from A to B 
pass through C, a point situated out of the arc of a 
great circle ADB. Draw AC, CB, arcs of great 
circles, and take BD equal to BC. 

By the preceding theorem, the arc ADB is less than AC -4 
CB. Subtracting the equal arcs BD and BC, there will re- 
main AD less than AC. Now the shortest path from B to C, 
whether it be an arc of a great circle, or some other line, is 
equal to the shortest path from B to D ; for, by revolving 
BC around B, the point C may be made to coincide with D, 
and thus the shortest path from B to C must coincide with 
Ihe shortest path from B to D. But the shortest path from 
A to B was supposed to pass through C ; hence the shortest 
path from A to C, can not be greater than the shortest path 
fr>ni A to D. 
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Now the arc AD has heen proved to be less tiiau AC ; and 
therefore if AC be revolved about A until the point C falls 
on the arc ADB, the point C will fall between D and K 
Hence the shortest path from C to A must be greater thar 
the shortest path from D to A ; but it has just been proved 
not to be greater, which is absurd. Consequently, no poiii 
of the shortest path from A to B, can be out of the arc of b 
great circle ADB. Therefore, the shortest path, &c, 



PBOFOSITION IV. THEOREM. 

The sum of the sides of a spherical polygon, tt less than tW 
nrxumference of a great circle. 

Let ABCD be any spherical polygon ; 
then will the sum of the sides AB, BC, CD, 
DA be less than the circunifeience of a 
great circle. 

Let E be the confer of the ^here, and 
join AE, BE, CE, DE. The solid angle, 
at E is contained by the plane angles AEB, 
BEG, CED, DEA, which together are less 
than four right angles (Prop. XVIII., B. 
VII.). Hence the sides AB, BC, CD, DA, 
which are the measures of these angles, are 
together less than four quadrants described ' 
AE ; that is, than the circumfeience of a great circlB 
Therefore, the sum of the sides. &c. 



PROPOSITION V. THEOREM. 

The eatremities of a diameter of a spher'., are the poles of tR 
nrcles perpendicular to thai diameter. 

Let AB be a diameter perpendicu- A 

ar to CDE, a great circle of a sphere, 
nnd also to the small circle FGH ; 
then will A and B, the extremities of 
the diameter, be the poles of both 
these circles. 

For, because AB is perpendicular 
to the plane CDE, it is perpendicular 
to every straight line CI, DI, EI, &c., 
drawn through its foot in the plane ; ^ 

nence all the arcs AC. AD. AE, &c., are auartersitf the cit 
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cumference. So, also, the arcs BC, BU, BE, die, ar« quar- 
ters of the circumference; hence the points A and B are 
each equally distant from all the points of the circumference 
CDE ; they are, therefore, the poles of that circumference 
(Def. 5). 

Secondly. Because the radius AI is perpendicular to the 
plane of the circle FGH, it passes through K, the center of 
ihat circle (Prop. L, Cor. 4). Hence, if we draw the oblique 
lines AF, AG, AH, these lines will be equally distant from 
the perpendicular AK, and will be equal to each other (Prop. 
v., B. VII.). But since the chords AF, AG, AH are equal, 
the arcs are equal ; hence the point A is a pole of the small 
circle FGH ; and in the same manner it may be pioved thai 
B is the other pole. 

Cor. 1. The arc of a great circle AD, drawn from the pole 
to the circumference of another great circle CDE, is a qua 
drant; and this quadrant is perpendicular to the arc CD. 
For, because AI is perpendicular to the plane CDI, every 
plane ADB which passes through the line AI is perpendicu 
lar to the plane CDI (Prop. VL, B. VII.) ; therefore the an 
gle contained by these planes, or the angle ADC (Def. 6), ib 
a right angle. 

Cor. 2. If it is required to find the pole of the arc CD, 
draw the indefinite arc DA perpendicular to CD, and take DA 
equal to a quadrant ; the point A will be one of the poles of 
the arc CD. Or, at each of the extremities C and D, draw 
the arcs CA and DA perpendicular to CD ; the point of inter 
section of these arcs will be the pole required. 

Cor. 3. Conversely, if the distance of the point A fronj 
each of the points C and D is equal to a quadrant, the point 
A will be the pole of the arc CD ; and the angles ACD, 
ADC will be right angles. 

For, let I be the center of the sphere, and draw the radii 
AI, CI, DI. Because the angles AIC, AID are right angles, 
the line AI is perpendicular to the two lines CI, DI ; it is, 
therefore, perpendicular to their plane (Prop. IV., B. VIL). 
Hence the point A is the pole of the arc CD (Prop. V.) ; and 
therefore the angles ACD, ADC are right angles (Cor. 1). 

Scholium. Circles may be drawn upon the surface of a 
sphere, with the same ease as upon a plane surface. Thus, 
by revolving the arc AF around the point A, the point F will 
describe the smail circle FGH ; and if we revolve the qua- 
drant AC around the point A, the extremity C will describe 
the great circle CDE. 

If it is required to produce the arc CD, or if it is required 
to d raw an arc of a great circle through the two points C 
and D, then fioir the points C a^d D ai le.nters, with a radius 
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&)ual to a quadrant, describe two arcs intersecting ench 
otiier in A. The point A will be the pole of the arc CD ; 
and, therefore, if, from A as a center, with a radius equal to ft 
•juadrant, we describe a circle CDE, it will be a great circle 
(Missing through C and D. 

If it is required to let fall a perpendicular from any point 
G upon the arc CD ; produce CD to L, making GL equal to 
s quadrant; then from the pole L, with the radius GL, de- 
■cribe the a re GD ; it will be perpendicular to CD. 



PBOrOSITlON VI. THEOREM. 

, A plane,perpendicular to a diameter at its extremity, toucwa 
tkt sphere. 

Let ADB be a plane perpendicular 
to the diameter DC at its extremity ; 
then the plane ADB touches the 
sphere. 

Let E be any point in the plane 
ADB, and join DE, CE. Because CD 
is perpendicular to the plane ADB, it 
is perpendicular to the line AB (Def. — 

I, B. Vll.); hence the angle CDE is a right angle, and the 
line CE is greater than CD. Consiiquenlly, the point E lies 
without the sphere. Hence the plane ADB has only the point 
D in common with the sphere ; it therefore touches the iphere 
(Def. 4). Therefore, a plane, &.c. 

Cor. In the same manner, it may be \ roved that two 
spheres touch each other, when the distance between their 
centers is equal to the sum or dillerence of their radii ; in 
which case, the centers and the point of contact lie in oat 
straight line. 



PROPOSITION VII. 

The angle formed hy two arcs of great circles, is equal to 
the angle formed by the tangents of those arcs at the point of 
their intersection ; and is measured by the arc of a great ctr 
cle described from its vertex as a pole, and included betireen its 
sides. 

Vol BAD be an angle formed by two arcs of great circles; 
then will - be equal to the anqle EAF formed by the tan- 
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gents of these arcs at the point A . 
and it is measured by the arc DB de- 
scribed from the vertex A as a pole. 

For the tangent AE, drawn in the 
plane of the arc AB, is perpendicular 
to the radius AC (Prop. IX., B. III.) ; 
also, the tangent AF, drawn in the 
plane of the arc AD, is perpendicular 
to the same radius AC. Hence the 
angle EAF is equal to the angle of the 
planes ACB, ACD (Def. 4, B. VII.), which is the same a 
that of the arcs AB, AD. 

Also, if the arcs AB, AD are each equal to a quadrant, the 
lines CB, CD will be perpendicular to AC, and the angle 
BCD will be equal to the angle of the planes ACB, ACD ; 
hence the arc BD measures the angle of the planes, or the 
angle BAD. 

Cor. 1. Angles of spherical triangles may be compared 
with each other by means of arcs of great circles described 
from their vertices as poles, and included between their 
sides ; and thus an angle can easily be made equal to a given 
angle. 

Cor. 2. If two arcs of great circles AC, 
DE cut each other, thevertical angles ABE, 
DBC are equal ; for each is equal to the an- 
gle formed by the two planes ABC, DBE. 
Also, the two adjacent angles ABD, DBC 
are together equal to two right angles. 
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PROPOSITION VIII. THEOREM. 



If from the vertices of a given spherical triangle^ as pol^, 
arcs of great ciixles are described, a second triangle is formed* 
whose vertices are poles of the sides of the given triangle. 

Let ABC be a spherical triangle; 
and from the points A, B, C, as poles, 
.et great circles be described inter- 
secting each other in D, E, and F ; 
then will the points D, E, and F be 
the poles of the sides of the triangle 
ABC. 

For, because the point A is the pole 
of the arc EF, the distance from A to 
R is a quadrant. Also, because the ^ 
Doint C is the pole of the arc DE, the 
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distance from C to E is a quadrant. Hence the po^nl £ is at 
a quadrant's distance from each of the points A and C ; it is» 
therefore, the pole of the arc AC (Prop. V., Cor. 3), In the 
same manner, it may be proved that D is the pole of the arc 
BC, and F the pole of the arc AB. 

Scholium. The triangle DEF is called the polar triangle 
of ABC ; and so, also, ABC is the polar triangle of DEF. 

Several different triangles might be formed by producing 
ihe sides DE, EF, DF ; but we shall confine ourselves to the 
central triangle, of which the vertex D is on the same side 
of BC with the vertex A ; E is on the same side of AC 
with the vertex B ; and i is on the same side of AB with 
the vertex C. 



PROPOSITION IX. THEOREM. 

The sides of a spherical triangle, are the supplements oj tfie 
urcs which measure the angles cf its polar triangle ; and con* 
versely. 

Let DEF be a spherical triangle, ^ 

ABC its polar triangle ; then will the ^""^^-^ 

side EF be the supplement of the arc yC^ j\ 

which measures the angle A ; and / ^XT \ 
the side BC is the supplement of the / /Nv \ 
arc which measures the angle D. I / \ \. , 

Produce the sides AB, AC, if ne- ^L / \ _,)f^ 

cessary, until they meet EF in G and 
H. Then, because the point A is the _\ 
pole of the arc GH, the angle A is ^ 
measured by the arc GH (Prop. VII.). ^ ^ 

Also, because E is the pole of the arc AH, the arc EH is a 
quadrant ; and, because F is the pole of AG, the arc FG is a 
quadrant. Hence EH and GF, or EF and GH, are together 
equal to a semicircumference. Therefore EF is the supple- 
ment of GH, which measures the angle A. So, also, DF is 
the supplement of the arc which measures the angle B ; and 
DE is the supplement of the arc which measures the angle C. 

Conversely. Because the point D is the pole of the arc BC, 
the angle D is measured by the arc IK. Also, because C ia 
the pole of the arc DE, the arc IC is a quadrant ; and, be- 
cause B is the pole of the arc DF, the arc BK is a quadrant. 
Hence IC and BK, or IK and BC, are together equal to a 
semicircumference. Therefore BC is the supplement of IK 
which measures the angle D. So, also, AC is the supple- 
ment of the arc which measures the angle E ; and AB Is \t» 
inpplement of the arc which measures the angle F. 
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PROPOSITION X. THEOREM 



The sum of the angles of a spherical triangle, is greater than 
fwoy and h ss than six right angles. 

Let A, B, and C be the angles of a' spherical triangte, 
1 he arcs which measure the angles A, B, and C, together 
with the three sides of the polar triangle, are equal to three 
sernicircumferences (Prop. IX). But the three sides of the 
polar triangle are less than two sernicircumferences (Prop. 
IV.) ; hence the arcs which measure the angles A, B, and C 
are greater than one semicircumference ; and, therefore, the 
angles A, B, and C are greater than two right angles. 

Also, because each angle of a spherical triangle is lees than 
two right angles, the sum of the three angles must be less 
than six right angles. 

Cor. A spherical triangle may have two, or 
even three, right angles ; also two, or even 
three, obtuse angles. If a triangle have three 
right angles, each of its sides will be a qua- 
drant, and the triangle is called a quadrantal 
triangle. The quadrantal triangle is contain- 
'^d eight times in the surface of the sphere. 



PROPOSITION XI. THEOREM. 

If two triangles on equal spheres are mutually equilateral^ 
dhey are mutually equiangular: 

Let ABC, DEF be two triangles on equal spheres, having 
the sides AB equal to DE, AC to DF, and BC to EF ; ther 
will the angles also be equal, each to each. 

A B 




g4:: 



B . E 

Let the centers of the spheres be G and H, and draw th© 
radii GA, GB, GC, HD, HE, HF. A solid angle may be con 
reived as formed at G by the three plane angles AGB, AGCl 
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BGC; and another solid angle at H by the thiee plane an- 
gles DHE, DHF, EHF. Then, because the arcs AB, DB 
are equal, the angles AGB, DHE, which are measured by 
these arcs, are equal. For the same reason, the angles AGC 
DHF are equal to each other ; and, also, BGC equal to EHF 

A P 



B E 

Hence G and H are two solid angles contained by three equ^al 
plane angles ; therefore the planes of these equal angles ai^ 
equally inclined to each other (Prop. XIX., B. VII.). Tha^ 
IS, the angles of the triangle ABC are equal to those of the 
triangle DEF, viz., the angle ABC to the angle DEF, BAG 
ro EDF, and ACB to DFE. 

Scholium, It should be observed that the two triangles 
ABC, DEF do not admit of superposition, unless the three 
9ides are similarly situated in both cases. Triangles which 
are mutually equilateral, but can not be applied to each othei 
<o as to coincide, are called symmetrical triangles. 

PROPOSITION XII. THEOREM. 

If two triangles on equal spheres are mutually equianguLzt 
.hey are mutually equilateral. 

Denote by A and B two spherical triangles which are mu- 
tually equiangular, and by P and Q their polar triangles. 

Since the sides of P and Q are the supplements of the arcs 
which measure the angles of A and B (Prop. IX.), P and 
Q, must be mutually equilateral. Also, because P and Q are 
mutually equilateral, they must be mutually equiangular 
(Prop. XL). But the sides of A and B are the supplements 
of the arcs which measure the angles of P and Q ; and, 
therefore, A and B are mutually equilateral. 

PROPOSITION XIII. THEOREM. 

If two triangles on equal spheres have two sides, and the i% 
eluded angle of the one, equal to two sides and the included 
%ngle of the other, each to each, their third sides will he equal 
and their other angles will he equal, each to each. 
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Let ABC, DEF be two triangles, having the side AB equa. 
to DE, AC equal to DF, and the angle BAC equal to the ah 
gle EDF ; then will the side BC be equal to EF, the anglf 
ABC to DEF, and ACB to DFE. 

If the equal sides in the two triangles are similarly sit 
uated, the triangle ABC may be applied to the triangle DEF 
in the same manner as in plane tri- ^ 
angles (Prop. VL, B. I.) ; and the two 
triangles will coincide throughout. 
Therefore all the parts of the one tri- 
angle, will be equal to the correspond- 
ing parts of the other triangle. 

But if the equal sides in the two tri- 
angles are not similarly situated, then 
construct the triangle DF'E symmet- 
rical with DFE, having DF' equal to 
DF, and EF' equal to EF. The two triangles DEF', DEi*, 
oeing mutually equilateral, are also mutually equiangular 
(Prop. XL). Now the triangle ABC may be'applied to the 
triangle DEF', so as to coincide throughout ; and hence all 
the parts of the one triangle, will be equal to the correspond- 
ing parts of the other triangle. Therefore the side BC, be- 
mg equal to EF', is also equal to EF ; the aiigle ABC, being 
equal to DEF', is also equal to DEF ; and the angle ACB, 
being equal to DF'E, is also equal to DFE. Therefore, if 
Iwo triangles, &c. 



PROPOSITION XIV. THEOREM. 

If two triangles on equal spheres have two angles, and the 
included side of the one, equal to two angles and the included side 
of the other, each to each, their third angles will be equal and 
their other sides will be equal, each to each. 

If the two triangles ABC, DEF 
have the angle BAC equal to the an- 

B'e EDP\ the angle ABC equal to 
EF, and the included side AB equal 
to DE; the triangle ABC can be 
placed upon the triangle DEF, or 
upon its symmetrical triangle DEF', 
8t) as to coinnde. Hence the remain- 
mg parts of the triangle ABC, will be B 
equal to the remaining parts of the triangle DEF; that is, 
the side A 1 will be equal to DF, BC to EF, and the anglt 
ACB to the an^le DFE Therefore, if two triangles, &c 
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PROPOSITIO> XV. THEOREM. 








If two triangles on equal spheres are mutually equiUiUfxU, 
they are equivalent. 

Let ABC, DEF be two triangles 
which have the three sides of the 
one, equal to the three sides of the 
other, each to each, viz., AB to 
DE, AC to DF, and BC to EF; 
then will the triangle ABC be B^ 
equivalent to the triangle DEF. 

Let G be the pole of the small 
circle passing through the three 
points A, B, C ; draw the arcs GA, GB, GC ; these arcs will 
be equal to each other (Prop. V.). At the point E, make the 
angle DEH equal to the angle ABG; make the arc EH 
equal to the arc BG ; and join DH, Fp. 

Because, in the triangles ABG, DEH, the sides DE, EH 
are equal to the sides AB, BG, and the included angle DEH 
is equal to ABG ; the arc DH is equal to AG, and the angle 
DHE equal to AGB (Prop. XIIL). 

Now, because the triangles ABC, DEF are mutually equi- 
lateral, they are mutually equiangular (Prop. XL) ; hence 
the angle ABC is equal to the angle DEF. Subtracting the 
equal angles ABG, DEH, the remainder GBC will be equal 
to the remainder HEF. Moreover, the sides BG, BC are 
equal to the sides EH, EF ; hence the arc HF is equal to the 
arc GC, and the angle EHF to the angle BGC (Prop. XHL). 

Now the triangle DEH may be applied to the triangle 
ABG so as to coincide. For, place DH upon its equal BG 
and HE upon its equal AG, they will coincide, because the 
angle DHE is equal to the angle AGB ; therefore the two 
triangles coincide throughout, and have equal surfaces. For 
the same reason, the surface HEF is equal to the surface 
GBC, anJ the surface DFH to the surface ACG. Hence 

ABG4-GBC-ACG=DEH+EHF-DFH; 
or, ABC = DEF; 

that is, the two triangles ABC, DEF are equivalent. There 
fore, if two triangles, &c. 

Scholium. The poles G and H might be situated within 
ihe triangles ABC, DEF ; in which case it would be neces- 
sary to add the three triangles ABG, GBC, ACG to form the 
triangle ABC ; and als3 to add the three triangles DEH 
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EHF, DFH to form the triangle iJEF; otherwiso the demon^ 
Btration would be the same as above. 

Cor. If two triangles on equal spheies,are mutually equi- 
angular, they are equivalent. They are also equivalent, if 
they have two sides, and the included angle of the one, equal 
to two sides and the included angle of the other, each to 
fiach ; or two angles and the included side of the one equal 
fo two angles and th^ included side of the other 
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PROPOSITION XVI. THEOREM. 

In an isosceles spherical triangle^ the angles opposite ttu 
equal sides are equal; and, conversely j if two angles of a 
spherical triangle are equal, the triangle is isosceles. 

Let ABC be a spherical triangle, having 
the side AB equal to AC ; then will the angle 
ABC be equal to the angle ACB. 

From the point A draw the arc AD to the 
middle of the base BC. Then, in the two tri- 
angles ABD, ACD, the 'side AB is equal to 
AC, BD is equal to DC, and the side AD is -q' 
common ; hence the angle ABD is equal to 
the angle ACD (Prop. XI.). 

Conversely. Let the angle B be equal to the 
angle C ; then will the side AC be equal to 
the side AB. 

For if the two sides are not equal to each 
other, let AB be the greater ; take BE equal 
to AC, and join EC. Then, in the triangles 
EBC, ACB, the two sides BE, BC are equal to 
the two sides CA, CB, and the included angles B 
EBC, ACB are equal ; hence the angle ECB is equal to the 
angle ABC (Prop. XIII.). But, by hypothesis, the angle ABC 
.8 equal to ACB ; hence ECB is equal to ACB, which is ab- 
iurd Therefore AB is not greater than AC; and, in the 
same manner, it can be proved that it is not less ; it is, con- 
sequently, equa. to AC. Therefore, in an isosceles spherical 
triangle, &c. 

Cor. The angle BAD is equal to the angle CAD, and the 
angle ADB to the angle ADC ; therefore each of the last two 
angles is a right angle. Hence the arc drawn from the vertex 
of an isosceles spherical triangle, to the middle of the base A 
perpendicular to the base, and bisects the vertical angle. 
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PROPOSITION XVir. THEOREM. 




In a sphet teal triangle^ the greater side is oppoiUe the greats 
unghj and conversely. 

Let ABC be a spherical triangle, hav- 
mg the angle A greater than the angle 
B; then will the side BC be greater 
than the side AC. 

Diaw the arc AD, making the angle 
BAD equal to B. Then, in the triangle 
ABD, we shall have AD equal to DB ^ ^ 

(Prop. XVI.) ; that is, BC is equal to the sum of AD and DC 
But AD and DC are together greater than AC (Prop. II.) ; 
hence BC is greater than AC. 

Conversely. If the side BC is greater than AC, then will 
the angle A be greater than the angle B. For if the angle 
A is not greater than B, it must be either equal to it, or less. 
It is not equal ; for then the side BC would be equal to AC 
(Prop. XVI.), which is contrary to the hypothesis. Neither 
can it be less ; for then the side BC would be less than AC, 
by the first case, which is also contrary to the hypothesis 
Hence the angle BAC is greater than the angle ABC 
Therefore, in a spherical triangle, &c. 



PROPOSITION XVIII. THEOREM. 



The area of a lune is to the surface of the sphere^ as the an- 
gle of the lune is to four right angles. 

Let ADBE be a lune, upon a sphere 
whose center is C, and the diameter 
AB ; then will the area of the lune be 
to the surface of the sphere, as the an- 
gle DCE to four right angles, or as the 
arc DE to the circumference of a great 
circle. 

First. When the ratio of the arc to 
the circumference can be expressed in 
whole numbers. 

Suppose the ratio of DE to DEFG to be as 4 to 25. Now 
if we divide the circumference DEFG in 25 equal parts, DE 
will contain 4 of those parts. If we join the pole A and th< 
geveral points of division, bv a^'cs of great circles, there will 
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be formed on the hemisphere ADEFG, 25 triangles, all ei\\\nl 

to each other, being mutually equilateral. The entire sphere 

will contain 50 of these small triangles, and the lune ADBE 

8 of them. Hence the area of the lune is to the surface of 

the sphere, as 8 to 50, or as 4 to 25 ; that is, as the arc DE 

to the circumference. 

Secondly. When the ratio of the arc to the circumference 

can not be expressed in whole numbers, it may be proved, as 

in Prop. XIV., B. III., that the lune is still to the surface of 

the sphere, as the angle of the lune to four right angles. 

- Cor. I. On equal spheres, two lunes are to each other as 

the angles included between their planes. 

Cor. 2. We have seen that the entire surface of the sphere 

is equal to eight quadrantal triangles (Prop. X., Cor.V. II 

the area of the quadrantal triangle be represented by T, the 

surface of the sphere will be represented by 8T. Also, if we 

take the right angle for unity, and represent the angle of the 

lune by A, we shall have the proportion 

area of the lune : 8T : : A : 4. 

8 A X T 
Hence the area of the lune is equal to — - — , or 2 A X T. 

• 4 

Cor. 3. The spherical ungula, comprehended by the planes 

ADB, AEB, is to the entire sphere, as the angle DCE is to 

four right angles. For the lunes being equal, the spherical 

ungulas will also be equal ; hence, in equal spheres, two un- 

gulas are to each other as the angles included between theii 

planes. 



PROPOSITION XIX. THEOREM. 

If two great circles intersect each other on the surface of a 
hemispherey the sum of the opposite triangles thus formed^ m 
equivalent to a lune, whose angle is equal to the inclination of 
the two circles. 

Let the great circles ABC, DBE in- 
tersect each other on the surface of 
the hemisphere BADGE ; then will the 
sum of the opposite triangles ABD, 
CBE be equivalent to a lune whose a| 
angle is CBE. 

For, produce the arcs BC, BE till 
they nieet in F : then will BCF be a 
semicircumference, as also ABC. Sub- 
tracting BC from each, we shall have CF equal to AB. Foi 
the same reason EF is equal to DB. and CE is equal to AD. 
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Hence the two triangles ABD, CFE are mutua ly equilat 
6ral ; they are, therefore, equivalent (Prop. XV.). But the 
two triangles CBE, CFE compose the lune BCFE, whose an- 
gle is CBE ; hence the sum of the triangles ABD, CBE is 
equivalent to the lune whose angle is CBE. Therefore, il 
two great circles, &c. 



VROPOSITION XX. THEOREM. 

The surface of a spherical triangle is measured by the ex 
cess of the sum of its angles above two right angles, multiplied 
by the quadrantal triangle. 

Let ABC be any spherical triansle ; its 
surface is measured by the sum ofits an- >^*\T^s 
gles A, B, C diminished by two right an- /^ X 
gles, and multiplied by the quadrantal tri- _ / /"^X 

rroduce the sides of the triangle ABC, \ ''^-[g^ C^^ 
until they meet the great circle DEG, \ { | 

drawn without the triangle. The two ^^ ^ 

triangles ADE, AGH are together equal 

to the lune whose angle is A (Prop. XIX.) ; and tlJtj lune i« 

measured by 2A X T (Prop. XVIIL, Cor. 2). Hence we ha v« 

ADE+AGH=2AxT. 
For the same reason, 

BFG+BDI=2BxT; 
also, CHI+CEF=2CxT. 

But the sum of these six triangles exceeds Uie surface oi 
the hemisphere, by twice the triangle ABC ; and the hemi- 
sphere is represented by 4T ; hence we have 

4T+2ABC=2AxT+2BxT+2CxT; 
or, dividing by 2, and then subtracting 2T from each ol 
these equals, we have 

ABC=AxT+BxT+CxT-2T, 
= (A+B+C-2)xT. 
[lence every spherical triangle is measured by the sum of 
its angles diminished by two right angles, and multiplied by 
the quadrantal triangle. 

Cor. If the sum of the three angles of a triangle is equal 
to three right angles, its surface will be equal to the quad- 
rantal triangle; if the sum is equal to four right angles, the 
surface of the triangle will be equal to two quadrantal trian- 
gles ; if the sum is equal to five right angles, the surface wil! 
b6 equal to three quadrantal triangles, etc 



BOOK IX. 16ft 



PROPOSITION XXI. THEOREM. 

TJit sutfaec of a spherical polygon is measured by the sum 
Qfits angles^ diminished by as many times two right angles as 
it has sides less two, multiplied by the quadrantal triangle. 

Let ABCDE be any spherical polygon. 
From the vertex B draw the arcs BD, 
BE to the opposite angles; the polygon 
will be divided into as many triangles as 
it has sides, ipinus two. But the surface 
of each triangle is measured by the sum 
of its angles minus two right angles, mul- 
tiplied by the quadrantal triangle. Also, 
the sum of all the angles of the triangles, is equal to the sum 
of all the angles of the polygon ; hence the surface of the 
polygon is measured by the sum of its angles, diminished by 
as many times two right angles as it has sides less two, mul- 
tiplied by the quadrantal triangle. 

Cor. If the polygon has five sides, and the sum of its an 
gles is equal to seven right angles, its surface will be equal to 
the quadrantal triangle ; if the sum is equal to eight right an- 
gles, its surface will be equal to two quadrantal triangles ; if 
the sum is equal to nine right angles, the surface will b« 
equal to three quadrantal triangles, etc 
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TIIE THREE ROUND BODIES. 






Definitions. 

1. A cylinder is a solid described by the revohi- 
lion of a rectangle about one of its sides, which 
remains fixed. The bases of the cylinder are the 
circles described by the two revolving opposite 
sides of the rectangle. 

2. The axis of a cylinder is the fixed straight 
line about which the rectangle revolves. The op- 
posite side of the rectangle describes the convex 
surface. 

3. A cone is a solid described by the revolu- 
tion of a right-angled triangle about one of the 
sides containing the right, angle, which side re- 
mains fixed. The hase of the cone is the cir- 
cle described by that side containing the right 
angle, which revolves. 

4. The axis of a cone is the fixed straight 
line about which the triangle revolves. The 
hypothenuse of the triangle describes the convex surface. 
The side of the cone is the distance from the vertex to the 
circumference of the base. 

5. A frustum of a cone is the part of a cone next the 
base, cut off by a plane parallel to the base. 

6. Similar cones and cylinders are those which have iheiT 
F. Kes and the diameters of their bases proportionals. 




PROPOSITION I. THEOREM. 

The convex surface of a cylinder is equal to the pre duct of 
its altitude by the circumference of its base. 

Let ACE-G be a cylinder whose base is the chcle ACE 
and altitude AG; then ivill its convex surface be equal to 
ihe product of AG by the circumference ACE. 
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t!ie circle ACE inscribe the regular 
polygon ABCDEF; and upon this polygon G 
.et a right prism be constructed of the same 
altitude with the cylinder. The edges AG, 
BH, CK, &c., of the prism, being perpen- 
dicular to the plane of the base, will be con- 
tained in the convex surface of the cylinder. 
The convex surface of this prism is equal to 
the product of its altitude by the perimeter 
of its base (Prop. I., B. VIIL). Let, now, 
the arcs subtended by the sides AB, BC, &c., be bisected, 
and the number of sides of the polygon be indefinitely in- 
creased ; its perimeter will approach the circumference of the 
circle, and wfU be ultimately equal to it (Prop, XL, B. VL); 
and the convex surface of the prism will become equal to 
the convex surface of the cylinder. But whatever be the 
number of sides of the prism, its convex surface is equal to 
the product of its altitude by the perimeter of its base ; hence 
the convex surface of the cylinder is equal to the product of 
its altitude by the circumference of its base. 

Cor. If A represent the altitude of a cylinder, and It the 
radius of its base, the circumference of the base will be repre- 
sented by 2:tR (Prop. XIIL, Cor. 2, B. VI.) ; and the convex 
surface of the cylinder by 27rRA. 



PROPOSITION II. THEOREM. 




The solidity of a cylinder is equal to the product of its has% 
hy its altitude. 

Let ACE-G be a cylinder whose base is 
the circle ACE and altitude AG ; its solidity O 
is equal to the product of its base by its al- 
titude. 

In the circle ACE inscribe the regular 
polygon ABCDEF ; and upon this polygon 
let a right prism: be constructed of the same 
altitude with the cylinder. The solidity of 
this prism is equal to the product of its oase 
by its altitude (Prop. XL, B. VIIL). Let, 
now, the number of sides of the polygon be indefinitely in 
creased ; its area will become equal to that of the circle, and 
the solidity of the prism becomes equal to that of the cylinder. 
But whatever be the number of sides of the prism, its solidity 
is equal to the product of its base by its altitude ; hence the 
solidity of a cylinder is equr 1 to the product of its 5ase by its 
altitude 
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Cor. I. If A represent the altitude of a cylinder, and K 
the radius of its base, the area of the base will be represent- 
ed by ttR* (Prop. XIIL, Cor. 3, B. VI.) ; and the solidity of 
the cylinder will be ttR'A. 

Cor. 2. Cylinders of the same altitude, are to each otner 
as their bases; and cylinders of the same base, are to each 
otiicr as their altitudes. 

Cor. 3. Similar cylinders are to each other as the cabei 
of their altitudes, or as the cubes of the diameters of their 
bases. For the bases are as the squares of their diameters ; 
and since the cylinders are similar, the diameters of the bases 
are as their altitudes (Def. 6). Therefore the bases are as 
the squares of the altitudes ; and hence the products of the 
bases by the altitudes, or the cylinders themselves, will be as 
the cubes of the altitudes. 



PROPOSITION III. THEOREM. 

The convex s^urface of a cone is equal to the product of half 
Its side^ by the circumference of its base. 

Let A-BCDEFG be a cone whose base is 
the circle BDEG, and its side AB ; then will 
Its convex surface be equal to the product 
of half its side by the circumference of the 
circle BDF. 

In the circle BDF inscribe the regular 
polygon BCDEFG ; and upon this polygon 
let a regular pyramid be constructed having ui 
A for its vertex. The edges of this pyramid 
will lie in the convex surface of the cone. 
From A draw AH perpendicular to CD, one of the sides of 
llie polygon. The convex surface of the pyramid is equal to 
the product of half the slant height AH by the perimeter of 
its base (Prop. XIV., B. VIIL). Let, now, the arcs subtend- 
ed by the sides BC, CD, &c., be bisected, and the numbei 
of sides of the polygon bo indefinitely increased, its perimeter 
wi*. become equal to the circumference of the circle, the slant 
height AH becomes equal to the side of the cone AB, and 
he convex surface of the pyramid becomes equal to the con- 
vex surface of the cone. But, whatever be the number of 
faces of the pyramid, its convex surface is equal to the prod- 
act of half its slant height by the perimeter of its base ; hence 
ihe convex surface of the cone, is equal to the product of 
half its side by the circumference of its base. 

Cor^ If S represent the side of a cone, and R the ladiut 




of jtB base, then tne circumference of the base will be renre- 
aenled by 2tR, and the convex surface of the cone by 
2TrRxiS, ofttRS. 



PBOFOalTION IV. THEOREM. 



The convex surface of a frustum of a cone is equal to tlU 
vroduct of its side, by half the sum of the circumferences of iu 



Let BDF-bdf be a frustum of a cone 
whose bases are BDF, bdf and B6 its ^ 

side; its convex surface is equal to the 
product of B6 by half the sum of the cir- 
cumierences BDF, bdf. 

Complete the cone A-BDF to which the 
frustum belongs, ar.d in the circle BDF 
inscribe the regular polygon BCDEFG; 
and upon this polygon let a regular pyr- 
amid be constructed having A for its B 
pertex. Then will BDF-bdf be a frus- 
tum of a regular pyramid, whose convex 
surface is equal to the product of its slant height by half the 
sum of the perimeters of its two bases (Prop, XIV., Cor. 1,B. 
Vm.). Let, now, the number of sides of the polygon be in- 
definitely increased, its perimeter will become equal to the 
circumference of the circle, and the convex surface of the 
pyramid will become equal to the convex surface of the cone- 
But, whatever be the number of faces of the pyramid, the con- 
vex surface of its frustum is equal to the product of its slant 
neight, by half the sum of the perimeters of its two baaes- 
Hence tiie convex surface of a frustum of a cone is equal to 
the product of its side by half the sum of the circumferences 
nf its two bases. 

Cor. It was proved (Prop. XIV., Cor. 2, B. VIII.), that the 
convex surface of a frustum of a pyramid is equal to the 
product of its slant height, by the perimeter of a section al 
rqual distances between its two bases ; hence tfte convex sur- 
face of a frustum of a cone is equal to the product oj it* sido, 
by the circumference of a section at equal distances between iha 
>wo bases 
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PROPOSITION V. t:ie)rem. 

nc solidity of a cone is equal to one third of the f roduct «f 
lit base and altitude. 

Let A-BCDF be a cone ivhose base is the 
circle BCDEFG, and AH its altitude ; the 
solidity of the cone will be equal to one thira 
of the product of the base BCDF by the al- 
titude AH. 

In the circle BDF inscribe a regular poly- 
gon BCDEFG, and construct a pyramid 
whose base is the polygon BDF, and having B{ 
its vertex in A. The solidity of this pyra- 
mid is equal to one third of the product of 
the polygon BCDEFG by its altitude AH (Prop. XVII., B. 
VIIL). Let, now, the number of sides of the polygon be in- 
definitely increased ; its area will become equal to the area 
of the circle, and the solidity of the pyramid will become 
equal to the solidity of the cone. But, whatever be the 
number of faces of the pyramid, its solidity is equal to one 
third of the product of its base and altitude ; hence the solidity 
of the cone is equal to one third of the product of its base and 
altitude. 

Cor. I. Since a cone is one third of a cylinder having the 
-t'Ame base and altitude, it follows that cones of equal dlti 
kudes are to each other as their bases ; cones of equal bases 
are to each other as their altitudes ; and similar cones are as 
the cubes of their altitudes, or as the cubes of the diameters 
of their bases. 

Cor. 2. If A represent the altitude of a cone, and R the 
radius of its base, the solidity of tlie cone will be represented 
by ttR" X ^ A, or IttR'A. 



PROPOSITION VI. THEOREM. 

A frustum of a cone is equivalent to the sum of three concs^ 
>»aving the same altitude with the frustum^ and whose bases are 
the lower base of the frustum^ its upper base, and a mean pro- 
portional between them. 

Let "SDY-idf be any frustum of a cone. Complete the 
cone to which the frustum belongs, and in the circle BDF in 
scribe the regular polygon BCDEFG ; and upon this poly 



gon let a regular pyramid be construct- a 

ed having ha vertex in A, Then will 
BCBEFG-bcdefg be a frustum of a reg- 
ular pyramid, whose solidity is equal to 
three pyramids having the same altitude 
with the frustum, and whose bases are 
the lower base of the frustum, its upper 
base, and a mean proportional between 
them (Prop. XVIII., B.VIIL). Let, now, 
the number of sides of the polygon be in- ■^ 
definitely increased, its area will become 
equal to the area of the circle, and the 
frustum of the pyramid will become the frustum of a cone 
Hence the frustum of a cone is equivalent to the sum of three 
cones, having the same altitude with the frustum, and whose 
bases are the lower base of the frustum, its upper base, and 
a mean proportional between them. 



PKOFOSITIOH VII. TUEOBEM. 

Th£ surface of a sphere is equal to the product of its diam» 
ter by the circumference of a great circle. 

Let ABDF be the semicircle by the revo- 
lution of which the sphere is described. In- 
scribe in the semicircle a regular semi-poly- 
f)n ABCDEF, and from the points B, C, D, -z-^-- 
let fall the perpendiculars BG, CH, DK, y— ^-x 
EL upbn the diameter AF. If, now, the ' 
polygon be revolved about AF, the lines AB, 
EF will describe the convex surface of two i)^- 
cones ; and BC, CD,, DE will describe the 

ronvex surface of frustums of cones. _^, 

From the center I, draw IM perpendicular ^^^S^ 
to BC ; also, draw MN perpendicular to AF, ■= 

and BO perpendicular to CH. Let circ. MN represent the 
circumference of the circle described by the revolution of 
MN. Then the surface described by the revolution of BC, 
will bo equal to BC, multiplied by circ. MN (Prop, IV. 
Cor.). 

Now, the triangles IMN, BCO are similar, since their sides 
are perpendicular to each other (Prop. XXL, B. IV.) wlenc-e 
BC : BO or GH : : IM : MN, 

: : circ. IM : circ. MN. 
Hence(Prop. I.,B. II.), 

BC X circ. MN = GH X civc IM. 
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Therefore the surface described by BC, is 
equal to the altitude GH, multiplied by circ. 
IM, or the circumference of tne inscribed 
'*,ircle. 

In like manner, it may ce proved that the 
surface described by CD is equal to the alti- 
tude HK, multiplied by the circumference of 
he inscribed circle; and the same may be D^ 
proved of the other sides. Hence the entire 
Burface described by ABCDEF is equal to 
the circumference of the inscribed circle, mul- 
tiplied by the sum of the altitudes AG, GH, 
HK, KL, and LF ; that is, the axis of the polygon. 

Let, now, the arcs AB, BC, &c., be bisected, and the num 
ber of sides of the polygon be indefinitely increased, its pe- 
rimeter will coincide with the circumference of the semicircle, 
and the perpendicular IM will become equal to the radius of 
the sphere ; that is, the oircumference of the inscribed circle 
will become the circumference of a great circle. Hence the 
surface of a sphere is equal to the product of its diameter by 
the circumference of a great circle. 

Cor, 1. The area of a zone is equal to the product of its al 
titude by the circumference of a great circle. 

For the surface described by the lines BC, CD is equal to 
.he altitude GK, multiplied by the circumference of the in- 
scribed circle. But when the number of sides of the polygon 
is indefinitely increased, the perimeter BC+CD becomes the 
aic BCD, and the inscribed circle becomes a great circle. 
Hence the area of the zone produced by the revolution of 
BCD, is equal to the product of its altitude GK by the cir 
cumference of a great circle. 

Cor. 2. The area of a great circle is equal to the prod- 
uct of its circumference by half the radius (Prop. XH., B. 
VJ.), or one fourth of the diameter ; hence the surface of a 
sphere is equivalent to four of its great circles. 

Cor. 3. The surface of a spliere is equal to the convex sur 
face of the circumscribed cylinder. 

For the latter is equal to the product of its 
altitude by the circumference of its base. But 
its base is equal to a great circle of the sphere, 
and its altitude to the diameter ; hence the 
convex surface of the cylinder, is equal to the 
product of its diameter by the circumference 
of a great circle, which is also the measure of 
the surface of a sphere. 

Cor. 4. Two zones upon equal spheres, are to each othei 
as their altitudes ; and any zone is to the surface of iti 
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sphere, as the altitude of the zone is to the diaraeter of the 
sphere. 

Co7\ 5. Let R denote the radius of a sphere, D its diame- 
ter, C the circumference of a great circle, and S the surface 
of the sphere, then we shall have 

C=27rR, or ttD (Prop. XIIL, Cor. 2, B. VI.). 
Also, S«27rR X 2R=47rR% or nD\ 
If A represents the altitude of a zone, its area wiJ be 

27rRA. 




PROPOSITION VIII. THEOREM. 

The solidity of a sphere is equal to one third the product of 
Its surface hy the radius. 

Let ACEG be the semicircle by the revo- 
lution of which the sphere is described. In- 
scribe in the semicircle a regular semi-poly- 
gon ABCDEFG> and draw the radii BO, 
CO, DO, &c. 

The solid described by the revolution of 
the polygon ABCDEFG about AG, is com- 
posed of the solids formed by the revolu- 
tion of the triangles ABO, BCO, CDO, &c., 
about AG. 

First. To find the value of the solid form- 
ed by the revolution of the triangle ABO. 

From O draw OH perpendicular to AB, 
and from B draw BK perpendicular to AO. 
The two triangles ABK, BKO, in their revolution about AO, 
will describe two cones having a common base, viz., the cir- 
cle whose radius is BK. Let area BK represent the area 
of the circle described by the revolution of BK. Then the 
solid described by the triangle ABO will be represented by 

Area BK x ^AO (Prop. V.). 

Now the convex surface of a cone is expressed by ttRS 
(Prop. III., Cor.) ; and the base of the cone by 7rR% Hence 
the convex surface : base : : ttRS : 7rR% 

: : S : R (Prop. VIIL, B. IL). 

But AB describes the convex surface of a cone, of whici 
BK describes the base ; hence 
the surface described by AB : area BK : : AB BK 

: : AO : OH, 
because the triangles ABK, AHO are similar. Hence 

Area BKx AO= OHx surface described by AB, 
or Area BKx^AO ---^OHx surface described by AB. 
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But we have proved that the solid de- 
scribed by the triangle ABO, is equal to 
ai^ea BKx^AO; it is, therefore, equal to 
JOH X surface described by AB. 

Secondly. To find the value of the solid 
formed by the revolution of the triangle 

BCO. M^y-^S^ 

Produce BC until it meets AG produced jJ ""* — ^>**-^ 

in L. It is evident, from the preceding 

demonstration, that the solid described by 

the triangle LCO is equal to 

^OM X surface described by LC ; 

and the solid described by the triangle LBO 

is equal to 

^OM X surface described by LB ; 

hence the solid described by the triangle BCO is equal to 

|OMx surface described by BC. 

In the same manner, it may be proved that the solid de* 
scribed by the triangle CDO is equal to 

^ONx surface described by CD; 
and so on for the other triangles. But the perpendiculars 
OH, OM, ON, &c., are all equal; hence the solid described 
by the polygon ABCDEFG,is equal to the surface described 
by the perimeter of the polygon, rhultiplied by ^OH. 

Let, now, the number of sides of the polygon be indefinite- 
ly increased, the perpendicular OH will become the radius 
OA, the perimeter ACEG will become the semi-circumference 
ADG, and the solid described by the polygon becomes a 
sphere ; hence the solidity of a sphere is equal to one third 
' >f the product of its surface by the radius. 

Cor. L The solidity of a spherical sector is equal to the prod- 
uct of the zone which forms its base^ by one third of its radius. 

For the solid described by the revolution of BCDO i»» 
equal to the surface described by BC+CD, multiplied bj 
iOM. But when the number of sides of the polygon is in 
definitely increased, the perpendicular OM becomes the 
radius OB, the quadrilateral • BCDO becomes the sector 
BDO, and the solid described by the revolution of BCDO 
becomes a spherical secton Hence the solidity of a spheri- 
cal sector is equal to the product of the zone which forms it» 
base, by one third of its radius. 

Cor. 2. Let R represent the radius of a sphere, D its di- 
ameter, S its surface, and V its solidity, then we shall have 

S=47rR'» or ttD' (Prop. VIL, Cor. 6). 
Also, V= ^R X S = iTrfe" or inD' ; 

henc« the solidities of svheves are to each other as the cubes of 
{heir radii 
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If we put A to represent the altitude of the zone which 
forms the base of a sector, then the solidity of the sedor will 
be represented by 

27rRAxAR = |7rirA. 

Cor. 3. Every sphere is two thirds of the circumscribea 
cylinder. 

For, since the base of the circumscribed cylinder is equal 
Id a great circle, and its altitude to a diameter, the solidity 
of the cyJnder is equal to a great circle, multiplied by the 
diameter (Prop. II.). But the solidity of a sphere is equal 
to four great circles, multiplied by one third of the radius ; or 
one great circle, multiplied by J of the radius, or f of the 
diameter. Hence a sphere is two thirds of the circumscribed 
cylinder. 



PROPOSITION IX. THEOREM. 

A spherical segment with one base, is equivalent to half oj 
a cylinder having the same base and altitude, plus a sphere 
whose diameter is the altitude of the segment. 

Let BD be the radius of the base of the 
segment, AD its altitude, and let the segment 
be generated by the revolution of the circu- /^'''^ 
lar half segment AEBD about the axis AC. ^.^ 
Join CB, and from the center C draw CF per- , 
pendicular to AB. 

The solid generated by the revolution of 
the segment AEB, is equal to the difference of the solids gen* 
erated by the sector ACBE, and the triangle ACB. NoW; 
the solid generated by the sector ACBE is equal to 

frrCB'xAD (Prop. VIII., Cor. 2). 
And the solid generated by the triangle ACB, by Prop. VIll., 
is equal to ^CF, multiplied by the convex surface described 
by AB, which is 2TrCF X AD (Prop. VII.), making for the solid 
generated by the triangle ACB, 

IttCF'xAD. 
Therefore the solid generated by the segment AEB, is equal 
to f7rADx(CB"-CF'), 

or IttADxBF^ 

that is, IttAD X AB", 

because CB'— CF" is equal to BF', and BF" is equal to one 
"ourth of AB". 

Now the cone generated by the triangle ABD is equal to 

IttAD X BD" (Prop, v., Cor. 2). 
Therefore the spherical segment in question, which is the 
ium of the solids' described by AEB and ABD, is equal to 
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iTrAD(2BD'+AB*) ; 
that is, iTrAD(3BD'+ AD'), 

because AB' is equal to BD' + AD'. 

This expression may be separated into the two pirts 

iTADxBD% 
and ^ttAD'. 

The first part represents the solid- 
ity of a cylinder having the same 
base with the segment and half its 
altitude (Prop. 11.) ; the other part 
represents a sphere, of which AD is 
the diameter (Prop. VIII., Cor. 2). 
segment, &c. 

Cor. The solidity of the spherical seg- 
ment of two bases, generated by the revolu- 
tion of BCDE about the axis AD, may be 
found by subtracting that of the segment of 
one base generated by ABE, from that of the Cj 
segment of one base generated by ACD. 




Therefore, a spherical 
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CONIC SECTIONS. 



There are three curves whose properties are extensiveU 
applieii m Astronomy, and many other branches of science, 
which, being the sections of a cone made by a plane in dif 
ferent positions, are called the conic sections. Thei;« are 

The Parabola, 
The Ellipse^ and 
The Hyperbola. 



PARABOLA. 



Definitions. 

1. A parabola is a plane curve, every point of which ih 
equally distant from a fixed point, and a given straight line. 

2. The fixed point is called the focus of the parabola and 
the given straignt line is called the directrix. 

Thus, if F be a fixed point, and BC a ^ 
given line, and the point A move about F 
in such a manner, that its distance from F ^ 
is always equal to the perpendicular dis- 
tance from BC, the point A will describe 
a parabola, of which F is the focus, and 
BC the directrix. 

3. A diameter is a straight line drawn 
through any point of the curve perpen- 
dicular to the directrix. The vertex of 
the diameter is the point in which it cuts c 
the curve. 

Thus, through any point of the curve, as A, draw a line 
DE perpendicular to the directrix BC ; DH is a diameter oi 
the parabola, and the point A is the vertex of this diameter. 

4. The axis of the parabola is the diameter which passes 
ihroueh the' focus ; and the point in which it cuts the curve. 
\8 called the principal vertex. 

Thus, draw a diameter of the oarabola, GH, through the 
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focus F ; GH is the axis of the parabola, B 
and the point V, where the axis cuts the e 
curve, is called the principal vertex of 
the parabola, or simply the vertex. 

It is evident from De£ 1, that the line ^ 
FH is bisected in the point Y. 

5. A tangent is a straight line which £ 
neets the curve, but, being produced, does 
not cut it. C 

6. An ordinate to a diameter, is a straight line drawn from 
any point of the curve to meet that diameter, and is parallel 
to the tangent at its vertex. 

Thus, let AC be a tangent to the 
parabola at B, the vertex of the di- 
ameter BD. From any point E of the 
curve, draw EGH parallel to AC ; 
then is EG an ordinate to the diame- 
ter BD. 

It is proved in Prop. IX., that EG 
is equal to GH ; hence the entire line 
EH is called a double ordinate. 

7. An abscissa is the part of a diameter intercepted be- 
tween its vertex and an ordinate. 

Thus, BG is the abscissa of the diameter BD, correspond- 
ing to the ordinate EG. 

8. A subtangent is that part of a diameter intercepted be- 
tween a tangent and ordinate to the point of contact. 

Thus, let EL, a tangent to the curve at E, meet the di- 
ameter BD in the point L ; then LG is the subtangent of BD^ 
corresponding to the point E. 

9. The parameter of a diameter is the double ordinate 
which passes through the focus. 

Thus, through the focus F, draw IK parallel to the tan- 
gent AC ; then is IK the parameter of the diameter BD. 

10. The parameter of the axis is called the principal pa- 
rameter, or latus rectum. 

1 L A normal is a line drawn perpendicular to a tangent 
from the point of contact, and terminated by the axis. 

12. A subnormal is the part of the axis 
intercepted between the normal, and the 
corresponding ordinate. 

Thus, let AB be a tangent to the 
parabola at any point A. From A ^ 
draw AC perpendicular to AB ; draw, 
also, the ordinate AD. Then AC is the 
normal, and DC is the subnormal cor- 
responding to the point A 
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PROPOSITIOM I. PROBLEBff. 

To describe a parabola* 

Let BC be a ruler laid upon a plane, 
%nA let DEG be a square* Take a 
tliread equal in length to EG, and attach ^ 
one extremity at G, and the other at 
some point as F. Then slide the side 
of the square DE along the ruler BC, 
and, at the same time, keep the thread 
continually tight by means of the pencil 
A ; the pencil will describe one part of 
a parabola, of which F is the focus, and ^ 
BC the directrix. For, in every posi- 
tion of the square, 

AF+AG=AE+AG, 
and hence AF= AE ; 

that is, the point A is always equally distant from the focus 
F and directrix BC. 

If the square be turned over, and moved on the other side 
jf the point F, the other part of the same parabola may be 
1 escribed. 
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PROPOSITION II. THEOREM. 



A tangent to the parabola bisects the angle formed at tne 
foint of contact^ by a perpendicular to the directrix^ and a lin* 
drawn to the focus. 

Let A be any point of the parabola 
aV, from which draw the line AF to 
the focus, and AB perpendicular to the 
directrix, and draw AC bisecting the an- 
gle BAF ; then will AC be a tangent to 
the curve at the point A. 

For, if possible, let the line AC meet 
the curve in some other point as D. 
Join DF, DB, and BF ; also, draw DE 
perpendicular to the directrix. 

Since, in the two triangles ACB, ACF, AF is equal to AB 
(Def 1), AC is common to both triangles, and the angle CAB 
is, by supposition, equal to the angle CAF ; therefore CB is 
equa/ to CF, and the angle ACB to the an^le ACF. 
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Again, in the two triangles DCB, DCF, because B(J .f 
equal to CF, the side DC is common to both triangles, and 
the angle DCB is equal to the angle DCF ; therefore DB is 
equal to DF. But DF is equal to DE (Def. 1) ; hence DB 
is equal to DE, which is impossible (Prop. XVII., B. L), 
Therefore the line AC does not meet the curve in D ; and in 
the same manner it may be proved that it does not meet the 
curve in any other point than A ; consequently it is a tangent 
to the parabola. Therefore, a tangent, &c. 

Cor, 1. Since the angle FAB continually increases as the 
point A moves toward V, and at V becomes equal to two 
right angles, the tangent at the principal vertex is perpendicu'- 
lar to the axis. The tangent at the vertex V is called the 
vertical tangent. 

Cor. 2. Since an ordinate to any diameter is parallel to 
the tangent at its vertex, an ordinate to the axis is perpen 
dicular to the axis. 



PROPOSfriON III. THEOREM. 

Tlie latus rectum is equal to four times the distance from th^ 
focus to the vertex. 

Let AVB be a parabola, of which F is the 
focus, and V the principal vertex ; then the ^ 
latus rectum AFB will be equal to four 
times FV. 

Let CD be the directrix, and let AC be 
drawn perpendicular to it; then, according D 
to Def. 1, AF is equal to AC or DF, because 
ACDF is a parallelogram. But DV is equal 
to VF ; that is, DF is equal to twice VF. 
Hence AF is equal to twice VF. In the 
same manner it may be proved that BF is equal to twice 
VF ; consequently AB is equal to four times VF. There- 
fore, the latus rectum, &c. 



PROPOSITION IV. THEOREM. 

If a tangent to the parabola cut the axis produced^ the 
points of contact and of intersection are equally distant from 
the focus. 

Let AB be a tangent to the parabola GAH at the point A, 
and let it cut the axis produced in B ; also, let AF be drawn 
to the focus ; then will the line AF be equal to BF. 
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Draw AC perpendicular to the di- 
rectrix ; then, since AC is parallel to 
BF, the angle BAC is equal to ABF. 
But the angle BAG is equal to BAF 
(Prop* II.) ; hence the angle ABF is ^ 
equal to BAF, and, consequently, AF 
is equal to BF. Therefore, if a tan- 
gent, &c. 

Cor. 1. Let the normal AD be 
drawn. Then, because BAD is a 
right angle, it is equal to the sum of the two angles ABD 
ADB, or to the sum of the two angles BAF, ADB. Take 
away the common angle BAF, and we have the angle DAF 
equal to ADF. Hence the line AF is equal to FD. There- 
fore, if a circle be described with the center F, and radius FA^ 
it will pass through the three points B, A, D. 

Cor, 2. The normal bisects the angle made by the diameter 
at the point of contact, with the line drawn from that point to 
the focus. 

f^or, because BD is parallel to CE, the alternate angles 
ADF, DAE are equal. But the angle ADF has been proved 
equal to DAF ; hence the angles DAF, DAE are equal to 
each other. 

Scholium. It is a law in Optics, that the angle made by a 
ray of reflected light with a perpendicular to the reflecting 
surface, is equal to the angle which the incident ray makes 
with the same perpendicular. Hence, if GAH represent a 
concave parabolic mirror, a ray of light falling upon it in the 
direction EA would be reflected to F. The same would be 
true of all rays parallel to the axis. Hence the point F, in 
which all the rays would intersect each other, is called tho 
ftcus^ or burning point. 



PROPOSITION V. THEOREM. 

Th i subtangent to the axis is bisected by the vertex. 

Let AB be a tangent to the parab- 
a ADV at the point A, and AC 
an ordinate to the axis ; then wi .1 
BC be the subtangent, and it will be 
bisected at the vertex V. 

For BF is equal to AF (Prop. 
IV.) ; and AF is equal to CE, which 
is the distance of the point \. from 
the directrix. But CE is et^ual to 
the sum of CV and VE, or OV and VF. Hence BF. 
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BV+VF is 3qual o CV+VF; that is, BV is equal to CV 
Therefore, the subtangent, &c. 

Cor, 1. Hence the tangent at D, the extremity of the latua 
*ectum, meets the axis in £, the same point with the direc- 
trix. For, by Def. 8, EF is the subtangent corresponding to 
the tangent DE. 

Cor. 2. Hence, if it is required to draw a tangent to the 
curve at a given point A, draw the ordinate AC to the axis. 
Make BY equd to YC ; join the points B, A, and the line 
BA wir. be the tangent required. 



PROPOSITION VI. THEOREM. 

The subnormal is equal to half tlie laius rectum* 

Lot AB be a tangent to the parab- 
ola AY at the point A, let AC be 
he ojdmate, and AD the normal from 
the point of contact ; then CD is the 
subnormal, and is equal to half the 
latus rectum. 

For the distance of the point A 
from the focus, is equal to its distance 
from the directrix,* which is equal to 
VF+YC, or 8YF+FC ; that is, 

FA=2YF+FC, 
or 2YF=FA-FC. 

Also, CD is equal to FD— FC, which is equal to FA— I'U 
(Prop. lY., Cor. 1). Hence CD is equal to 2YF, which is 
equal to half the latus rectum (Prop. III.). Therefore, the 
subnormal, &c. 




PROPOSITION VII. THEOREM. 

If a perpendicular be drawn from the focus to any tangents 
ht point of intersection will be in the vertical tangent. 

Let AB be any tangent to the pa- 
rabola AY, and FC a perpendicular let 
fall from the focus upon AB ; join YC ; 
then will the line YC be a tangent to 
the curve at the vertex Y. 

Draw the ordinate AD to the axis 
Since FA is equal to FB (Prop. lY.), 
and FC is drawn perpendicular to 
AB. it divide? the tnan^le AFB into 
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two equal parts, and, therefore, AC is equal to tJC. Bu* 
BV is equa. to VD (Prop. V.) ; hence 

BC : CA : : BV : VD, 
and, therefore, C V is parallel to AD (Prop. XVI., B. IV.). But 
AD is. perpendicular to the axis BD; hence CV is also per 
pendicular to the axis, and is a tan&^ent to the curve at the 
point V (Prop. II., Cor. 1). Therefore, if a perpendicular, 
&c. 

Cor. 1. Because the triangles FVC, FCA are similar, we 
have FV:FC::FC:FA; 

that is, the perpendicular from the focus upon any tangent^ is a 
mean proportional between the distances of the focus from the. 
verteXf and from the point of contact 

Car. 2. It is obvious that FV: FA : : FC^: FA^(Prop. XIL, B. II.) 

Cor. 3. From Cor. 1, we have 

FC»=FVxFA. 
But FV remains constant for the same parabola ; therefore 
the distance fi^om the focus to the point of contact^ varies as the 
squai^e of the perpendicular upon the tangent. 



PROPOSITION VIII. THEOREM. 

The square of an ordinate to the axiSy is equal to theprodui 
of the latus rectum by the corresponding Abscissa. 

Let AVC be a parabola, and A any point 
of the curve. From A draw the ordinate 
AB ; then is the square of AB equal to the 
product of VB by the latus rectum. 

For AB' is equal to AF"-FB'. 
But AF is equal to VB+VF, and FB is 
equal to VB— VF. 

Hence AB»=:(VB+VF)'--(VB-VF)% 
which, according to Prop. IX., Cor., B. IV., 
?s equal to 

4VBXVF, 
or VB X the latus rectum (Prop. III.). 

Theiefore, the square, &c. 

Cor. 1. Since the latus rectum is constant for the same 
parabola, the squares of ordinates to the axis^ are to eacd other 
a« their corresponding abscissas. 

Cor. 2. The preceding demonstration is equally applicable 
to ordinates on either side of the axis ; hence AB is equal to 
BC, and AC is called a double ordinate. The curve is sym- 
metrical with respect to the axis, and the whole parabola if 
bisected by the axis. 
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FB ^POSITION IX. TUEOUEM. 




TJie square of an ordinate to any diameter^ is equal iofouf 
times the product of the corresponding abscissa^ by the distanct 
from the vertex of that diameter to the focus. 

Let AD be a tangent to the 
parabola VAM at the point 
A; through A draw the di- 
ameter HAC, and through h 
any point of the curve, as B, 
draw BC parallel to AD ; 
draw also AF to the focus; G-- 
then will the square of BC be 
equal to 4AF X AC. k 

Draw CE parallel, and EBG 
perpendicular to the directrix HK ; and join BH, BF, HF. 
Also, produce CB to meet HF in L. 

Because the right-angled triangles FHK, HCL are simi- 
lar, and AD is parallel to CL, we have 

HF : FK : : HC : HL 
: : AC : DL. 
Hence (Prop. I., B. 11.) , 

HFxDL= FKxAC, 
or 2HF X-DL=2FK X AC, or 4VF X AC. 

But 2HF X DL= HL'-LF» (Prop. X., B. IV.) 

= HB'— BF* 
=HG' or CE*. 
Hence CE' is equal to 4VF X AC. 
Also, because the triangles BCE, APD are similar, we have 



CE :CB 
Therefore CE* : CB' 



DF : AF. 

DF' : AF' (Prop. X., B. II.) 
VF : AF (Prop. VII., Cor. 2) 
4VFxAC:4AFxAC. 
But tne two antecedents of this proportion have been proved 
to be equal ; hence the consequents are equal, or 

BC'=4AFxAC. 
Therefore, tne square of an ordinate, &c. 

Cor. In like manner it may be proved that the square of 
CM is equal to 4AF x AC. Hence BC is equal to CM ; and 
since the same may be proved for any ordinate, it followf 
liiat every diameter b' sects its double ordinates. 
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PRCP03ITI0N X. THEOREM. 



The paramiter of any dianieler, is equal to four times thu 
diitancef^ jm its vertex to the focus. ♦ 

Lot BAD be a parabola, of which 
F is the focus, AC is any diameter, 
and BD its parameter; then is BD 
equal to four times AP. 

Draw the tangent AE ; then, since 
AEFC is a parallelogram, AC is equal 
to EF, which is equal to AF (Prop. 
IV.). 

Now, by Prop. IX., BC is equal to 
4AF X AC ; .that is, to 4AF'. Hence 
BC is equal to twice AF, and BD is equal to four times AF 
Therefore, the parameter of any diameter, &c. 

Cor. Hence the square of an ordinate to a diameter^ is 
equal to the product of its parameter by the corresponding 
abscissa. 




PROPOSITION XI. THEOREM. 



If a cone be cut by a plane parallel to its side, the section is 
a parabola. 

Let ABGCD be a cone cut by a plane 
VDG parallel to the slant side AB ; then 
will the section DVG be a parabola. 

Let ABC be a plane section through 
the axis of the cone, and perpendicular to 
the plane VDG ; then VE, which is their 
common section, will be parallel to AB. 
Let bgcd be a plane parallel to the base 
of the cone ; the intersection of this plane 
with the cone will be a circle. Since the Bj 
plane ABC divides the cone into two 
equal p»r+s BC is a diameter of the circle 
BGCD, and be is a diameter of the circle bgcd. Let DEG. 
deg be the common sections of the plane VDG with the 
planes BGCD, bgcd respectively. Then DG is perpendicular 
to the plane ABC, and, consequently, to the lines VE, BC. 
For the same reason, dg is perpendicular to the two linea 
VE, be. 
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Now, sinco be is parallel to BE, ana 
6B to eE, the figure 6BEe is a parallelo- 
gram, and be is equal to BE. But be- 
cause the triangles Vec, VEC are similar, 
we have 

€c : EC : : Ve : VE ; 
and multiplying the first and second terms 
of this proportion by the equals be and 
BE, we have 

5eXec : BExEC : : Vc : VE. 
But since be is a diameter of the circle 
bgcdj and de is perpendicular to be (Prop. 
XXII., Cor., B. IV.), 

bey.ec =rfe'. 
For the same reason, BExEC-=DE'. 
Substituting these values of beXec and BExEC in the pre 
ceding proportion, we have 

de'iDE' iiYe :YE; 
that is, the square^ of the ordinates are to each other as the 
corresponding abscissas ; and hence the curve is a parabola, 
whose axis is VE (Prop. VIII., Cor. 1.). Hence the parab- 
ola is called a conic section, as mentioned on page 177. 




PROPOSITION XII. THEOREM. 



Every segment of a parabola is two thirds of its circum 
scribing rectangle. 

Let AVD be a segment of 
a parabola cut off by the 
straight line AD perpendicu- 
lar to the axis; tne area of 
AVD is two thirds of the cir- ^^-"^ 
cumscribing rectangle ABCD. ^'•'----- 

Draw the line AE touching 
the parabola at A, and meet- 
ing the axis produced in E; 
and take a point H in the 
curve, so near to A that the 
tangent and curve may be regarded as coinciding. Through 
H. draw KL perpendicular, and MN parallel to the axis. 
Then the 




rectangle AL : rectangle AM 



AGxGL: ABxAN 
AGxGE: ABxAG 
GE i\B, 
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\)ecause GL or NH : AN : : GE : AG. But GE is equal to 
twice GV or AB (Prop. V.) ; hence 

AL : AM : : 2 : 1 ; 
that is, AL is double of AM. 

Hence the portion of the parabola included between two oi 
dinates indefinitely near, is double the corresponding portion 
of the external space ABV. Therefore, since the same is 
true for every point of the curve, the whole space AVG is 
double the space ABV. Whence AVG is two thirds of 
ABVG; and the segment AVD is two thirds of the rectaiH 
gle ABCD« Therefore, every segment, dec 
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ELLIPSE. 

Definitions, 

1 . An ellipse Is a plane curve, in which the sum of the diji. 
tances of each point from two fixed points, is equal to a gives 
line. 

2. The two fixed points are called the focu 
Thus, if F, F' are two fixed points, 

and if the point D moves about F in 
such a manner that the sum of its dis- 
tances from F and F' is always the 
same, the point D will describe an 
ellipse, of which F and F' are the foci. 

3. The center is the middle point of 
the straight line joining the foci. 

4. The eccentidcity is the distance from the center to either 
focus. 

Thus, let ABA'B' be an ellipse, 
F and F' the foci. Draw the line 
PF' and bisect it in C. The point 
C is the center of the ellipse ; and , 
CF or CF' is the eccentricity. 

5. A diameter is a straight line 
drawn through the center, and 
terminated both ways by the 
curve. 

C. The extremities of a diameter are called its vertices. 

Thus, through C draw any straight line DD' terminated 
by the curve ; DD' is a diameter of the ellipse ; D and D' 
are its vertices. 

7. The major axis is the diameter which passes through 
the foci ; and its extremities are called the principal vertices. 

8. The minor axis is the diameter which is perpendicular 
to the major axis. 

Thus, produce the line FF' to meet the curve in A and 
A' ; and through C draw BB' perpendicular to A A' ; then is 
AA' the major axis, and BB' the minor axis. 

9. A tangent is a straight line which meets the cuv^e but 
Dein^if produced, does not cut it. 
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10. An ordinate to a diameter, is a straight line drawii 
from any point of the cixve to the diameter, parallel to the 
tangent at one of its vertices. 

Thus, let DD' be any diameter, 
and TT' a tangent to the ellipse 
Qt D From any point G of the 
curve draw GKG' parallel to TT' 
and cutting DD' in K ; then is 
GK an ordmate to the diameter 
DD'. 

It is proved in Prop. XIX., Cor. 
1 , that GK is equal to G'K ; hence the entire line GG' is call- 
ed a double ordinate, 

11. The parts into which a diameter is divided by an or- 
dinate, are called abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate GK. 

12. Two diameters are conjugate to one another, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK, an ordinate 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT' ; then is the diameter EE' conju- 
gate to DD'. 

13. The latus rectum is the double ordinate to the majoi 
axis which passes through one of the foci. 

Thus, through the focus F' 
draw LL' a double ordinate to 
the major axis, it will be the latus 
rectum of the ellipse. 

14. A subtangent is that part 
of the axis produced which is in- 
cluded between a tangent and the 
ordinate drawn from the point of 
contact. 

Thus, if TT' be a tangent to the curve at D, and DG an 
ordmate to the major axis, then GT is the correspondinji 
bubtanficent. 

15. If a tangent, LT, to the q 
ellipse be drawn through one 
extremity of the latus rectum, 
LL', meeting the axis produced 
in T, a straight line, GT, drawn 
through the point of intersec- 
tion perpendicular to the axis, 
is called the directrix of the ellipse. 
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PROPOSITION I. PROBLEM. 

To describe an ellipse* 

Let F and F' be any two fixed 
points. Take a thread longer than 
the distance FF', and fasten one of 
Its extremities at F, the other at F'. 
Then let a pencil be made to glide 
along the thread so as to keep it al- 
ways stretched; the curve described 
bv the point of the pencil will be an 
ellipse. For, in every position of the 
pencil, the sum of the distances DF, DF' will be the same 
viz., equal to the entire length of the string. 




PROPOSITION II. THEOREM. 




The sum oftlie two lines drawn from any point of an ellipse 
to the foci y is equal to the major axis. 

Let ADA' be an ellipse, of 
which F, F' are the foci, A^' is 
the major axis, and D any point of 
the curve ; then will DF+DF' be j^ 
equal to AA'. 

For, by Def. 1, the sum of the 
distances of any point of the curve 
from the foci, is equal to a given line. Now, when the point 
D arrives at A, FA+F'A or 2AF+FF' is equal to the given 
line. And when D is at A', FA'+F'A' or 2A'F/-fFF' ia 
equal to the same line. Hence 

2AF+FF/=2A'F'+FF' ; 
consequently, AF is equal to A'F'. 

Hence DF+DF', which is equal to AF+AF', must be equal 
to AA'. Therefore, the sum of the two lines, &c. 

Cor. The major axis is bisected in the center. For, by LU f. 
8, CF is equal to CF' ; and we have just proved that AF la 
equal to A'F' ; therefore AC is equal to A'C. 
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PROPOSITION III. THEOREM 

Eovry diameter is bisected in the center* 

Let D be any point of an ellipse ; 
join DF, DF', and FF'. Complete the 
parallelogram DFD'F', and join DD'. 

Now, because the opposite sides of 
a paralleloffra>p are equal, the sum of 
DF and DP' !• equal to the sum of 
D'F and D'F' j hence D' is a point in 
the ellipse. But the diagonals of a parallelogram bisect each 
other ; therefore FF' is bisected in C ; that is, C is the center 
of the ellipse, and DD' is a diameter bisected in C. There- 
fore, every diameter, &c. 





PROPOSITION IV. THEOREM. 

The distance from either focus to the extremity of the minor 
azisy is equal to half the major axis. 

Let F and F' be the foci of an 
ellipse, AA' the major axis, and 
BB' the minor axis ; draw the 
straight lines BF, BF' ; then BF, ^ 
BF' are each equal to AC. 

In the two right-angled trian- 
gles BCF, BCF', CF is equal to 
CF', and BC is common to both 
triangles ; hence BF is equal to BF'. But BF-f BF' is equal 
to 2AC (Prop. II.) ; consequently, BF and BF' are each 
equal to AC. Therefore, the distance, &c. 

Cor. 1. Half the minor axis is a mean proportional between 
the distances from either focus to the principal vertices. 

For BC is equal to BF'^-FC* (Prop. XL, B. IV.), which 
is equal to AC— PC (Prop. IV.). Hence (Prop. X., B. IV.). 

BC'=(AC+FC) x(AC-FC) 
= AF' X AF ; and, therefore, 
AF : BC : : BC : FA'. 

Cor. 2. The square of the eccentricity is equal to the differ ' 
ence of the squares of the semi-axes. 

For FC* is equal to BF'— BC, wHcb vs equal to AC- 
BC\ 
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PROPOSITION V. THEOREM. 

A tangent to the ellipse makes equal angles with straight 
\nes drawn from the point of contact to the foci. 

Let F, F' be the foci of an ellipse, t' 

and D any point of the curve ; if "^'v ^ q 

through the point D the line TT' ^^-^ ^^-^^^>t£^^^'' 
be drawn, making the angle TDF / ':::^^^^^^'''^^^'*^^^^^ 
equal to T'DF', then will TT' be [ ^-^'^^'"''^^^ \\/] ^ 

a tangent to the ellipse at D. I ^ Jy 

For if TT' be not a tangent, it \^^ ^/ 

must meet the curve in some other ^ -^^"^ 

point than D. Suppose it to meet the curve in the point E. 
Produce F'D to G, making DG equal to DF ; and join EF, 
EF', EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is equal 
to DG, DH is common to both triangles, and the angle FDH 
is, by supposition, equal to F'DT', which is equal to the ver- 
tical angle GDH ; therefore HF is equal to HG, and the an- 
gle DHF is equal to the angle DHG. Hence the line TT' 
is perpendicular to FG at its middle point ; and, therefore, 
EF is equal to EG. 

Also, F'G is equal to FD+DF, or F'E+EF, from the na 
ture of the ellipse. But F'E+EG is greater than F'G (Prop. 
VIII., B. I.) ; it is, therefore, greater than F'E-f EF. Con- 
sequently EG is greater than EF; which is impossible, for 
we have just proved EG equal to EF. Therefore E is not 
a point of the curve, and TT' can not meet the curve in any 
other point than D ; hence it is a tangent to the curve at the 
point D. Therefore, a tangent to the ellipse, &c. 

Cor. 1. The tangents at the vertices of the axes, are per- 
pendicular to the axes ; and hence an ordinate to either axis 
LS perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror vi ray of lighl 
proceeding from F in the direction FD, would be reflected in 
the direction DF , making the angle of reflection equal to the 
angle of incidence. And, since the ellipse may be regarded 
as coinciding with a tangent at the point of contact, if rays 
of light proceed from one focus of a concave ellipsoidal mir- 
ror, they will all be reflected to the other focus. For this 
reason, the points F, F' are called the foci, or burning points. 
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PROPOSITION VI. THEOREM. 

Tangents to the ellipse at the vertices of a diameter^ ars pa»^ 
Mel to each oth^r. 

Let DD be any diame- 
ter of an ellipse, and TT' 
VV tangents to the curve 
at the points D, D' ; then 
will they be parallel to each , 
other. ^ 

Join DF, DF', D^F, D'F' ; 
then, by the preceding Prop- 
osition, the angle FDT is 
equal to F'DT', and the an- 
gle FD'V is equal to F'D'V. But, by Prop. III., DFD'F' is 
a parallelogram ; and since the opposite angles of a parallelo- 
gram are equal, the angle FDF^ is equal to FD'F' ; therefore 
the angle FDT is equal to F'D'V (Prop. II., B. I.). Also, 
since FD is parallel to F'D', the angle FDD' is equal tc 
F'D'D ; hence the whole angle D'DT is equal to DD'V ; 
and, consequently, TT' is parallel to VV. Therefore, tan- 
gents, &c. 

Cor. If tangents are drawn through the vertices of any 
Iwo diameters, they will form a parallelogram circumscribing 
the ellipse. 




PROPOSITION VII. THEOREM. 



If from the vertex of any diameter^ straight lines are drawn 
through the foci^ meeting the conjugate diameter^ the part in 
*ercepted by the conjugate is equal to half the major axis. 

Let EE' be a diameter conju- 
gate to DD', and let the lines DF, 
DF' be drawn, and produced, if 
riceessary, so as to meet EE' in 
H and K ; then will DH or DK 
be equal to AC. 

Draw FG parallel to EE' or 
TT'. Then the angle DGF :s 
equal to the alternate angle 
F'DT', and the angle DFG is equal to FDT. But the angles 
FDT, F'DT' are equal to each othe. (Prop V.) ; hence the 

I 
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angles DGF DFG are equal to each other, and DG is cquai 
to DF. Also, because CH is parallel to FG, and CF is equa 
to CF' ; therefore HG must be equal to HF'. 

Hence FD+F'D is equal to 2DG-f2GH or 2DH. But 
FD+F'D is equal to 2AC. Therefore 2AC is equal to 2DH, 
or AC is equal to DH. 

Also, the angle DHK is equal to DKH ; and hence DK is 
equal to DH or AC. Therefore, if from the vertex, &c. 



PROPOSITION VIII. THEOREM. 

Perpendiculars drawn from the foci upon a tangent to the 
ellipse^ meet the tangent in the circumference of a circle, whost 
diameter is the major axis. 

Let TT' be a tangent to the 
ellipse at D, and from F' draw 
F'E perpendicular to T'T ; the 
point E will be in the circum- 
ference of a circle described 
upon AA' as a diameter. 

Join CE, FD, F'D, and pro- 
duce F'E to meet FD produced 
inG. 

Then, in the two triangles 
DEF', DEG, because DE is com- 
mon to both triangtes, the angles 
at E are equal, being right angles ; also, the angle EDF' if 
equal to FDT (Prop. V.), which is equal to the vertical an- 
gle EDG ; therefore DF' is equal to DG, and EF' is equal 
to EG. 

Also, because F'E is equal to EG, and F'C is equal to CF, 
CT3 must be parallel to FG, and, consequently, equal to half 
ofFG. 

But, since DG has been proved equal to DF', FG is equal 
to FD4-DF', which is equal to AA'. Hence CE is equal to 
half of AA' or AC ; and a circle described with C as a cen- 
ter, and radius CA, will pass through the point .E. The same 
may be proved of a perpendicular let fall upon TT' from the 
focus F. Therefore, perpendiculars, &c. 

Cor. CE is parallA to DF, and if CH be joiner , CH will 
be parallel o DF'. 
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PROPOSITION IX. THEOREM 
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The product of the perpendiculars from thefovi uj.on x tan 
gentf is equal to the square of half the minor axii. 

Let TT' be a tangent to the 
ellipse at any point E, and let 
the perpendiculars FD, F'G be 
drawn from the foci ; then will 
the product of FD by F'G, be 
equal to the square of BC. 

On AA', as a diameter, de- 
scribe a circle ; it will pass 
hrough the points D and G 
Prop. VIII.). Join CD, and 
produce it to meet GF' in D'. 
Then, because FD and F'G are perpendicular to the same 
straight line TT', they are parallel to each other, and the al- 
ternate angles CFD, CF'D' are equal. Also, the vertical 
angles DCF, D'CF' aie equal, and CF is equal to CF'. 
Therefore (Prop. VII., B. I.) DF is equal to D'F', and CD is 
equal to CD' ; that is, the point D' is in the circumference of 
the circle ADGA'. 

Hence DF x GF' is equal to D'F' x GF', which is equal to 
A'F'xF'A (Prop. XXVII., B. IV.), which is equal to BC* 
(Prop. IV., Cor. 1). Therefore, the product, &c. 

Cor. The triangles FDE, F'GE are similar ; hence 

FD : F'G : : FE : F'E ; 
that is, perpendiculars let fall from the foci upon a tangent 
are to each other as the distances of the point of contact from 
the foci 



PROPOSITION X. THEOREM. 



If a tangent and ordinate he drawn from the same point of 
an ellipscj meeting either axis produced^ half of that axis will 
he a mean proportional hetween the distances of the two inter 
sections from the center. 

Let TT' be a tangent to the ellipse, and DG an ordinate 
to the major axis from the point ot contact ; then we shall 
have CT : CA : : CA : CG. 

Join DF, DF' ; then, since the exterior ang.e of the trian 
gle FDF' is bisected by DT (Prop. V.), we have 



lUO 



CONIC SBCTI0M9 




P'T : FT : : FD : FD (Prop. XVII., Sch., B. IV ). 
Hence, by Prop. VII, Cor., B. II., 

F'T+FT : F'T— FT : : F'D+FD : FD— FD, 
or 2CT : FF : : 2CA : FD— FD ; 

that is, 2CT : 2CA : : FF : F'D-FD. (1) 

Again, because DG is drawn from the vertex of the tr an* 

fie FDF perpendicular to the base FF', we have (P/cpi, 
:XXL, Cor., B. IV.), 

FF : FD— FD : : FD+FD : FG— FG, 
or F'F : FD— FD : : 2CA : 2CG. (2) 

Comparing proportions (1) and (2), we have 

2CT : 2CA : : 2CA : 2CG, 



or CT : CA 

It may also be proved that 

CT' : CB 
Therefore, if a tangent, &c. 



CA : CG. 
CB: :G'. 



PROPOSITION XI. THEOREM. 

The subtangent of an ellipse, is equal to the corresponding 
tuhtangent of the circle described upon its major axis. 

Let AEA' be a circle de- 
scribed on AA', the major 
axis of an ellipse ; and from 
any point E in the circle, 
draw the ordinate EG cut- ^| 
ting the ellipse in D. Draw 
UT touching the ellipse at 
D ; join ET ; then will ET 
^ a tangent to the circle at E. 
Join CE. Then, by the last Proposition, 

CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT : CE : : CE : CG 
Hence the triangles CET, CGE, having the angle at C cAm 
"Don, and the sides about this angle proportional, are similar 
r^refore the angle (^ET, being equal to the angle CGE, is 
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a right angle ; that is, the line ET is perpendicular to the 
radius CE, and is, consequently, a tangent to the circle (Prop. 
IX., B. III.). Hence GT is the subtansent corresponding to 
each of the tangents DT and ET. 1 herefore, the subtan- 
gent, &c. 

Cor. A similar property may bo proved of a tangent to the 
ellipse meeting the minor axis. 



PROPOSITION XII. THEOREM. 



The square of either axis, is to the square of the other, as th^ 
rectangle of the abscissas of the former, is to the square of their 
ordinate. 



Let DE be an ordinate to the 
major axis from the point D; 
then we shall have 
CA'^iCB':: AExEA':DE'. 
Draw TT' a tangent to the 
ellipse at D, then, by Prop. X., x 

CT : CA : : CA : CE. 
Hence (Prop. XII., B. IL), 

CA' : CE' : : CT : CE ; 
and, by division (Prop. VII., B. 
IL), CA» : CA'~CE' : : CT : ET. 

Again, by Prop. X., 




(1) 



CT' : CB : : CB : CE' or DE. 
Hence (Prop. XII., B. IL), 

CB' 2 DE' : : CT' : DE. 
But, by similar triangles, 

CT' : DE : : CT : ET ; 
therefore CB' : DE' : : CT : ET. (2) 

Comparing proportions (1) and (2), we have 

CA' 2 CA'-CE' 2 : CB' : DE'. 
But CA'— CE' is equal to AExEA' (Prop. X., B. IV.)' 
hence C A' 2 CB' 2 2 AE X E A' 2 DE'. 

In the same manner it may be proved that 

CB' 2 CA' 2 2 BE' xE'B' 2 DE''. 
Therefore, the square, &c. 

Cor. I. CA' 2 CB' 2 2 CA'-CE' 2 DE'. 

Cor. 2. The squares of the ordinates to either axis, are to 
each other as the rectangles of their abscissas. 

Cor. 3. If a circle be described on either axis, then any or- 
dinate in the circle, is to the corresponding ordinate in tin 
ellipse, as the axis of that ordinate, is to the other axis* 
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Fcr, by the Proposition, 
CA':CB'»::AExEA':DE«. 
But AE X EA' is equal to GE' 
(Prop. XXIL, Cor., B. IV.). 
Therefore CA' : CB' : : GE" : DE^ 
or CA : CB : : GE : DE. 
In the same manner it may be 
proved that 

CB : CA : : G'E' : DE'. 




PROPOSITION XIII. THEOREM. 

The latus rectum is a third proportional to the major ana 
minor axes, •« 

Let LL' be a double ordinate to 
the major axis passing through the 
focus F ; then we shall have 

AA' : BB' : : BB' : LL'. 
Because LF is an ordinate to the 
major axis, 

AC : BC : : AFxFA' : LP (Prop. XIL). 
„ : : BC : LP (Prop. IV., Cor. 1). 

Hence AC : BC : : BC : LF, 

or AA' : BB' : : BB' : LL'. 

Therefore, the latus rectum, <fcc. 




PROPOSITION XIV. THEOREM. 

If from the vertices of two conjugate diameters, ordinates ain 
drawn to either axis, the sum of their squares will he equal to 
the square of half the other axis. 

Let DD', EE' be any 
two conjugate diameters, 
DG and EH ordinates to 
the major axis drawn 
from their vertices ; in 
which case, CG and CH 
will be equ xl to the ordi- 
nates to the minor axis 

drawn from the same point? ; then we shall have 
C A* - CG'+CH«, and CB' = DGHEH*. 

Let DT be a tangent to the ellipse at D, and ET' a tan 
erent at E. Then, by Prop. X., 
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whence CG : CH 



CG XCT is equal to CA% or CH xCT' ; 



CT' : CT ; or, by similar trianglet, 
CE : DT ; that is, 
CH : GT. 
Hence CH'= GT XCG, 

= (CT-CG)xCG 
= CG xCT-CG' 
= CA'-CG» (Prop. X.) ; 
that iS, CA'= CG'+Cff. 

In t.ie same manner it may be proved that 

CB»=DG»+EH'. 
Therefore, if from the vertices, &c. 

Cor. 1. CH' is equal to CA'— CG"; that is, CGxGTj 
hence (Prop. XII., Cor. 1), 

CA':CB»::CGxGT:DG'. 
Cor. 2. CG' is equal to CA'— CH' or AH x HA' ; hence 

CA' . CB' : : CG' : EH'. 



PROPOSITION XV. THEOREM. 

The sum of the squares of any two conjugate diameters^ n 
dqual to the sum of the squares of the axes. 

Let DD', EE' be any two con- 
lugate diameters ; then we shall ^ 
have 

DD''+EE''=AA''+BB>'. ^ 

Draw DG, EH ordinates to the 
major axis. Then, by the prece- 
ding Proposition, 

CG'+CH'=CA', 
and DG'+EH'=CB'. 

Hence CG'+DG'-f€H'+EH'=CA'4-CB', 

or CD'+CE'=CA'+CB' ; 

that is, DD''+EE''=AA''+BB''. 

Therefore, the sum of the squares, &c. 




PROPOSITION XVI. THEOREM. 

The parallelogram formed by drawing tangents through tfu 
vertices of two conjugate d^'ameters, is equal to the rectangle of 
the axes. 

Let DED'E' be a parallelogram, formed by drawing tan 
gents to the eMipse through the vertices of two conjugate 
diameters DD', EE'; its area is equal to AA'xBB'. 
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Let the tangent at D, meet the major axis produced in T i 
join E'T, and draw the ordinates DG, E'H. 

Then, by Prop. XIV., Cor. 2, we have 
CA' : CB' : : CG' : E'H% 
or CA : CB : : CG : E'H. 

But CT : CA : : CA : CG (Prop. X.) ; 

hence CT : CB : : CA : E'H, 

or CA X CB is equal to CT x E'H, 

which is equal to twice the triangle CE'T, or the parallel© 
gram DE'; since the triangle and parallelogram have the 
same base CE', and are between the same parallels. 

Hence 4C A x CB or AA' x BB', is equal to 4DE', or the 
parallelogram DED'E'. Therefore, the parallelogram, &c. 



PROPOSITION XVII. THEOREM. 

If from the vertex of any diameter, straight lines are draw?* 
to the foci, their product is equal to the square of half the con- 
jugate diameter. 

Let DD', EE' be two conjugate 
diameters, and from D let lines 
be drawn to the foci ; then will 
FD X F'D be equal to EC 

Draw a tangent to the ellipse 
at D, and upon it let fall the per- -^ 

Eendiculars FG, F'H ; draw, also, 
)K perpendicu.ar to EE'. 
Then, because the triangles !>' 

DFG, DLK, DF'H are similar, we have 

FD:FG::DL:DK. 
Also, F'D : F'H : : DL : DK. 

Whence (Prop. XL, B. II.), 

FDxFD : FGxF'H : : DL' 
But, by Prop. XVI AC x BC = EC x DK ; 
whence AC or DL : DK : : EC : BC, 

and DL» : DK' : : EC : BC. 




DK*. 



(1) 



(2) 
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Comparing proportions (1) and (2) we have 
FD X F'D : FG x F'H : : EC : BC*. 
But FGxF'H is equalto BC« (Prop. IX.)*; hence FDyFll 
18 equal to EC. Therefore, if from the vertex, <fcc. 



PROPOSITION XVIII. THEOREM. 

If a tangent and ordinate he drawn from the same point oj 
an ellipse to any diameter, half of that diameter will be a mean 
proportional between the distances of the two intersections from 
the center. 

Let a tangent EG and an ordinate EH be drawn from the 
same point E of an ellipse, meeting the diameter CD pro- 
t^uced ; then we shall have 

CG : CD : : CD : CH. 




(2) 



Produce EG and EH to meet the major axis in K and L ; 
draw DT a tangent to the curve at the point D, and draw 
OM parallel to 6K. Also, draw the ordinates EN, DO. 
By Prop. XIV., Cor. 1, CA« : CB» : : COxOT : DC, 

:CNxNK:EN^ 
Hence 
COxOT : CNxNK : : DO' : EN' 

: : OT' : NL', by similar triangles. 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. 
Multiplying together proportions (1) and (2) (Prop. XI., 
B. II.), and omitting the factor OT' in the antecedents, and 
NKxNL in the consequents, we have 

CO:CN::OM:NL; 
and, bj composition, CO : CN : : CM : CL. 
Also, by Prop. X., CKxCN=CA'=CTxCOi 
hence CO : CN : : CK : CT. 

Comparing proportions (3) and (4), we have 

CK : CM : : CT : CL. 
But CK : CM : : CG : CD, 

and CT : CL : CD : CH ; 

nence CG : CD : CD : CH. 

Therefore, if a tangent, &c 
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PROPOSITION XIX. THEOREM. 

The squars oj any diameter^ is to the square of its conjugals 
as the rectangle of its abscissas^ is to the square of their or 
dinate. 

Let DD', EE' be two conjugate ^f 
diameters, and GH an ordinate to ^^^^^^^^"^^^^^r-*^^- m 

DD' ; then /^< X>< 

DD'« : EE'' : : DH X HD' : GH'. / ^ \ ^.^-^^FCa 
Draw TT' a tangent to the ( ^^.^%C^ \j 
curve at the point G, and diaw \^^^'^'^'^ >y y^ 
GK an ordinate to EE'. Then, ^^^^v^ Jxii 

by Prop. XVIII., ^ 

CT : CD : : CD : CH 
and CD' :' CH' \ \ CT :* CH'(Prop. XII., B. II.) ; 

whence, by division, 

CD' : CD'-CH' : : CT : HT. (1) 

Also, by Prop. XVIII., 

CT' : CE : : CE : CK, 
and CE' : CK' : : CT' : CK or GH, 

: : CT : HT. (2) 

Comparing proportions (1) and (2), we have 

CD' : CE' : : CD'-CH' : CK' or GH', 
or DD" : EE" : : DH x HD' : GH'. 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved thax 
DD" : EE'' : : DHxHD' : G'H'; hence GH is equal to G'H, 
or e'oery diameter bisects its double ordinates. 

Cor, 2. The squares of the ordinates to any diameter, are 
tn each other as the rectangles of their abscissas. 



PROPOSITION XX. THEOREM. 

If a cone be cut by a plane^ making an angle with the base 
less than that made by the side of the cone^ the section is an 
ellipse. 

Let ABC be a cone cut by a plane DEGH, making an an 
gle with the base, less than that made by the side of the cone ; 
the section DeEGHA is at ellipse. 

Let ABC be a section through the axis of the cone, and 
perpendicular to the plane DEGH. Let EMHO, emho be 
circular sections parallel to the base ; then EH, the intersec 
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tion of the planes DEGH, EMHO, will 
be perpendicular to the plane ABC, 
And, consequently, to each of the lines 
DG, MO. So, also, th will be perpen- 
dicular to DG and mo. 

Now, because the triangles DNO, 
Dno are similar, as also the triangles 
GMN, Gmn, we have the proportions, 

NO :no : : DN : Dn, 
and MN :mn:: NG : nG. 
Hence, by Prop. XL, B. II., 

MNxNO : mnxTio : : DNxNG : DnxnG. 
But since MO is a diametei of the circle EMHO, and EN ia 
perpendicular to MO, we have (Prop. XXII., Cor., B. IV.), 

MNxNO=EN'. 
For the same reason, win x no = en". 

Substituting these values of MN x NO and mn x no, in the 
preceding proportion, we have 

EN* : en' : : DNxNG : DnxnG; 
that is, the squares of the ordinates to the diameter DG, are 
to each other as the products of the corresponding abscissas. 
Therefore the curve is an ellipse (Prop. XII., Cor. 2) whose 
major axis is DG. Hence the ellipse is called a conic section, 
as mentioned on page 177. 



PROPOSITION XXI. THEOREM. 



The area of an ellipse is a mean proportional between the 
txoo circles described on its axes. 



Let AA' be the major axis of an 
ellipse ABA'B'. On AA' as a di- 
ameter, describe a circle ; inscribe 
in the circle any regular polygon 
A EDA', and from the vertices E, 
D, &c., of the polygon, draw per- ^| 
pendiculars to AA'. Join the 
points B, G, &c., in which these 
perpendiculars intersect the ellipse, 
and there will be inscribed in the 
ellipse a polygon of an equal num- 
ber of sides. 

Now the area of the trapezoid CEDH, is equal to (CE-|- 

CH 

DH) X ; and the area of the tra'jezoid CBGH, is equal t« 
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,CB +GH) X -— . These trapezoids 

are to each other, as CE+DH to 
CB+GH, or as AC to BC (Prop. 
XII., Cor. 3). 

In the same manner it may beX| 
proved that each of the trapezoids 
composing the polygon inscribed in 
the circle, is to the corresponding 
trapezoid of the polygon inscribed 
in the ellipse, as AC to BC. Hence, 
the entire polygon inscribed in the circle, is to the polygon m 
scribed in the ellipse, as AC to BC. 

Since this proportion is true, whatever be the number o\ 
sides of the polygons, it will be true when the number is in 
definitely increased ; in which case one of the polygons coin 
cides with the circle, and the other with the ellipse. Hence 
we have 

Area of circle : area of ellipse : : AC : BC. 

But the area of the circle is represented by ttAC ; hence 
the area of the ellipse is equal to ttACxBC, which is a mean, 
proportional between the two circles described on the axes. 



PROPOSITION XXII. THEOREM. 

T/ie distance of any point in an ellipse from the directrix is to 
its distance from the focus nearest the directrix, in the constant 
ratio of half Hie major axis to the eccentricity. 

Let D be any point in the el- 
lipse ; let DO- be drawn perpen- 
dicular to the directrix GT ; DE 
perpendicular to the axis ; and Aj 
let DF, DF' be drawn to the 
two foci. Take H, a point in 
the axis, so that AH=pF, and, 
consequently, HA'=DF'; then CH is half the diflFerence be- 
tween A'H and AH, or DF' and DF ; and CE is half the 
difference between F'E and FE. 

By Prop. XXXI., B. IV., 

DF'+DF : FF' :: F'E-FE : DF'-DF. 
Dividing each term by two, C A : CF : : CE : CH. 
By Prop. X., Ellipse, CA2=CF.CT ; or CA : CF :: CT : CA. 
Therefore CT : C A : : CE : CH. 

Hence, Prop. VH., B. IL, CT-CE : CA-CH :: CT ; CA, 
or ET:AH::CT:CA::CA:CF; 

that is, DG : DF : : C A : CF. 




HYPERBOLA. 




Definitions. 

1. An hyperbola is a plane curve^ in which the difference 
oi the distances of each point from two fixed points, is equal 
to a given Hne. 

2. The two fixed points are called the/oa. 
Thus, if F and F' are two fixed 

points, and if the point D moves 
about F in such a manner that the 
difference of its distances from F and 
F' is always the same, the point D 
will describe an hyperbola, of which 
F and F' are the foci. 

If the point D' moves about F' in 
such a manner that D'F— D'F' is 
always equal to DF' — DF, the point D' will describe a sec* 
ond hyperbola similar to the first. The two curves are call- 
ed opposite hyperbolas. 

3. The center is the middle point of the straight line join- 
ing the foci. 

4. The eccentricity is the distance from the center to eithei 
focus. 

Thus, let F and F' be the foci of 
two opposite hyperbolas. Draw the 
line FF^ and bisect it in C. The 
point C is the center of the hyperbola, 
and CF or CF' is the eccentricity. 

5. A diameter is a straight line 
drawn through the center, and termi- 
nated by two opposite hyperbolas. 

6. The extremities of a diameter are 
Ocilled its vertices. 

Thus, through C draw any straight line DD' terminated 
by the opposite curves ; DD' is a diameter of the hyperbola ; 
D and D' are its vertices. 

7. The major axis is the diameter which, when produced, 
passes through the foci ; and its extremities are called the 
prin<:ipal vertices. 

8. The minor axis is a line drawn through the center per- 
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pendicular t) tie major axis, and terminated by the circum 
ierence described from one of the principal vertices as a ceiv 
(er, and a radius equal to the eccentricity. 

Thus, through C draw BB' perpendicular to AA', and with 
A as a center, and with CF as a radius, describe a circum- 
ference cutting this perpendicular in B and B' ; then AA' is 
the major axis, and BB' the minor axis. 

If on BB' as a major axis, opposite hyperbolas are de- 
scribed, having AA' as their minor axis, these hyperbolas are 
Raid to be conjugate to the former. 

9. A tangent is a straight line which meets the curve, but, 
being produced, does not cut it. 

10. An ordinate to a diameter, is a straight line drawn 
from any point of the curve to meet the diameter produced, 
parallel to the tangent at one of its vertices. 

Thus, let DD' be any diame- 
ter, and TT' a tangent to the 
hyperbola at D. From any 
point G of the curve draw 
GKG' parallel to TT' and cut- 
ting DD' produced in K ; then 
is GK an ordinate to the di- 
ameter DD'. 

It is proved, in Prop. XIX., 
Cor. 1, that GK is equal to 
G'K ; hence the entire line GG' is called a double ordinate. 

11. The parts of the diameter produced, intercepted be 
tween its vertices and an ordinate, are called its abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate GK. 

12. Two diameters are conjugate to one another, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK an ordinate 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT'; then is 
the diameter EE' conjugate to DD'. 

13. The latus rectum is the double 
ordinate to the major axis which 
passes through one of the foci. 

Thus, through the focus F' draw 
LL' a double ordinate to the major 
axis, it will be the latus rectum of 
the hyperbola 
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15. A sultangent is that part of the axis produced wliicfe 
is included between a tangent, and the ordinate drawn from th« 
point of contact. 

Thus, if TT' be a tangent to the curve at D, and DG an 
ordinate to the major axis, then GT is the corresponding 
Bubtangent 



PROPOSITION I. PROBLEM. 

To describe an hyperbola. 

Let F and F' be any two fixed 
points. Take a ruler longer than 
the distance FF', and fasten one 
of its extremities at the point F'. 
Take a thread shorter than the 
ruler, and fasten one end of it at 
F, and the other to the end H of the 
ruler. Then move the ruler HDF' 
about the point F', while the thread is kept constantly siietched 
by a pencil pressed against the ruler ; the curve described by 
the point of the pencil, will be a portion of an hyperbola 
For, in every position of the ruler, the difference of the lines 
DF, DF' will be the same, viz., the difference between the 
length of the ruler and the length of the string. 

If the ruler be turned, and move on the other side of the 
point F, the other part of the same hyperbola may be de- 
scribed. Also, if one end of the ruler be fixed in F, and that 
of the thread in F', the opposite hyperbola may be described. 



PROPOSITION II. THEOREM. 

The difference of the two lines drawn from any point of an 
hyperbola to the foci, is equal to the major axis. 

Let F and F' be the foci of two 
opposite hyperbolas, AA' the major 
axis, and D any point of the curve ; 
.hen will DF'-DF be equal to A A'. 

For, by Def. 1, the difierence of the 
distances of any point of the curve 
from the foci, is equal to a given line. 
Now when the point D arrives at A, 
P'A— FA, or AA'+F'A'— FA, is equal to the given line. 
And when D is at A', FA'— F'A', or AA'-^AF- A'F', ig 
equal to the same line. Hence 
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AA'-^-AF-A'F=AA'+r'A'-FA, 
or 2AF=2A'F; 

that is, AF is equal to A'F'. 

Hence DF'— DF, which is equal t AF'— AF, must hi; 
equal to A A'. Therefore, the difference of the two lines, &c. 

Cor. The major axis is bisected in the center. For, by 
Def. 3, CF is equal to CF' ; and we have just proved thai 
AF i» equal to A'F' ; therefore AC is equal to A'C. 



PROPOSITION III. THEOREM. 

Every diameter is bisected in the center. 

Let D be any point of an hyper- 
bola ; join DF, DF', and FF'. Com- 
plete the parallelogram DFD'F', and 
join DD'. 

Now, because the opposite sides of 
d parallelogram are equal, the differ- 
ence between DF and DF' is equal 
to the difference between D'F and 
D'F' ; hence D' is a point in the opposite hyperbola. But 
the diagonals of a parallelogram bisect each other ; there- 
fore FF' is bisected in C ; that is, C is the center of the hy 
perbola, and DD' is a diameter bisected in C. Therefore, 
«*very diameter, &c. 




PROPOSITION IV. THEOREM. 

Half the minor axis is a mean proportional between the dis^ 
tancesfrom either focus to the principal vertices. 

Let F and F' be the foci of opposite 
hyperbolas, AA' the major axis, and BB' 
the minor axis ; then will BC be a mean 
proportional between AF and A F. 

Join AB. Now BC is equal to AB* - 
AC% which is equal to FC*— AC (Def. 
8). Hence (Prop. X., B. IV.), 

BC»=(FC-AC) X (FC+AC) 
-AFxA'F; 
and hence AF : BC : : BC : A'P. 

Cor. The square of the eccentricity is equal to the sum of thi 
sqtuires of the semi-axes. 

For FC is equal to AB'' (Def. 8), which is equal to ACM 

Bcr 
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PEOPDSITION V. IHEDREM. 

A tangent to the hyperbola bisects the angle contained bf 
'mes drawn from the point of contact to the foci. 

Let F, F' be the foci of two 
opposite hyperbolas, and D any 
point of the curve ; if through the 
point D, the line TT' be drawn 
bisecting the angle FDF'; then 
will TT' be a tangent to the hy-' 
perbola at D. 

For if TT' be not a tangent, let 
it meet the curve in some other 
point, as E. Take DG equal to 
DF ; and join EF, EF', EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is 
equal to DG, DH is common to both triangles, ana the angle 
FDH is, by supposition, equal to GDH ; therefore HF is 
equal to HG, and the angle DHF is equal to the angle DHG. 
Hence the line TT' is perpendicular to FG at its middle 
point ; and, therefore, EF is equal to EG. 

Now F'G is equal to F'D— DF, or F'E~EF, from the 
nature of the hyperbola. But F'E— EG is less than F'G 
(Prop. VIIL, B. I.) ; it is, therefore, less than F'E— EF. 
Consequently, EG is greater than EF, which is impossible, 
for we have just proved EG equal to EF. Therefore E is 
not a point of the curve ; and TT' can not meet the curve in 
any other point than D ; hence it is a tangent to the curve 
at the point D. Therefore, a tangent to the hyperbola, &c. 

Cor. 1. The tangents at the vertices of the axes, are per 
pendicular to the axes : and hence an ordinate to either axis 
is perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror, a ray of light 
proceeding from F in the direction FD, would be reflected in 
ft line which, if produced, would pass through F', making the 
angle of reflection equal to the angle of incidence. And, 
since the hyperbola may be regarded as coinciding vdth a 
tangent at the point of contact, if rays of light proceed from 
one focus of a concave hyperbolic mirror, they will be re- 
flected in linos diverging from the other focus. For thii 
reason, the pdnts F, F' are call 3d the foci. 



810 



CONIC SECTIONS. 



PROPOSITION VI. TIIBOSZBf. 

Tangents to the hyperbola at the vertices of a diamete^\ art 
parallel to cock other. 

Let DD' be any diameter of an 
hyperbola, and TT', VV tangents 
to the curve at the points D, D' ; 
then will they be parallel to each 
other. 

Join DF, DF', D'F, D'F'. Then, 
by Prop. III., FDF'D' is a paral- 
lelogram; and, since the opposite 
angles of a parallelogram are equal, 
the angle FDF' is equal to FD'F'. 
But the tangents TT', VV bisect the angles at D and D^ 
(Prop. V.) ; hence the angle F'DT', or its alternate angle 
FT'D, is equal to FD'V. But FT'D is the exterior angle op 
posite to FD'V ; hence TT' is parallel to VV. Therefore 
tangents, ^c. 

Cor. If tangents are drawn through the vertices of any 
two diameters, they will form a parallelogram. 




PROPOSITION VII. TUEOREM. 



If through the vertex of any diametery straight lines art, 
drawn from the /oci, meeting the conjugate diameter^ the pari 
'intercepted by the conjugate is equal to half of the major axis. 

Let EE' be a diameter conjugate to 
UD', and let the lines DF, DF' be 
drawn, and produced, if necessary, so 
as to meet EE' in H and K ; then will 
DH or DK be equal to AC. 

Draw F'G parallel to EE' or TT^ 
meeting FD produced in G. Then the 
angle DGF' is equal to the exterior -vj 
angle FDT' ; and the angle DF'G is ^ " 
equal to the alternate angle F'DT'. 
But the angles FDT', F'DT' are equal 
to each other (Prop. V.) ; hence the 
angles DGF', DFG are equal to each other, and DG is equa 
to DF'. Also, because CK is parallel to F'G, and CF is equa 
t(i CF' ; therefore FK must be equal to KG. 
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Hence F'D-FD is equal toGD — FD or GF— 2DF; that 
is, 2KF— 2DF or 2DK. But FD— FD is equal to 2 AC. 
Therefore 2 AC is equal to 2DK, or AC is equal to DK. 

Also, the angle DHK is equal to DKH ; and hence DH is 
equal to DK or AC. Therefore, if through the vertex, &c. 



PROPOSITION VIII. THEOREM. 

Pei-pendiculars drawn from the foci upon a tangent to the 
hyperbola, meet the tangent in the circumference of a circh 
whose diameter is the major axis. 

Let TT' be a tangent to the hyper- 
bola at D, and from F draw FE per- 
pendicular to TT' ; the point E will 
be in the circumference of a circle de- 
scribed upon AA' as a diameter. 

Join CE, FD, F'D, and produce FE ^^ 
to meet F'D in G. 

Then, in the two triangles DEF, 
DEG, because DE is common to both 
triangles, the angles at E are equal, be- 
ing right angles; also, the angle EDF is equal to EDG 
(Prop. V.) ; therefore DF is equal to DG, and EF to EG. 

Also, because FE is equal to EG, and CF is equal to CF', 
CE must be parallel to F'G, and, consequently, equal to half 
of FG. 

But, since DG has been proved equal to DF, F'G is equal 
to F'D— FD, which is equal to AA'. Hence CE is equal to 
half of AA' or AC ; and a circle described with C as a cen- 
ter, and radius CA, will pass through the point E. Tlie same 
may be proved of a perpendicular let fall upon TT' from the 
focus F'. Therefore, perpendici^lars, &c. 



PROPOSITION IX. THEOREM. 

The product of the perpendiculai^s from the foci upon a tan* 
gent, is equal to the square of half the minor axis. 

Let TT' be a tangent to the hyperbola at any point E, 
and let the perpendiculars FD, F'G be drawn from the foci ; 
then will the product of FD by F'G, be equal to the square 
ofBC. 

On AA' as a diameter, describe a circle ; it will pasa 
through the points D and G (Prop. VIII.). Join CD, and 
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Srodace ii to meet GF' in D'. Then, 
ecause FD and F'G are perpend icu 
lar to the same straight line TT', they 
are parallel to each other, and the al- 
ternate angles CFD, CF'D' are equal. 
Also, the vertical angles DCF, D'CF' i<^ 
are equal, and CF is equal to CF'. 
Therefore (Prop. VII., B. L), DF is 
equal to D'F', and CD is equal to CD' ; 
that is, the point D' is in the circum- 
ference of the circle ADA'G. 

Hence DF X GF' is equal to D'F' X GF', which is equal to 
A'F' X F'A (Prop. XXVIIL, Cor. 2, B. IV.), which is equal 
to BC (Prop. IV.). Therefore, the product, <&c. 
Cor. The triangles FDE, F'GE are similar ; hence 

FD : F'G : : FE : F'E ; 
that is, perpendiculars let fall from the foci upon a tangent^ are 
to each other as the distances of the point of contact from tkt 
foci. 




PROPOSITION X. THEOREM. 

" If a tangent and ordinate be drawn from the same point oj 
an hyperbola^ meeting either axis produced^ half of that axu 
will be a mean proportional between the distances of the two in- 
tersections from the center. 

Let DTT' be a tangent to the 
hyperbola, and DG an ordinate to 
the major axis from the point of 
contact ; then we shall have 
CT : CA : : CA : CG. 
Join DF, DF' ; then, since the ^^ 
angle FDF' is bisected by DT 
(Prop, v.), we have 

F'T : FT : : F'D : FD 
(Prop. XVII., B. IV.). 
Hence, by Prop. VII., Cor., B. II., 

FT— FT : F'T+FT : : F'D— FD : F'D+FD, 
or 2CT: F'F : : 2CA: F'D+FD ; 

that is. 2CT : 2CA : : F'F : F'D+FD. (1) 

Again, because DG is drawK from the vertex of the tnan 
gle FDF' perpendicular to the base FF' produced, we havi 
(Prop. XXXI., Cor., B. IV.), 

F'F . F'D+FD : . F'D— FD : F'G+FG, 
or FF : F'D+FD : 2CA : 2CG. (2) 
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Comparing proportions (1) and (2), we have 

2eT : 2CA : : 2CA : 2CG, 
'>f CT: CA:: CA : CG. 

It may also be proved that 

CT' : CB : : CB : CG'. 
Therefore, if a tangent, &c. 



PROPOSITION XI. THEOREM. 

The suhtangent of an hyperbola^ is equal to the coj^respona* 
xng suhtangent of the circle described upon its major axis. 

Let AEA' be a circle described on 
AA' the major axis of an hyperbola ; 
and from any point E in the circle, 
draw the ordinate ET. Through T 
draw the line DT touching the hyper- 
bola in D, and from the point of con- 
tact draw the ordinate DG. Join GE ; 
then will GE be a tangent to the cir- 
cle at E. 

Join CE. Then, by the last Proposition, 

CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT : CE : : CE : CG. 

Hence the triangles CET, CGE havmg the angle at C 
common, and the sides about this angle proportional, are simi- 
lar. Therefore the angle CEG, being equal to the angle 
CTE, is a right angle ; that is, the line GE is perpendicular 
to the radius CE, and is, consequently, a tangent to the cir- 
cle (Prop. IX., B. III.). Hence GT is the suhtangent cor- 
responding to each of the tangents DT and EG. Therefore, 
the suhtangent, &c. 



PROPOSITION XII. THEOREM. 

The square of either axis^ is to the square of the other ^ as th6 
rectangle of the abscissas of the former ^ is to the square of their 
ordinate* 

Let DE be an ordinate to the major axis from the point 
D ; then we shall have 

CA»:CB'::AExEA':DE». 

Draw DTT' a tangent to the hyperbola at D ; then, hy 
Prop X. CT : CA : : CA : CE. 
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(2) 



Hence (Prop. XII., B. II.) 

CA':CE»::CT:CE; 
and, by division (Prop. VII., B. II.), 
CA»:CE«-CA'::CT:ET. (1) 
Again, by Prop. X., 

CT' : CB : : CB : CE' or DE. 
Hence (Prop. XII., B. II.), 

CB« : DE« : : CT' : DE. 
But, by similar triangles, 

CT'iDE ::CT:ET; 
therefore CB* : DE» : : CT : ET. 

Comparing proportions (I) and (2), we have 

CA* : CE'— CA» : : CB" : DE'. 
But CE'— CA' is equal to AE xEA' (Prop. X., B. IV.) ; hencid 

CA* : CB' : : AE xEA' : DE'. 
in the same manner it may proved that 

CB» : CA* : : BE' xE'B': D'E''- 
Therefore, the square, &c. 

Cor. I. CA' : CB' : : CE'-CA' : DE'. 

Cor. 2. The squares of the ordinates to either axis, are lo 
each other as the rectangles of their abscissas. 

Cor. 3. If a circle be described on 
the major axis, then any tangent to 
the circle, is to the corresponding or- 
dinate in the hyperbola, as the major 
axis is to the minor axis. 
For, by the Proposition, 
CA'xCB':: AExEA'iDE'. 
But AE X E A' is equal to GE' (Prop. 
XXVIIL, B. IV.). 

Therefore CA' : CB' : : GE' : DE', 

or CA :CB : : GE : DE. 




PROPOSITION XIII. THEOREM. 



The latus rectum is a third proportional to the majcr ana 
minor axes. 



Let LL' be a double ordinate to 
^e major axis passing through tie 
/ocus F ; then we shall have 

AA' : BB' : : BB' : LL'. 
Because LF is an ordinate to the ma- 
jor axis, 

AC : BC : : AF X FA' : LF' (Prop. XII.) 
::BC':LP (Prop. IV.) 




B 



B' 




HYPERBOLA. 



21A 



Hence AC : BC : : BC : Ll\ 

or AA' : BB' : : BB' : LL^ 

Therefore, the latus rectum, &c. 




PROPOSITION XIV. THEOREM. 

If from the vertices of two conjugate diameters^ ordinates am 
draum to either axiSf the difference of their squares will be 
equal to the square of half the other axis. 

Let DD', EE' be any two conju- 
gate diameters, DG and EH ordinates 
to the major axis drawn from their 
vertices, in which case, CG and CH 
will be equal to the ordinates to the 
minor axis drawn from the same 
points ; then we shall have 
CA'^CG'-CH', and CB'=EH'-DG'. 
Let DT be a tangent to the curve at 
D, and ET' a tangent at E. Then, by Prop. X., 

CGxCT is equal to CA% or CH XCT' ; 
whence 

CT' : CT ; or, by similar triangles, 
CE : DT ; that is, 
CH : GT. 
Hence CH'=GTxCG 

= (CG— CT)xCG 
=CG»-CGxCT 
. =CG'-.CA»(Prop. X.); 
that is CA'=CG'-CH». ' 

In the same manner it may be proved that 

CB''=EH»-DG\ 
Therefore, if from the vertices, &c. 

Cor. 1. CH' is equal to CG" -CA* ; that is, CG X G T : hef Rt 
(Prop. XIL, Cor. 1), 

CA':CB'::CGxGT:DG» 
Cor. 2. By Prop. XIL, 

CB" : CA' : : EH'— CB' : CH . 
By composition, 

CB» CA' : : EH« : CA'+Cff oi CG', 
Hence CA* : CB' : : CG* : ElV. 



CG:CH 
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PROPOSITION XV. THEOREM. 



The difference of the squares of any two conjugate dicmetersx 
IS equal to the difference of the squares of the axes. 

Let DD', EE' be any two conju- 
gate diameters ; then we shall have 
DD'»— EE'"-AA'»— BB^ 

Draw DG, EH ordinates to the ma- 
jor axis. Then, by the preceding 
Proposition, 

CG'-CH'^CA', 
and EH"— DG'=CB». 

Hence CG»+DG»-CH'-EH'=CA'-CB% 
or CD'-CE'=CA'-CB» ; 

that is, DD''— EE''=AA''— BB'\ 

Therefore, the difference of the squares, &c. 




PROPOSITION XVI. THEOREM. 

The parallelogram formed by drawing tangents through th€ 
vertices of two conjugate diameters, is equal to the rectangle of 
the axes. 

Let DED'E' be a parallelogram, 
formed by drawing tangents to the 
conjugate hyperbolas through the 
vertices of two conjugate diame- 
ters DD', EE' ; its area is equal to 
AA'XBB'. 

Let the tangent at D meet the 
major axis in T ; join ET, and draw 
the ordinates DG, EH. 

Then, by Prop. XIV., Cor. 2, w^ have 




CA* : CB^ 
CA : CB : 
CT : CA : 
CT : CB : 



CG' : LHS 

CG : EH. 

CA : CG (Prop. X.) ; 

CA : EH, 



or 
But 

hence 

or CA X CB is equal to CT x EH, 

which is equal to twice the triangle CTE, or the parallelo- 
gram DE; since the triangle and parallelogram have the 
same base CE, and arc between the same parallels. 

Hence 4CAxCB or AA'xBB' is equal to 4DE, or tht 
parallelogram DED'E'. Therefore, the parallelogram, &c. 



FBOPOSITION XVII. TIIEOKEU. 

Iffiotn t.ie vertex of any diameter, straight lines are drawn 
to iliefoc.i, tlieir product is equal to the square of hidf the con- 
■•Mgate diamet'.r. 

Let DD', EE' be two conjugate 
diameters, ond from D let linen 
be drawn to the foci ; then will 
FDxFDbeequal toEC. 

Draw a tangent to the hyper- 
bola at D, and upon it let fall the 
perpendiculars FG, F'H ; draw, 
niso, DK perpendicular to EE'. 

Then, because the triangles 
DFG, DLK, DF'H are similar, 
we have 

FD:FG::DL:DK. 
Also. F'D : F'H : : DL : DK. 

Whence (Prop. XL, B. II.), 

FDxF'D : FGxF'H : : DL' : DK'. {1^ 

But, by Prop. XVI., ACxBC-ECxDK; 
whence AC or DL : DK : ; EC : BC. 

and DL- ; DK" : : EC : BC. (2) 

Comparing proportions (1) and (2), we have 
FD X F'D : FG X F'H : : EC : BC. 
But FGxF'H 13 equal to BC (Prop. iX.) ; hence I'D x F'D 
.9 equal to EC. Therefore, if from the vertex, &c. 



PEOPOBITION XVin. THEOREM. 

If a tangent and ordinate be drawn from the same point of 
an hyperhola to any diameter, half of that diameter will be a 
mean proportional between the distances of the two intersections 
from the center. 

Let a tangent EG and an ordinate EH be drawn from the 
same point £ of an hyperbola, meeting the diameter CD 
produced ; then we shall have 

CG : CD : : CD : CH. 
Prodiice GE and HE to meet the major axis m K and L; 
drav/ DT a tangent to the curve at the point D, and draw 
DM ; irallel to GK. Also, draw the ordinates EN, DO. 
By Prop. XIV., Cor. 1, CA' : CB' : : COxOT : DO', 
::CNxNK:EN"- 
K 
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Hence 
:;OxOT : CNxNK : : DO' : EN« 

: : OT' : NL', by similar triangles. (IJ 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. (2) 

Multiplying together proportions (1) and (2) (Prop. XI., 
B. IL), and omitting the factor OT' in the antecedents, and 
NKxNL in the consequents, we have 

CO:CN::OM:NL; 
and, by division, CO : CN : : CM : CL. 
Also, by Prop. X., CKxCN-CA'=CTxCO; 
hence CO : CN : : CK : CT. 

Comparing proportions (3) and (4), we have 

CK : CM : : CT : CL. 
But CK : CM : : CG : CD, 

and CT : CL ::CD:CH; 

hence CG : CD : : CD : CH. 

Therefore, if a tangent, &c. 

Scholium. The same property may be demonstrated wheii 
the tangent and ordinate are drawn to the conjugate diameter. 



(4) 



PROPOSITION XIX. THEOREM. 

The square of any diameter, is to the square of its conjugate, 
as the rectangle of its abscissas, is to the square of their ordinate. 

Let DD', EE' be two conju- 
gate diameters, and GH an or- 
Sinate to DD' ; then 
DD'' : EE'* : : DH X HD' : Gff . 

Draw GTT' a tangent to the 
curve at the point G, and draw 
GK an ordinate to EE'. Then, 
by Prop. XVIII., 

CT : CD : : CD : CH. 
and CD : CH' : : CT : CH 
rVrop. XII.. B. II.). 
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whence, by division, CD* : CH»-«CD* : : CT : HT. (1) 
Also, by Prop. XVIIL, Scholium, CT' : CE :: CB : CK, 
and CE» : CK' : : CT' : CK or GH, 

: : CT : HT. 



Comparing proportions (1) and (2), we have 

Cfr : CE" : : Cfr-CD« : CK" or GH', 



(«) 



or DD'* : EE'* : : DH x HD' : GH". 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved that DD" 
EE'' : : DHxHD' : G'H'; hence GH is equal to G'H, oi 
every diameter bisects its double ordinates. 

Cor. 2. The squares of the ordinates to any diameter, ari« 
to each other as the rectangles of their abscissas. 



PROPOSITION XX. THEOREM. 

If a cone be cut by a plane^ not passing through the vertezi 
and making an angle with the base greater than that made by 
the side of the cone, the section is an hyperbola. 

Let ABC be a cone cut by a plane 
DGH, not passing through the vertex, 
and making an angle with the base 
greater than that made by the side of 
the cone, the section DHG is an hyper- 
bola. 

Let ABC be a section through the axis 
of the cone, and perpendicular to the 
plane HDG. Let bgcd be a section 
made by a pkine parallel to the base of j^\ 
the cone; then DE, the intersection of 
the planes HDG, BGCD, will be perpen- 
dicular to the plane ABC, and, consequently, to each of tht 
lines BC, HE. So, also, de will be perpendicular to be and 
HE. Let AB and HE be produced to meet in L. 

Now, because the triangles LBE, hbe are similar> as also 
the triangles HEC, Hcc, we have the proportions 

BE : fee : : EL : eL 
EC :ec ::UE: He. 
Hence, by Prop. XL, B. H., 

BExEC :6eXec:: HExELrHeXcL. 
But, Since BC is a diameter of the circle BGCD, and DE h 
perpendicular to BC, we have (Prop. XXII., Cor-, B. IV.) 

BExEC = DE\ 

For the same reason, 

})exec'^de\ 
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Substituting these values of BE xEC and beXec, m tlie prc^ 
ceding proportion, we have 

DE» : &• : : HExEL : HexcL; 
that is, the squares of the ordinates to the diameter HE, ari< 
to each other as the products of the corresponding abscissas. 
Therefore the curve is an hyperbola (Prop, XII., Cor. 2) 
whose major axis is LH. Hence the hyperbola is called a 
ctmic section, as mentioned on page 177 



OF THE ASYMPTOTE& 

Definition, — An asymptote of an hyperbola is a straight 
line drawn through the center, which approaches nearer the 
curve, the further it is produced, but being extended ever so 
far, can never meet the curve. 



PROPOSITION XXI. THEOREAf. 

if tangents to four conjugate hyperbolas be drawn through 
Uie vertices of the axes^ the diagonals of the rectangle soformei 
rre asymptotes to the curves. 

Let AA', BB' be the axes of 
four conjugate hyperbolas, and 
through the vertices A, A', B, 
B', let tangents to the curve be 
drawn, and let CE, CE' be the 
diagonals of the rectangle thus 
formed; CE and CE' will be 
asymptotes to the curves. 

From any point D of one of the 
curves, draw the ordinate DG, 
and produce it to meet CE in H. 
Then, from similar triangles, we shall have 
CG" : Gff : : CA» : AE» or CB», 

: : CG"-CA« : DG' (Prop. XII., Cor. 1). 

Now, according as the ordinate DG is drawn at a greater 
distance from the vertex, CG' increases in comparison with 
CA'; that is, the ratio of CG" to CG»— CA" continually ap- 
proaches to a ratio of equality. But however much CG may 
be increased, CG'— CA* can never become equal to CG'; 
hence DG can never become equal to HG, but approaches 
continually nearer to an equality with it, the further we re- 
cede from the vertex. Hence CH is an asymptote of the 
tiyperlola ; since it is a line drawn through the center, which 
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approaches nearer the curve, the further it 13 piuduccd. hut 
being extended ever bo far, can never meet the curve. 

In the same manner It may be proved that CH is an 
Bsyniptote of the conjugate hyperbola, 

Co>. 1. The two asymptotes make equal angles with the 
majoi axis, and also with the minor axis. 

Cor. 2. The line AB joining the vertices of the two axes, ii 
bisected by one asymptote, and is parallel to the other. 

Cor. 3. Ail lines perpendicular to either axis, and termi- 
nated by the asymptotes, are bisected by that sxis 



FROP03iTio:v xxir. theorem. 

If an ordinate to either axis be produced to meet tile ast/mp 
, totes, the rectangle of the segments into which it is divided by 
the curve, will be equal to the square of half the other axis. 

Let DG be an ordinate to the 
major axis, and let it be produced 
to meet the asymptotes in H and 
H' ; then will the rectangle HD X 
DH' be equal to BC. 
For, by Prop. XII., Cor. ], 
CA' : AE' : : CG'~CA' : DG' , 
■>r, by similar triangles, 

: : CG' : GH'. 
Hence 

CG' : GH' : : CG'— CA* : DG', 
and, by division, 

CG* : GH' : : CA' : GH'-DG', or as CA' : AE'. 
Since the antecedents of this proportion are equal to each 
other, the consequents must be equal ; that is, 

AE' or BC is equal to GH'— DG's 
which is equal to HDxDH'. 

So, also, it may be proved that 

CA'=D'KXD'L. 
Cor. HDxDH'=BC' = KMxMK'; that is,if ordinatcs to 
the major axis be producea to meet the asymptotes, the rect- 
angles of the segments into which these lines are divided bjt 
the curve are equal to eacii other. 



CONIO SBCTIOIVB. 



PIOPOSITION XXIIt. THEOREM. 



AU the faraUelograms formed by drawing lines frcnn anjf 
point of an hyperbola parallel to the asymptotes, are eqjttal tc 
each othei\ 

Let CH, CH' be the asymptotes 
of an hyperbola ; let the lines AK, 
DL be drawn parallel to CH', and 
the lines AK', DL' parallel to CH ; 
then will the parallelogram CLDL' 
be equal to the parallelogram 
CKAK'. 

Through the points A and D C^ 
draw ££', HH', perpendicular to 
the major axis ; then, because the 
triangles AEK, DHL are similar, 
IS also the triangles AE'K', DH'L', 
we have the proportions 

AK : AE : : DL : DH. 
Also, AK/ : AE' : : DL' : DH'. 
Hence (Prop. XL, B. II.), 

AKxAK' : AExAE' : : DLxDL' : DHxDH'. 
But, by Prop. XXII., the consequents of this proportion ar« 
equal to each other ; hence 

AK X AK' is equal to DL x DL'. 

But the parallelograms CA, CD being equiangular, are a^ 
the rectangles jof the sides which contain the equal angles 
(Prop XXIII., Cor. 2, B. IV.) ; hence the parallelogram CD 
is equal to the parallelogram CA. 

Cor. Because the area of the rectangle DL x DL^ is con 
stant, DL varies inversely as DL' ; that is, as DL' increases, 
DL diminishes; hence the asymptote continually approaches 
the curve, but never meets it. The asymptote CH may. 
Jierefore, be considered as a tangent to the curve at a prim 
10 finitely distant from C, 




NOTE 8. 




f ^ai 9, DtJ* III.— For the sake of brevity, the word lint is often nited to dei 
tgnt ^e a straight line. 

P- 12, Ax, II. — ^This axiom, when applied to geometrical magnitudes, must be 
ttndi rstood to refer simply to equality of areas. It is not designed to assert that, 
irhe.i equal triangles are united to equal triangles^ the resultmg figures wib 
idmi* of coincidence by superposition. 

P. 32, Prop. XXVIII. — When this proposition is applied 
'•o polygons which have re-enterinft angles, each of these an- 
gles is to be regarded as ^eater than two right angles. But, 
.u Older to avoid ambiguity, we shall confine our reasoning 
to polygons which have only Moliefd angles, and which may 
be caUed eomvex polvgom. Every convex polygon is such, 
that a Btraisht line, nowever drawn, can not meet the pe- 
rimeter of me polygon in more than two points. 

P. 32, Cor, 2.— This corollary supposes that all the sides of the polygon are 
produced outwftrd in the tame direction, 

P. 53» Props. XII. and XUI.^ — It will be perceived that the relative situation 
of two circles may present five cases, 

1st. When the distance between their centers is greater than the sum of their 
radii, there can' be neither contact nor intersection. 

2d. When the distance between their centers is equal to t^e sum of their 
radii, there is an external contact. 

3d. When the distance between their centers is less than the sum of their 
radii, but greater than their difference, there is an intersection. 

4th. When the distance- between their centers is equal to the difference of 
their radii, there is an internal contact. 

5th. When the distance between their centers is less than the difierence of 
their radii, thero can be neither contact nor intersection. 

P. 55, Cor, 1.— 'An*angle inscribed in a segment is the angle contained by two 
itraight lines drawn from any point in the circumference of the segment to the 
extremities of the chord, which is the base of the segment. ^ 

P. 63, Prop. VIII. — Every right-angled parallelogram, or rectangle f is said to be 
contained by any two of the straight lines which are about one of the right angles 

P. 70, 8eholium,-^BY the segments of a line we understand the portions into 
S^rhich the line is diviaed at a given point. So, also, by the segments of a line 
produced to a given point, we are to understand the distances between the giv 
en point and the extremities of the line. 

P. 71^ Props. XVIII. and XIX.— It will be perceived by these two propositions, 
that when the angles of one triangle are respectively equal to those of another, 
the sides of the former are proportional to those of the latter, and conversely; 
so that either of these conditions is sufficient to determine the similarity of two 
triangles. This is not true of figures having more than three sides ; for with re 
spect to those of only four sides, or quadrilaterals, we may 
alter the proportion of the sides without changing tho 
angles, or change the angles without altering the sides; 
thus, because the angles are equal, it does not follow 
that the sides are proportional, or the converse. It is 
svident, for example, that by drawing EF parallel to 
BC, the angles of the quadrilateral AEFD are equal to 
those of the quadrilateral ABCD, but the proportion of 
the sides is different. Also, without changing the four 
•ides AB, BC, CD, DA, we can make the point' A ap- "^ 
proach C, or recede from it, which would change tho angles. 

These two propositions, which, properly speaking, form but one, togethet 
with Prop. XI., are the most important and the most fruitful in results of any in 
(Soometry-. They are almost sufficient of themselves hr all subsdquent applica- 
tions, ani for the resolution of eveiy problem. The reason is, tliat all figuref 
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NOTES. 




may be di /ided into triangles, and any triangle into two righ^cni^cd triauglac 
Thai, the general properties of triangles involve those of all rectihneal figures. 

Page 113, Prop, ll In this and the following pr/»positions, the planes spokei 

of are supposed to be of indefinite extent. 

P. 157, Prop. X. — In all the preceding propositions it has been supposed, in 
conformity with Def, 6, Ujat spherical triangles always have each of their sides 
less Uian a semicircuoiference ; in which case their angles are always less than 
two right angles. For if the side AB is loss than 
a senucircumference, as also AC, both ot these 
arcs must be produced, in order to meet in D. 
Now the two angles ABC, DBC, taken together, 
are e<^ual to two right angles ; therefore thu angle 
ABC IS by itself less than two right angles. 

•It should, however, be remarked that there 
are spherical triangles, of which certain sides are 
greater than a senucircumference, and certain an* 
gles greater than two right angles. For^ if we 
produce the side AC so as to form an entire cir- 
cumference, ACDE, the part which remains, after 
taking fi:t)m the sur&ce of the hemisphere. the triangle ABC, is a new triangle, 
which may also be designated by ABC, and the sides of which are AB, BC, 
CDEA. Here we see that the side CDEA is greater than the semicircuiafer- 
en^e DEA, and at the same time the opposite angle ABC exceeds tw-o right 
angles by the quantity CBD. 

Triangles whose sides and angles are so large have been excluded by the 
definition, because their solution always reduces itself to that of triangles em- 
braced in the definition. Thus, if we know the sides and angles of the triangle 
ABC, we shall know immediately the sides and ansles of the tiiangle of tne 
same name, which is the remainder of the surface of Lne hemisphere. 

P. 178. — The tubtangent is so called because it is below the tangent, being 
limited by the tangent and ordinate to the point of contact. The suimormal {< 
so culled because it is below the normal, being limited by the normal and etdir 
nate. The subtanseut and subnormal may be regarded as the projections «./ 21m 
tangent and normal upon a diameter. 



P. 179, Prop. I. — By the method here indicated a 
parabola may be described with a continuous motion. 
It may, however, be described by points as follows: 

In the axis produced take VA equal to VF, the focal 
distance, and draw any number of lines, BB, B^B' 
etc., perpendicular to the axis AD; then, with the 
distances AC, AC^ AC", etc., as radii, and the focus 
F as a center, describe arcs intersecting the perpen- 



diculars in B, B^, etc. Then, with a steady hand, 
draw the curve through ^1 the points B, B', B", etc. 




D 
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P. 179, Prop, XL— It may be thought that if the 
point p can not lie on the curve, it may fall within 
it, as is represented in the annexed figure. This 
may be proved to be impossible, as follows : 

Let the line DE, perpendicular to the directrix, 
meet the curve in G, and join FG. Now, by Prop. 
VIII., B. I., 

FG+GD>FD. 
Honce FG>FD-GD, 

>ED-GD, 
that is, FG is greater than EG which is contrary to 
Dtf I. 




WOTES. 
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Page 183, Prop. VIII.— Aa no attempt is here made to ccmpaie fiearesby sa* 
perpoaition, the eqaality spoken of is only to be understood as implying equa) 
areas, fhroa^hout the remainder of this treatise the word equal is employea 
instead of equivalent. 

P. 185, Prop. XI. — The conclusion that DVG is a parabola would not be 
legitimate, unless it was proved that the property that '' the squares of the ordi 
nates are to each other as the corresponding abscissas*' q, 

is peculiar to the parabola. That such is me case, ap- 
pears from the fac^ that, when the axis and one point 
of a parabola are given, this property will determine 
the position of every other point. Thus, let V£ be 
the axis of a parabola, and g any point of the curve, 
from which draw the ordinate ge. Take any other 
point in the a3us, as E, and make GE of such a. length ^ 
that Ve : VB : : g-c* ; GE«. 

Since the first three terms of this proportion are given, the fourth is d» 
termined, and the same proportion will determine any number of points of the 
curve. 

A similar remark is applicable to Prop. XX. of the Ellipse and Hyperbola. 

P. 196, Prop. X.— It may be proved that CT' : CB : : CB : CG' in the follow 
ing manner. Draw DH perpendic- 
ular to TT', and it will bisect the 




angle FDF'. 
Hence 
F'H 



HF 




F'D : DF, 
: : F'T : FT. 
Thcrnfore, Prop. VII., Cor, B. II.. 

. 2CF : 2CH : : 2CT : 2CF. 
Whence CTxCH=CF«. 
But we have proved that 
CTxOG=CA«. 
Hence CTxGH=CA«— CP=CB«. 

Again, because the triangles CTT' and DGH are similar, we have 

CT : CT' : : DG : GH. 
Whence CT X GH=Cr X DG=CT' X CG' ; 

Therefore, CrxCG'=CB«. 

or CT' : CB : : CB : CG'. 

The following demonstration of Prop. X. was suggested to me by ProfeMoi 
J. H. Coffin. 

T«et TT' be a tangent to the ellipse, and DG an ordinate to the major axis firoin 




the point of contact ; then we shall have 

CT : CA : : CA : CG. ^ 

From F draw FH perpendicular to TT', and join DF, DF', CH, and GH. Then, 
by Prop. VIII., Cor,, CH is parallel to DF' ; and since DGF, DHF are both right 
angles^ a circle described on DF as a diameter will pass through the points G 
and H. Therefore, the angle HGF is equal to the angle HDF (Prop. XV., Cor, 1, 
B. Ill), which is equal to T'DF' or DHC. Hence the angles CGH and CHT 
which are the supplements of HGF and DHC, are equal. And since the ang1« 
C is common to the two triangles CGH, CHT, they are equiangular, and w* 
have CT : CH : : CH : CG. 

But CH \g equal V.\ CA (Prop. VIII); therefore 

CT : CA : : CA : CG 



226 



no.-Eis. 



Pag« .98» Prop. XIV.-— That thfl txisBglefc CDT, GET' v* ns Oai; nuj bi 
itrovM as foUoTB * 

AG.GA'=CA«-CG» 

=CG.CT-CG>, Prop. X. 

=CG.GT. <i) 

In the same maimer, AH.HA'=CH.HT'. 
Since the triangles DGT, EHC are similar, 

GT:OH::DG:EH; 
or GT»:CH»::DG«:EH«; 

: : AG.G A' : AH.HA . Prop. XII., Cor. X 
: : OG.GT : CH.HT , by Equation (1 ), 
rherefore, CG : HT' : : GT : CH 

: : DG : EH. 
Hence the triangles CDG, EHT are similar ; and, therefore, the whole triangles 
CDT, CET' are similar. 

Fagie 207, Prop. L — ^Tbe hyperbola may be 
descnbed by points, as follows: 

In the major axis AA' produced, take the foci 
IT, P and any point D. Ttien, with the radii AD, 




A'D, and oenters F, F', describe arcs intersecting 
each other in E, which will be a point in the 
curve. In like manner, assuming other points, 
\y, D", etc., any number of points of the curve 
may be found. Then, with a steady hand, draw 
the curve through all the points E, £', E", etc. 

In the same manner may be constructed the 
^wo conjugate hyperbolas, employing the axis BP' 

P. 209, Pro^. V. — It may be thought 
that if the pomt E can not lie tm me 
curve, it may fall within it, as is repre- 
■ented in the annexed figure. This may 
he proved to be impossible, as follows: 

Join EF', meeting the curve in K, and 
foin KF. Now, by Prop. VIII., B. J.. 

FK>BF-EK; 
therefore, 

F'K-FK<F'K+EK-EF 
<EF'-BF; 
But EF'-BF-F'G=DF'-DF. 
Hence F'K-FK<DF'~DF, 
which is contrary to Def, 1. 

P. 212, Prop. X. — This propositioa may be othsrwiM demonstimtedi life* 
Prop X. oi the £ lipse. 




GEOMETRICAL EXERCISES. 



A FEW theorems without demonstrations, and problems 
without solutions, are here subjoined for the exercise of the 
pupil. They will be found admirably adapted to familiarize 
the beginner with the preceding principles, and to impart dex- 
terity in their application. No general rules can be prescribed 
which will be found applicable in all cases, and infallibly lead 
to the demonstration of a proposed theorem, or the solution 
of a problem. The following directions may prpve of some 
jtervice. 

ANALYSIS OF THEOREMS. 

1. Construct a diagram as directed in the enunciation, and 
assume that the theorem is true. 

2. Consider what consequences result from this admission, 
by combining with it theorems which have been already 
proved, and which are applicable to the diagram. 

3. Examine whether any of these consequences are already 
known to be true or to he false. 

4. If any one of them be false, we have arrived at a reduc- 
tio ad absurdum, which proves that the theorem itself is false, 
as in Book I., Prop. 4, 16, etc. 

5. If none of the consequences so deduced be known to be 
either true or false, proceed to deduce other consequences 
from all or any of these until a result is obtained which is 
known to be either true or false. • 

6. If we thus arrive at some truth which has been previous- 
ly demonstrated, we then retrace the steps of the investiga 
tion pursued in the analysis, till they terminate in the theorem 
which was assumed. This process will constitute the demon- 
stration of the theorem. 

ANALYSIS OF PROBLEMS. 

1. Construct the diagram as directed in the enunciation, 
and suppose the solution of the problem effected. 

2. Examine the relations of the lines, angles, triangles, etc., 
in the diagram, and find the dependence of the assumed solu- 
tion on some theorem or problem in the Geometry. 
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3. If such can not be found, draw other lines, parallel or 
perpendicular, as the case may require ; join given points or 
points assumed in the solution, and describe circles if neces- 
sary ; and then proceed to trace the dependence of the as- 
sumed solution on some theorem or problem in Geometry. 

4. If we thus arrive at some previously demonstrated or ad 
mitted truth, we shall obtain a direct solution of the problem 
by assuming the last consequence of the analysis as the first 
step of the process, and proceeding in a contrary order through 
the several steps of the analysis, until the process terminate in 
the problem required. 

It may perhaps be expedient to defer attempting the solu- 
tion of the following problems, until Book V. has been studied 



GEOMETRICAL EXERCISES ON BOOK I. 

THEOREMS. 

Prop. 1 . The difference between any two sides of a trian- 
gle is less than the third side. 

Prop, 2. The sum of the diagonals of a quadrilateral is less 
than the sum of any four lines that can be drawn from any 
point whatever (except the intersection of the diagonals) to 
the four angles. 

Prop. 3, If a straight line which bisects the vertical an- 
gle of a triangle also bisects the base, the remaining sides 
of the triangle are equal to each other. 

Prop. 4. If the base of an isosceles triangle be produced, 
twice the exterior angle is greater than two right angles by 
the vertical angle. 

Prop. 5. In any right-angled triangle, the middle point of 
the hypothenuse is equally distant from the three angles. 

Prop.fi. If on the sides of a square, at equal distances 
from the four angles, four points be taken, one on each 
side, the figure formed by joining those points will also be a 
square. 

Prop. 7. If one angle of a parallelogram be a right angle, 
the parallelogram will be a rectangle. 

Prop. 8. If the diagonals of a quadrilateral bisect each oth. 
er, the figure is a parallelogram. 

Prop^ 9. The parallelogram whose diagonals are equal is 
rectangular. 

Prop. 10. Any line drawn through the centre of the diag- 
onal of a parallelogram to meet the sides, is bisected in that 
point, and also bisects the parallelogram. 



GEOMETRICAL EXERCISES. 22& 



PROBLEMS. 



Prop. 1. On a given line describe an isosceles triangle, each 
of whose equal sides shall be double of the base. 

Prop. 2. On a given line describe a square, of which the 
line shall be the diagonal. 

Prop, 3. Divide a right angle into three equal angles. 

Prop. 4. One of the acute angles of a right-angled triangle 
is three times as great as the other ; trisect the smaller of 
these. 

Prop. 5. Construct an equilateral triangle, having given 
the length of the perpendicular drawn from one of the angles 
on the opposite side. 

GEOMETRICAL EXERCISES ON BOOK III. 

THEOREMS. 

Prop, 1. Every chord of a circle is less than the diameter. 

Prop. 2. Any two chords of a circle which cut a diameter 
in the same point, and at equal angles, are equal to each 
other. 

Prop. 3. The straight lines joining toward the same parts, 
the extremities of any two chords in a circle equally distant 
from the centre, are parallel to each other. 

Prop. 4. The two right lines which join the opposite ex- 
tremities of two parallel chords, intersect in a point in that 
diameter which is perpendicular to the chords. 

9rop. 5. All the equal chords in a circle may be touched 
by another circle. 

Prop. 6. The lines bisecting at right angles the sides of a 
triangle, all meet in one point. 

Prop, 7. If two opposite sides of a quadrilateral figure in- 
scribiBcl in a circle are equal, the other two sides will be par- 
allel. . ^ . . . 

Prop. 8. If an arc of a circle Ifc divided into three equal 
parts by three straight lines drawn from one extremity of the 
arc, the angle contained by two of the straight lines will be 
bisected by the third. 

Prop. 9. If the diameter of a circle be one of the equal sides 
of an isosceles triangle, the base will be bisected by the cir- 
cumference. 

Prop. 10. If two circles touch each other externally, and 
parallel diameters be drawn, the straight line joining the op- 
posite extremities of these diameters will pass through the 
point of contact. 
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Prop. 11. The lines which bisect the angles of any paraL 
lelogram form a rectangular parallelogram, whose diagonals 
are parallel to the sides of the former. 

Prop. 12. If two opposite sides of a parallelogram be bi- 
sected, the lines drawn from the points of bisection to the op* 
posite angles will trisect the diagonal. 

PROBLEMS. 

Prop. 1. From a given point without a given straight line, 
draw a line making a given angle with it. 

Prop. 2. Through a given point within a circle, draw a 
chord which shall be bisected in that point. 

Prop. 3. Through a given point within a circle, draw the 
least possible chord. 

Prop. 4. Two chords of a circle being given in magnitude 
and position, describe the circle. 

Prop. 5. Describe three equal circles touching one anoth- 
er ; and also describe another circle which shall touch them 
all three. 

Prop. 6. How many equal circles can be described around 
another circle of the same magnitude, touching it and one an- 
other ? 

Prop. 7. With a given radius, describe a circle which shall 
pass through two given points. 

Prop. 8. Describe a circle which shall pass through two 
given points, and have its centre in a given line. 

Prop. 9. In a given circle, inscribe a triangle equiangular to 
a given triangle. 

Prop. 10. From one extremity of a line which can noAe 
produced, draw a Ime perpendicular to it. 

Prop. 11. Divide a circle into two parts such that the an- 
gle contained m one segment shall equal twice the angle con- 
tained m the other. 

Prop, 12. Divide a circle into two segments such that the 
angle contained in one of them shall be five times the angle 
contained m the other. ^ 

Prop. 13. Describe a circle which shall touch a given cir- 
cle in a given point, and also touch a given straight line. 

Prop. 14. With a given radius, describe a circle which shall 
pass through a given point and touch a given line. 

Prop. 15. With a given radius, describe a circle which 
shall touch a given line, and have its centre in another given 
line. 
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GEOMETKICAL EXERCISES ON BOOK IV. 

THEOREMS. 

Prop, 1. The area of a triangle is equal to its perimeter 
multiplied by half the radius of the inscribed circle. 

Prop. 2. If from any point in the diagonal of a parallelo- 
gram, lines be drawn to the angles, the parallelogram will be 
divided into two pairs of equal triangles. 

Prop, 3. If the sides of any quadrilateral be bisected, and 
the points of bisection joined, the included figure will be a 
parallelogram, and equal in area to half th^original figure. 

Prop. 4. Show how the squares in Prop. XL, Book IV., 
may be dissected, so that the truth of the proposition may be 
made to appear by superposition of the parts. 

Prop. 5. In the figure to Prop. XL, Book IV., 

(a.) If BG and CH be joined, those lines will be parallel. 
(6.) If perpendiculars be let fall from F and I on BC pro^ 

duced, the parts produced will be equal, and the perpendic- 
ulars together will be equal to BC. 

(c.) Join GH, IE, and FD, and prove that each of the 

triangles so formed is equivalent to the given triangle ABCT 
(rf.) The sum of the squares of GH, IE, and FD will be 

equal to six times the square of the hypothenuse. 

Prop. 6. The square on the base of an isosceles triangle 
vvrhose vertical angle is a right angle, is equal to four times the 
area of the triangle. 

Prop. 7. If from one of the acute angles of a right-angled 
triangle, a straight line be drawn bisecting the opposite side, 
the square upon that line will be less than the square upon 
the hypothenuse, by three times the square upon half the line 
bisected. 

P7'op. 8. In a right-angled triangle, the square on either of 
the two sides containing the right angle, is equal to the rect- 
angle contained by the sum and difference of the other sides. 

Prop. 9. In any triangle, if a pe^endicular be drawn from 
the vertex to the base, the difference of the squares upon the 
sides is equal to the difference of the squares upon tne seg- 
ments of the base. 

' Prop. 10. The squares of the diagonals of any quadrilateral 
figure are together double the squares of the two lines joining 
the middle points of the opposite sides. 

Prop. 11. If one side or a right-angled triangle is double 
the other, the perpendicular from the vertex upon the hypoth- 
enuse will divide the hypothenuse into parts which are in the 
ratio of 1 to 4. 
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4 

Prop. 12. If two circles intersect, the common chord pro- 
duced will bisect the common tangent. 

Prop. 13. The tangents to a circle at the extremities of 
any chord, contain an angle which is twice the angle contain- 
ed by the same chord and a diameter drawn from either of the 
extremities. 

Prop. 14. If two circles cut each other, and if from any 
point in the straight line produced which joins their intersec- 
tions, two tangents be drawn, one to each circle, they will be 
equal to one another. 

Prop. 15. If from a point without a circle, two tangents be 
drawn, the straight line which joins the points of contact will 
be bisected at right angles by a line drawn from the centre to 
the point without the circle. 

PROBLEMS. 

Prop. 1 . Inscribe a square in a given right-angled isosceles 
triangle. 

Prop. 2. Inscribe a circle in a given rhombus. 

Prop. 3. Describe a circle whose circumference shall 
pass through one angle and touch two sides of a given 
square. 

Prop. 4. In a given square, inscribe an equilateral triangle 
having its vertex in the middle of a side of the square. 

Prop. 5. In a given square, inscribe an equilateral triangle 
having its vertex in one angle of jthe square . 

Prop. 6. If the sides of a triangle are in the ratio of the 
numbers 2, 4, and 5, show whether it will be acute-angled or 
obtuse-angled. 

Prop. 7. Given the area and hypothenuse of a right-angled 
triangle, to construct the triangle. 

Prop. 8. Bisect a triangle by a line drawn from a given 
point in one of the sides. 

Prop. 9. To a circle of given radius, draw two tangents 
which shall contain an angle equal to a given angle. 

Prop 10. Construct a mangle, having given one side, the 
angle opposite to it, and the ratio of the other two sides. 

Prop. 1 1 . Construct a triangle, having given the perimeter 
and the angles of the triangle. 

Prop, 12. Upon a given base, describe a right-angled triarf- 
gle, having given the perpendicular from the right angle upon 
the hypothenuse. 

Prop, 13. Construct a triangle, having given ^one angle, a 
side opposite to it, and the sum of the other two sides. 

Prop. 14. Construct a triangle, having given one angle, an 
adjacent side, and the sum of the other two sides 
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Prop, 15. Trisect a given straight line, and hence divide 
an equilateral triangle into nine equal parts. 



GEOMETRICAL EXERCISES ON BOOK VI. 

THEOREMS." 

Prop. 1 . The square inscribed in a circle is equal to half 
the square described about the same circle. 

Prop. 2. Any number of triangles having the same base and 
the same vertical angle, may be circumscribed by one circle. 

Prop. 3. If an equilateral triangle be inscribed in a circle, 
each of its sides will cut off one fourth part of the diametex' 
drawn through the opposite angle. 

Prop. 4. The circle inscribed in an equilateral triangle has 
the same centre with the circle described about the same tri 
angle, and the diameter of one is double that of the other. 

Prop. 5. If an equilateral triangle be inscribed in a circle, 
and the arcs cut off' by two of its sides be bisected, the line 
joining the points of bisection will be trisected by the sides. 

Prop. 6. The side of an equilateral triangle inscribed in a 
circle is to the radius, as the square root of three is to unity. 

Prop. 7. The sum of the perpendiculars let fall from any 
point within an equilateral triangle upon the sides, is equal to 
the perpendicular let fall from one of the angles upon the op- 
posite side. 

Prop. 8. If two circles be described, one without and the 
other within a right-angled triangle, the sum of their diame- 
ters will be equal to the sum of the sides containing the right 
angle. 

Prop. 9. If a circle be inscribed in a right-angled triangle, 
the sum of the two sides containing the right angle will ex- 
ceed the hypothenuse, by a line equal to the diameter of the 
inscribed circle. 

Prop. 10. The square inscribed in a semicircle is to the 
square inscribed in the entire circle, as 2 to 5. 

Prop. 11. Thef square inscribed in a semicircle is to the 
square inscribed in a quadrant of the same circle, as 8 to 5. 

Prop. 12. The area of an equilateral triangle inscribed in a 
circle is equal to half that of the regular hexagon inscribed in 
the same circle. 

Prop. 13. The square of the side of an equilateral triangle 
inscribed in a circle is triple the square of the side of the reg- 
ular hexagon inscribed in the same circle. 

Prop. 14. The area of a regular hexagon inscribed in a 
circle is three fourths cf the regular hexagon circumscribe^ 
about the same circle. 
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Prop. 15. ^rhe triangle, square, and hexagon are the only 
regular polygons by which the space about a point can be 
completely filled up. 

Prop. 16. The perpendiculars let fall from the three an- 
gles of any triangle upon the opposite sides, intersect each 
other in the same point. «^ 



PROBLEMS. 

Pro^. 1. Trisect a given circle by dividing it into three 
equal sectors. 

Prop. 2. The centre of a circle being given, find two op. 
posite points in the circumference by means of a pair of com- 
passes only. 

Prop. 3. Divide a right angle into five equal parts. 

Prop, 4. Inscribe a square in a given segment of a circle. 

Prop. 5. Having given the difference between the diagonal 
and side of a square, describe the square. 

Prop. 6. Inscribe a square in a given quadrant. 

Prop. 7. Inscribe a circle in a given quadrant. 

P7op. 8, Describe a circJe touching three given straight 
lines. 

Prep. 9. Within a given circle describe six equal circles, 
touching each other and also the given circle, and show that 
the interior circle which touches them all, is equal to each of 
them. 

Prop. 10. Within a given circle describe eight equal cir- 
cles, touching each other and the given pircle. 

Prcm. 1 1 . Inscribe a regular hexagon in a given equilateral 
triangle. 

Prop. 12. Upon a given straight line describft a rcfular 
octagon. 



THE END. 
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BOOK L 

THE NATURE AND PROPERTIES OF LOGARITHMS. 

Article 1. Logarithms are numbers designed to diniinisli 
the labor of Multiplication and Division, by substituting in their 
Btoad Addition and Subtraction. All numbers are regarded as 
powers of some one number, which is called the base of the 
system : and the exponent of that power of the base which is 
equal to a given number, is called the logarithm of a.at nu mber. 

The base of the common system of logarithms (called, from 
then- inventor, Briggs' logarithms) is the number 10. Hence 
all numbers are to be regarded as powers of 10. Thus, since 
10"= 1, is the logarithm of 1 in Briggs' system; 

10^=10, 1 " " 10 " " 

10*=100, 2 " " 100 

10'=1000, 3 " " 1000 

10*= 10000, 4 " ". 10,000 

&c., &c., &c. ; 

whence it appears that, in Briggs' system, the logarithm oi 
every number between 1 and 10 is some number between 
and 1, i. e., is a proper fraction. The logarithm of every num- 
ber between 10 and 100 is some number between 1 and 2, i, e.j 
is 1 plus a fraction. The logarithm of every number between 
100 and 1000 is some number between 2 and 3, t. e,, is 2 plus 
a fraction, and so on. 

(2.) The preceding principles may bo extended to fractions 
hy means of negative exponents. Thus, since 
10—* =0.1, — 1 is the logarithm of 0. 1 in Briggs' system j 
ia-'=0.01, -2 " " 0.01 " " 

10-^=0.001, -3 " " 0.001 " « 

10-*=0.0001 -^4 " '* 0.0001 " '< 

&o.) &c., k^. 
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Hence it appears that the logarithm of every numLer betweeo 
1 and 1 is some number between and —1, or may be rep 
resented by —1 plus a fraction ; the logarithm of every num- 
ber between 0.1 and .01 is some number between —1 and —2, 
or may be represented by —2 plus a fraction ; the logarithm 
of every number between .01 and .001 is some number be- 
tween —2 and —3, or is nqual to —3 plus a fraction^ and 
soon. 

The logarithms of most numbers, therefore, consist of an in 
teger and a fraction. The integral part is called the charcu: 
teristtc, and may be known from the following 

Rule. 

The characteristic of the logarithm of any number greatef 
than unity J is one less than the number of integral figures in 
the given number. 

Thus the logarithm of 297 is 2 plus a fraction ; that is, the 
characteristic of the logarithm of 297 is 2, which is one less 
than the number of integral figures. The characteristic of thf» 
logarithm of 6673.29 is 3 ; that of 73254.1 is 4, &c. 

The characteristic of the logarithm of a decimal fraction 
is a negative number , and is equal to the number of places by 
which its first significant figure is removed from the place 
of units. 

Thus the logarithm of .0046 is —3 plus a fraction ; that is, 
the characteristic of the logarithm is —3, the first significant 
figure, 4, being removed three places from units. 

(3.) Since powers of the same quantity are multiplied by 
adding their exponents (Alg.y Art. 50), 

The logarithm of the product of two or more factors is 
equal to the sum of the logarithms of those factors. 

Hence we see that if it is required to multiply two or more 
numbers by each other, we have only to add their logarithms : 
the sum will be the logarithm of their product. "We then look 
in the table for the number answering to that logarithm, in 
order to obtain the required product. 

Also, since powers of the same quantity are divided by sub- 
tracting their exponents {Alg,^, Art. 66), 

The logarithm of the quotient of one number divided hy an* 
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othety is equal to the difference of the logarithms of those 
numbers. 

Hence we see tkat if we wish to divide one number by an* 
other, we have only to subtract the logarithm of the divisor 
from that of the dividend ; the difference will be the logarithm 
of their quotient. 

(4.) Since, in Briggs' system, the logarithm of 10 is 1, if 
any number be multiplied or divided by 10, its logarithm will 
be increased or diminished by 1 ; and as this is an integer, it 
will only change the characteristic of the logarithm, without 
affecting the decimal part. Hence 

The decimal part of the logarithm of any number is the 
same as that of the number multiplied or divided by 10, 100| 
1000, &c. 

Thus, the logarithm of 65430 is 4.815777 ; 

" " 6543 is 3.815777; 

" " 654.3 is 2.815777; 

« " 65.43 is 1.815777 ; 

" " 6.543 is 0.815"; 77; 

" " 6543 is 1.815777 ; 

" " 06543 is 2.815777; 

" « .006543 is 3.815777. 

The minus sign is here placed over the chazacteristic, to 
show that that alone is negative, while the decirml part of tha 
logarithm is positive. 

Table of Logarithms. 

(5.) A table of logarithms usually contains the logarithms 
of the entire series of natural numbers from 1 up to 10,000, 
and the larger tables extend to 100,000 or more. In the smaller 
tables the logarithms are usually given to five or six decimal 
places ; the larger tables extend to seven, and sometimes eight 
or more places. 

In the accompanying table, the logarithms of the first 100 
numbers are given with their characteristics ; but, for all other 
numbers, the decimal part only of the logarithm is given, while 
the character's tic is left t:> be sujqplied, according to the tale 
in Alt. 2. " 
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(6.) To find the Logarithm of any Number between 1 and 100 

Look on the first page of the accompanying table, along the 
oolumn of numbers under N., for the given number, and against 
it, in the next column, will be found the logarithm with its 
characteristic. Thus, 

opposite 13 is 1.113943, which is the logarithm of 13 ; 
" 65 is 1.812913, " " 65. . 

To find the Logarithm of any Number consisting of three 

Figures, 

Look on one of the pages of the table from 2 to 20, along 
the left-hand column, marked N., for the given number, and 
against it, in the column headed 0, will be found the decimal 
part of its logarithm. To this the characteristic must be pre- 
&xed, according to the rule in Art. 2. Thus 
the logarithm of 347 will be found, from page 8, 2.540329 ; 

" *^ 871 '' " 18, 2.940018. 

As the first two figures of the decimal are the same for sev 
eral successive numbers in the table, they are not repeated for 
each logarithm separately, but are left to be supplied. Thus 
the decimal part of the logarithm of 339 is .530200. The first 
two figures of the decimal remain the same up to 347 ; they 
are therefore omitted in the table, and are to be supplied. 

To find the Logarithm of any Number consisting of foui 

Figures: 

Find the three left-hand figures in the column marked ]N., 
as before, and the fourth figure at the head of one of the other 
columns. Opposite to the first three figures, and in the col- 
umn under the fourth figure, will be found four figures of the 
logarithm, to which two figures from the column headed are 
to be prefixed, as in the former case. The characteristic must 
l>e supplied according to Art. 2. Thus 

the logarithm of 3456 is 3.538574 ; 
" " 8765 is 3.942752. 

In several of the columns headed 1, 2, 3, &c., small dots are 
lound in the place of figures. This is to show that the two 
fim^es which are to be prefixed from the first oolumn have 
changed, and th3y are to be takcjn from the horizrntal line di- 
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reotly below. The place of the dots is to be supplied w:th oU 
phers. Thus 

the logarithm of 2045 is 3.310693 ; 
" " 9777 is 3.990206. 

The two leading figures from the column must also be 
taken C'om the horizontal line below, if any dots have beeo 
oassed over on the same horizontal line. Thus 

the logarithm of 1628 is 3.211654. 

To find the ZdOgarithm of any Number containing more than 

four Figures, 

(7.) By inspecting the table, we shall find that, within cer- 
tain limits, the differences of the logarithms are nearly propor- 
tional to the differences of their corresponding numbers. Thua 

the logarithm of 7250 is 3.860338 ; 
" " 7251 is 3.860398 ; 

" " 7252 is 3.860458 ; 

'' '' 7253 is 3.860518. 

Here the difference between the successive logarithms, called 
the tabular difference^ is constantly 60, corresponding to a dif- 
ference of unity in the natural numbers. If, then, we sup- 
pose the logarithms to be proportional to their corresponding 
numbers (as they are nearly), a difference of 0.1 in the num- 
bers should correspond to a difference of 6 in the logarithms ; 
a difference of 0.2 in the numbers should correspond to a lif- 
ference of 12 in the logarithms, &c. Hence 

the logarithm of 7250.1 must be 3.860344 ; 
" « 7250.2 " 3.860350; 

. " " 7250.3 " 3.860356. 

In order to facilitate the computation, the tabular differenco 
is inserted on page 16 in the column headed D., and the pro- 
portional part for the fifth figure of the natural number is given 
at the bottom of the page. Thus, when the tabular difference 
13 60, the corrections for .1, .2, .3, &c., are seen to be 6, 12, 
18, &c. 

If the given number was 72501, the characteristic of its log- 
arithm would be 4, but the decimal part would be the same as 
for 7250.1. 
If it were required to find the correction for a sixth fis;uA 
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in the natural number, it is readily obtained from the Tropor- 
tional Parts in the table. The correction for a figure in the 
sixth place must be one tenth of the correction for the same 
figure if it stood in the fifth place. Thus, if the correction for 
.5 is 30, the correction for .05 is obviously 3. 

As the differences change rapidly in the first part of the ta- 
ble, it was found inconvenient to give the proportional parta 
for each tabular difference; accordingly, for the first seven 
pages, they are only given for the even differences, but the pro- 
portional parts for the odd differences will be readily found by 
inspection. 

Required the logarithm of 452789. 

The logarithm of 452700 is 5.655810. 

The tabular difference is 96. 

Accordingly, the correction for the fifth figure, 8, is 77, and 
for the sixth figure, 9, is 8.6, or 9 nearly. Adding these cor- 
rections to the number before found, we obtain 5.655896. 

The preceding logarithms do not pretend to be perfectly 
exact, but only the nearest numbers limited to six decimal 
places. Accordingly, when the fraction which is omitted ex- 
ceeds half a unit in the sixth decimal place, the last figure 
must be increased by unity. 

Required the logarithm of 8765432. 

The logarithm of 8765000 is 6.942752 

Correction for the fifth figure, 4, 20 

" <« sixth figure, 3, 1.5 

" " seventh figure, 2, 0.1 

rhxirefore the logarithm of 8765432 is 6.942774. 

Required the logarithm of 234567. 

The logarithm of 234500 is 5.370143 

Correction for the fifth figure, 6, 111 

" " sixth figure, 7, 13 

Therefore the logarithm of 234567 is 5.370267. 

To find the Logarithm of a Decimal Fraction 

(8.) According to Art. 4, the decimal part of the logarithm 
of any number is the same as that of the number multiplied 
€r divided by 10, 100, 1000, &c. Hence, for a decimal frao- 



Logarithms. 13 

tton, we find the logarithm as if the figures were integers, and 
prefix the characteristic according to the rule of Art. 2 

Examples. 
' The logarithm of 345.6 is 2.538574 ; 

" " 87.65 is 1.942752: 

" *' 2.345 is 0.370143; 

" " .1234 is 1.091315; 

" " .005678 is 3.754195. 

To find the Logarithm of a Vulgar Fraction, 

(9.) We may reduce the vulgar fraction to a decimal, and 
find its logarithm by the preceding article ; or, since the value 
of a fraction is equal to the quotient of the numerator divided 
by the denominator, we may, according to Art. 3, subtract the 
logarithm of the denominator from that of the numerator; 
the difference will be the logarithm of the fraction. 
Ex. 1. Find the logarithm of j\, or 0.1875. 

From the logarithm of 3, 0.477121, • 

Take the logarithm of 16, 1.204120. 

Leaves the logarithm of j\, or .1875, 1.273001. 

Ex. 2. The logarithm of /j is 2.861697. 

Ex. 3. The logarithm of iff is 1.147401. 

To find the Natural Number con esponding to any Logarithm » 

(10.) Look in the table, in the column headed 0, for the first 
two figures of the logarithm, neglecting the characteristic ; the 
other four figures are to be looked for in the same column, oi 
in one of the nine following columns ; and if they are exactly 
found, the first three figures of the corresponding number will 
be found opposite to them in the column headed N., and the 
fourth figure will be found at the top of the page. This number 
must be made to correspond with the characteristic of the given 
logarithm by pointing off decimals or annexing ciphers. Thus 
the natural number belonging to the log. 4.370143 is 23450 ; 
« " '^ " 1.538574 is 34.56. 

If the decimal part of the logarithm can not be exactly found 
in the table, look for the nearest less, logarithm, and take out 
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the four figures of the oorresponding natural number as he* 
fore ; the additional figures may be obtained by means of the 
Proportional Parts at the bottom of the page. 

Required the number belonging to the logarithm 4.368399. 

On page 6, we find the next less logarithm .368287. 

The four corresponding figures of the natural number are 
2335. Their logarithm is less than the one proposed by 112. 
The tabular difference is 186 ; and, by referring to the bottom 
of page 6, we find that, with a difference of 186, the figure 
corresponding to the proportional part 112 is 6. Hence the 
five figures of the natural number are 23356 ; and, since the 
characteristic of the proposed logarithm is 4, these five figures 
are all integral. 

Required the number belonging to logarithm 5.345678. 

The next less logarithm in the table is 345570. 

Thei* diflference is 108. 

The first four figures of the natural number are 2216. 
. With the tabular difference 196, the fifth figure, correspond- 
ing to 108, is seen to be 5, with a remainder of 10. To find 
the sixth figure corresponding to this remainder 10, we may 
multiply it by 10, making 100, and search for 100 in the same 
line of proportional parts. "We see that a difference of 100 
would give us 5 in the fifth place of the natural number. 
Therefore, a difference of 10 must give us 5 in the sixth place 
of the natural number. Hence the required number is 221655 

In the same manner we find 

tho number corresponding to log. 3.538672 is 3456.78 ; 
" " " 1.994605 is 98.7654; 

" " " 1.647817 is .444444 

Multiplication by Logarithms. 
(11.) According to Art. 3, the logaritlim of the product of 
two or more factors is equal to the sum of the logarithms of 
those factors. Hence, for multiplication by logarithms, wa 
have the following 

Rule. 

Add the logarithms of the factors ; the sum will be the log 
tsfithm of their product. 

Ex. I. Required the product of 67.98 by 18. 
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The logarithm of 57.98 is 1.763278 

" " 18 is 1.255273 

The logarithm of the product 1043.64 is 3,018551 
Ex. 2. Required the product of 397.65 by 43.78. 

Ans., 17409.117. 
Ex. 3. Required the continued product of 54.32, 6.543, and 
12.345. 

The word 5wm, in the preceding rule, is to he understood lu 
its algebraic sense ; therefore, if any of the characteristics of 
the logarithms are negative^ we must take the difference be- 
tween their sum and that of the positive characteristics, and 
prefix the sign of the greater. It should be remembered that 
the decimal part of the logarithm is invariably positive; hence 
that which is carried from the decimal part to the character- 
istic must be considered positive. 
Ex. 4. Multiply 0.00563 b^- 17. 

The logarithm of 0.00563 is 3.750508 
" " 17 is 1.230449 

Product, 0.09571, whose logarithm is 2.980957. 

Ex. 5. Multiply 0,3854 by 0,0576, Ans . 0.022199. 

Ex. 6. Multiply 0.007853 by 0.00476. 

Ans,, 0.00003738. 

Ex. 7. Find the continued product of 11.35, 0.072, and 0.017. 

(12.) Negative quantities may be multiplied by means of 
logarithms in the same manner as positive, the proper sign 
being prefixed to the result according to the rules of Algebra. 
To distinguish the negative sign of a natural number from the 
negative characteristic of a logarithm, we append the letter n 
to the logarithm of a negative factor. Thus 

the logarithm of —56 we write 1.748188 n. 

Ex. 8. Multiply 53.46 by -29.47. 

The logarithm of 53.46 is 1.728029 
" " -29.47 is 1.469380 n. 

Product, -1575.47, log. 3.197409 n. 

Ex. 9. Find the continued product of 372.1, —.0054, and 
-175.6. 

Ex. 10. Find the continued product of —0 137, —7.689, and 
-- 0376. 
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Division by Logarithms 

(13.) According to Art. 3, the logarithm of the qaotient of 
one number divided by another is equal to the difference of 
the logarithms of those numbers. Hence, for division by log- 
arithms, we have the following 

Rule. 

From the logarithm of the dividend^ subtract the logarithm 
of the divisor ; the difference will be the logarithm of tht 
quotient. 

Ex. 1. Required the quotient of 888.7 divided by 42.24. 

The logarithm of 888.7 is 2.948755 
" " 42.24 is 1.625724 

The quotient is 21.039, whose log. is 1.323031. 

Ex. 2. Required the quotient of 3807.6 divided by 13.7. 

Ans,, 211921. 
The word difference^ in the preceding rule, is to be under- 
tood in its algebraic sense ; therefore, if the characteristic of 
one of the logarithms is negative, or the lower one is greater 
than the upper, we must change the sign of the subtrahend, 
and proceed as in addition. If unity is carried from the deci- 
mal part, this must be considered as positive, and must bo 
united with the characteristic before its sign is changed. 

Ex. 3. Required the quotient of 56.4 divided by 0.00015. 

The logarithm of 56.4 is 1.751279 
" « 0.00015 is 4.176091 

The quotient is 376000, whose log. is 5.575188. 

This result may be verified in the same way as subtraction 
in common arithmetic. The remainder, added to the subtra- 
hend, should be equal to the minuend. This precaution should 
always be observed when there is any doubt with regard to 
the sign of the result. 

Ex. 4. Required the quotient of .8692 divided by 42.258. 

Ans. 

Ex. 5. Required the quotient of .74274 divided by .00928 

Ex. 6. Required the quotient of 24.934 divided by .078541. 

Negative quantities may be divided by means of logarithms 
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in the same manner as positive, the pr jper sign being preJixeJ 
to the result according to the rules of Algebra. 

Ex. 7. Required the quotient of -79.54 divided by 0.0S321 
Ex. 8. Required the quotient of —0.4753 divided by —36.74. 

iNVOLUTfON BY LOGARITHMS. 

(14.) It is proved in Algebra, Art. 340, that the logarithm 
of any power of a number is equal to the logarithm of that 
number multiplied by the exponent of the power. Hence, to 
involve a number by logarithms, we have the folic wing 

Rule. 

Multiply the logarithm of the number by the exponent of 
the power required. 

Ex. 1. Required the square of 428. 

The logarithm of 428 is 2.631444 

2 

Square, 183184, log. 5.262888. 
Ex. 2. Required the 20th power of 1.06. 

The logarithm of 1.06 is 0.025306 

20 

20th power; 3.2071, log. 0.506120. 

Ex. 3. Required the 5th power of 2.846. 

It should be remembered, that what is carried from the dec* 
imal part of the logarithm is positive, whether the oharacteris 
tie is positive or negative. ^ 

Ex. 4. Required the cube of .07654. 

The logarithm of .07654 is 2.883888 

3 

Cube, .0004484, log. 4.651664. 
Ex. 5. Required the fourth power of 0.09874. 
Ex. 6. Required the seventh power of 0.8952. 

Evolution by Logarithms. 

(15.) It is proved in Algebra, Art. 341, that the logarithm 
of any root of a number is equal to the logarithm of that num* 
ber divided by the index of the root. Hence, to extract th<? 
-©ot of a number by logarithms, we have the following 

B 
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Rule. 
Divide the logarithm of the number by the indei of tM 
root required. 

Ex. 1. Required the cube root of 482.38. 

The logarithm of 482.38 is 2.683389. 
Dividing by 3, we have 0.894463, which corresponds U 
7.842, which is therefore the root required. 
Ex. 2. Required the 100th root of 365. 

Ans., 1.0608. 

"When the characteristic of the logarithm is negative, and ii 
not divisible by the given divisor, we may increase the char- 
acteristic by any number which will make it exactly divisible, 
orovided we prefix an equal positive number to the decimal 
part of the logarithm. 

Ex. 3. Required the seventh root of 0.005846. 

The logarithm of 0.005846 is 3.766859, which may be writ- 
ten 7+4.766859. 

Dividing by 7, we have 1.680980, which is the logarithm of 
4797, which is, therefore, the root required. 

This result may be verified by multiplying 1.680980 by 7, 
the result will be found to be 3.766860. 

Ex. 4. Required the fifth root of 0.08452. 

Ex. 5. Required the tenth root of 0.007815. 

Proportion by Logarithms. 

(16.) The fourth term of a proportion is found by multiply 
ing together the second and third terms, and dividing by the 
first. Hence, to find the fourth term of a proportion by loga 
rithms. 

Add the logarithms of the second and third terms, ami from 
(heir sum subtract the logarithm of the first term. 

Ex. 1. Find a fourth proportional to 72.34, 2.519, and 357.4H 

Ans., 12,448. 

(17.) When one logarithm is to be subtracted from anothej, 
it may be more convenient to convert the subtraction into au 
addition, which may be done by first subtracting the given log* 
arithm from 10, adding the difference to the orhcr logarithni^ 
and afterward rejecting the 10. 
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The difference between a given logarithm and 10 is called 
its complement ; and this is easily taken from the tahle by be- 
ginning at the left hand, subtracting each figure from 9, exr 
cept the last significant figure on the right, which must be 
nubtracted from 10. 

To subtract one logarithm from another is the same as to 
add its complement, and then reject 10 from the result. For 
a— ft is equivalent to 10— ft + a— 10. 

To work a proportion, then, by logarithms, we must 

Add the complement of the logarithm of the first term to 
the logarithms of the second and third terms. 

The characteristic must afterward be diminished by 10. 

Ex. 2. Find a fourth proportional to 6853, 489, and 38750 
The complement of the logarithm of 6853 is 6.164119 
The logarithm of 489 is 2.689309 

« " 38750 is 4.588272 

The fourth term is 2765, whose logarithm is 3.441700. 
One advantage of using the complement of the first term in 
working a proportion by logarithms is, that it enables us to 
exhibit the operation in a more compact form. 

Ex. 3. Find a fourth proportional to 73.84, 658.3, and 4872 

Ans, 
Ex. 4 Find a fcurth proportional to 5.745, 781.2, and 54.2'^ 
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(18.) TEiGomosfETRT 15 the science which teaches how tode* 
rermine the sev^u* parts of a triangle from having certain 
parts given. 

Plane Trigcxioiiietry treats of plane triangles ; Spherical 
Trigonometry treats of spherical triangles. 

(19.) The circnmference of every drcle is supposed to be 
divided into 360 eqoal parts, called degrees ; eadi degree into 
60 minutes^ and each minute into 60 seconds. Degrees, min- 
ates, and seconds are designated by the characters ^, ', '' 
Thus 23"" 14' 25" is read 23 degrees, 14 minutes, and 35 see* 
onds. 

Since an angle at the center of a circle is measured by the 
arc intercepted by its sides, a right angle is measured by 90^, 
two right angles by 180°, and four right angles are measured 
by 360^ 

(20.) The complejnent of an arc is what remains after suh* 
tracting the arc from 90°- Thus the 
arc DP is the complement of AP. 
The complement of 25° 15' is 64° 45'. 

In general, if we represent any arc 
jj A, its complement is 90°— A. 
Hence, if an arc is greater than 90°, 
its complement must be negative. 
Thus, the complement of 100° 15' is 
-10° 15'. Since the two acute an- 
gles of a right-angled triangle are to- 
gether equal to a right angle, each of them must be the ouin 
plement of the other. 

(21.) The supplement of an arc is what remains after sub- 
cracting the arc from 180°. -Thus the arc BDP is the supple* 
(fient of the arc AP. The supplement of 25° 15' is 154° 45'. 

In general, *f we represent any arc by A, its supplement is 
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180°— A. Hence, if an arc is greater than 180°, its supple- 
ment must be negative. Thus the supplement of 200° is —20°. 
Since in every triangle the sum of the three angles is 180°, 
either angle is the supplement of the sum of the other two. 

(22.) The sine of an arc is the perpendicular let fall from 
one extremity of the arc on the radius passing through the 
other extremity. Thus FGr is the sine of the arc AF, or of the^ 
angle ACF. 

Every sine is half the chord of double the arc. Thus the 
sine FGr is the half of FH, which is the chord of the arc FAH, 
double of FA. The chord which subtends the sixth part of 
the circumference, or the chord of 60°, is equal to the radius 
{Geom., Prop. IV., B. VI.) ; hence the sine of 30° is equal to 
half of the radius. 

(23.) The versed sine of an arc is that part of the diametei 
intercepted between the sine and the arc. Thus GrA is the 
versed sine of the arc AF. 

(24). The tangent of an arc is the line which totiches it at 
one extremity^ and is terminated by a line drawn from the 
center through the other extremity. Thus AI is the tangent 
of the arc AF, or of the angle ACF. 

(25.) The secant of an arc is the line drawn from the cen* 
ter of the circle through one extremity of the arc, and is Urn 
ited by the tangent drawn through the other extremity. 

Thus CI is the secant of the arc AF, or of the angle ACF. 

(26.) The cosine of an arc is the sine of the complement of 
that arc. Thua the arc DF, being the complement of AF, FK 
is the sine of the arc DF, or the cosine of the arc AF. 

The cotangent of an arc is the tangent of the complement 
of that arc. Thus DL is the tangent of the arc DF, or the co- 
tangent of the arc AF. 

The cosecant of an arc is the secant of the complement of 
that arc. Thus CL is the secant of the arc DF, or the cose 
cant of the arc AF. 

In general, if we repr ent any angle by A, 

COS. A=sine (90°— A), 
cot. A=tang. (90°-A). 
oosec. A=sec. (90°— A). 

Since, in a right-angled triangle, either of the acute angle." 
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is the complement of the other, the sme, tangent, and seoaiit 
t>f one of these angles is the cosine, cotangent, and cosecan 
of the other. 

(27.) The sine, tangent, and secant of an arc are equal t^ 
the sine, tangent, and secant of its supplement. Thus F6 h 
the sine of the arc AF, or of its sup- 
plement, BDF. Also, AI, the tan- 
gent of the arc AF, is equal to BM, 
the tangent of the arc BDF. And 
CI, the secant of the arc AF, is equal 
to CM, the secant of the arc BDF. 

The verf^ed sine of an acute angle, 
ACF, is equal to the radius minus 
the cosine CGr. The versed sine of 
an obtuse angle, BCF, is equal to ra- 
dius plus the cosine CGr ; that is, to BGr. 

(28.) The relations of the sine, cosine, &c., to each other, 
may be derived from the proportions of the sides of similar 
triangles. Thus the triangles CGF, CAI, CDL, being similar, 
we have, 

1. CGr : GrF : : CA : AI ; that is, representing the arc by A, 
and the radius of the circle by R, cos. A : sin. A : : R : tang. A. 




Whence tang. A= 



R sin. A 
COS. A * 



2. CG : : CF : CA : CI; that is, cos. A : R : : R : sec. A. 

R' 

Whence sec. A= — ^-7 

COS. A 

3 Q-F : CGr : : CD : DL ; that is, sin. A : cos. A : : R : cot. A 

R COS. A 



Whence cot. A= 



sin. A 



4 GrF : CF : : CD : CL ; that is, sin. A : R : : R : cosec. A. 

Whence cosec. A=-: — r- 

sm. A 

5. AI : AC : : CD : DL ; that is, tang. A : R : : R : cot. A. 

R' 

Whence tans;. A.= — t-t-. 
° cot. A 

The preceding values of tangent and cotangent, secant and 

cosecant will be frequently referred to hereafteri and should 

be carefully committed to memory. 
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Also, in the right-angled triangle CGrF, we find CQ-'+Q-F'^ 
l5?' ; that is, sin. 'A+oos. 'A=R' ; or, 

The square of the sine of an arc^ together with the square 
if its cosine^ is equal to the square of the radius. 

Hence sin. A==t: -/R"— cos. *A. 
And cos. A==t: -/R'— sin. *A. 

(29 ) A table of natural sines ^ tangents, &c., is a table giv- 
ing the lengths of those lines for different angles in a circle 
whose radius is unity. 

Thus, if we describe a circle with a radius of one inch, and 
divide the circumference into equal parts of ten degrees, we 
i«hall find 

the sine of 10° equals 0.174 inch ; 



u 
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20° 
30° 
40° 
50° 
60° 
70° 
80° 
90° 



0.342 
0.500 
0.643 
0.766 
0.866 
0.940 
0.985 
1.000 
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If we draw the tangents of the same arcs, we shall find 
the tangent of 10® equals 0.176 inch ; 



a 
a 
a 
a 
a 

<( 
u 



20° 
30° 
40° 
45° 
50° 
60° 
70° 
80° 
90° 



0.364 
0.577 
0.839 
1.000 
1.192 
1.732 
2.747 
5.671 
infinite. 



Also, if we draw the secants of the same 
Rros, we shall find that 

the secant of 10° equals 1.015 iach; 
a a 20° " 1.064 " 

" « dO° " 1.155 " 

•• " 40° " 1.305 " 
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the secant of 50° equals 1.556 inch ; 
« " 60^ " 2.000 " 
« « 70^ " 2.924 " 
<i " 80*^ " 5.759 " 
« « 90° " infinite. 
In the accompanying table, pages 116—133, the sines, cu« 
sines, tangents, and cotangents are given for every minute of 
the quadrant to six places of figures. 

(30.) To find from the table the natural sine^ cosine^ ^c.f 
of an arc or angle. 

If a sine is required, look for the degrees at the top of the 
page, and for the minutes on the left ; then, directly under the 
given number of degrees at the top of the page, and opposite 
to the minutes on the left, will be found the sine required. 
Since the radius of the circle is supposed to be unity, the sine 
of every arc below 90° is less than unity. The sines are ex- 
pressed in decimal parts of radius ; and, although the decimal 
point is not written in the table, it must always be prefixed 
As tiie first two figures remain ihe same for a great many 
numbers in the table, they are only inserted for every ten min- 
utes, and the vacant places must be supplied from the two 
leading figures next precedmg Thus, on 

page 120, the sine of 25° 11' is 0.425516 ; 
page 126, " " 51° 34' is 0.783332, &o. 
The tangents are found in a similar manner. Thus 
the tangent of 31° 44' is 0.618417 ; 
" " 65° 27' is 2.18923. 

The same number in the table is both the sine of an arc and 
the cosine of its complement. The degrees for the cosines 
must be sought at the bottom of the page, and the minutes on 
the right. Thus, 

on page 130, the cosine of 16° 42' is 0.957822 ; 
on page 118, " " 73° 17' is 0.287639, &c. 
Ihe cotangents are found in the same manner. Thus 
the cotangent of 19? 16' is 2.86089 ; 
" « 54^ 53' is 0.703246. 

It is not necessary to extend the tables beyond a quadrant, 
o<ecause the sine of an angle is equal to that of its suppleizr^^l 
(Art. 37). Thus 



Plane TRiGoyoy etry. 25 

the sine of 143° 24' is 0.596225 ; 

" cosine of 151° 23' is 0.877844 ; 
" tangent of 132° 36' is 1.08749 ; 
" cotangent of 116° 7' is 0.490256, &c. 

(31.) If a sine is required for an arc consisting of degrees, 
minutes, and seconds^ we must make an allowance for the sec- 
onds in the same njanner as was directed in the case of loga- 
rithms, Art. 7 ; for, within certain limits, the difi'erences of the 
lines are proportional to the differences of the corresponding 
arcs. Thus 

the sine of 34° 25' is .565207 ; 
• " " 34° 26' is .565447. 

The difference of the sines corresponding to one minute ol 
arc, or 60 seconds, is .000240. The proportional part for 1 ' ia 
found by dividing the tabular difference by 60, and the quo- 
tient, .000004, is placed at the bottom of page 122, in the col- 
amn headed 34°. The correction for any number of seconds 
will be found by multiplying the proportional part for 1" by 
the number of seconds. 

Requited the natural sine of 34° 25' 37". 

The proportional part for 1", being multiplied by 37, beoomea 
148, which is the correction for 37". Adding this to the sine 
of 34° 25', we find 

the sine of 34° 25' 37" is .565355. 

Since the proportionja-l part for 1" is given to hundredths of 8 
unit in the sixth place of figures, after we have multiplied by 
the given number of seconds, we must reject the last two fig- 
ures of the product. 

Tn the same manner we find 

the cosine of 56° 34' 28" is .550853. 

It will be observed, that since the cosines decrease while 
the* arcs increase, the correction for the 28" is to be subtracted 
from the cosine of 56° 34'. 

In the same manner we find 

the natural sine of 27° 17' 12" is 0.458443 ; 

« « cosine of 45° 23' 23'^ is 0.702281 ; 
•« " tangent of 63« 32' 34" is 2.00945 ; 
" « cotangent of 81° 48' 56" is 1438P.5 
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(32.) To find the ft umber of degrees^ minutes^ and secondj 
Idonging to a given sine or tangent. 

If the given sine or tangent is found exactly in the table^ 
the corresponding degrees will be found at the top of the page, 
and the minutes on the left hand. But when the given num« 
ber is not found exactly in the table, look for the sine or tan- 
gent which is next less than the proposed one, and take out 
the corresponding degrees and minutes. Find, also, the dif- 
ference between this tabular number and the number proposed, 
and divide it by the proportional part for 1" found at the bot 
tom of the page ; the quotient will be the required number of 
seconds. 

Required the arc whose sine is .750000. 

The next less sine in the table is .749919, the arc correspond- 
ing to which is 48° 35'. The difference between this sine and 
that proposed is 81, which, divided by 3.21, gives 25. Henof 
the required arc is 48° 35' 25". 

Tn the same manner we find 

the arc whose tangent is 2.00000 is 63° 26' 6". 

If a cosine or cotangent is required, we must look for the 
number in the table which is next greater than the one pro 
posed, and then proceed as for a sine or tangent. Thus 

the arc whose cosine . is .40000 is 66° 25' 18" ; 
" « « cotangent is 1.99468 is 26° 37' 34". 

(33.) On pages 134-5 will be found a table of natural se- 
cants for every ten minutes of the quadrant, carried to seven 
places of figures. The degrees are arranged in order in the 
first vertical column on the left, and the minutes at the top 
of the page. Thus 

the secant of 21° 20' is 1.073561 ; 
'' " 81° 50' is 7.039622. 

If a secant is required for a number of minutes not given in 
the table, the correction for the odd minutes may be found by 
jueans of the last vertical column on the right, which shows 
the proportional part for one minute. 

Let it be required to find the secant of 30° 33' 

The secant of 30° 30' is 1.160592. 
The correction for V is 198.9, which, multiplied by 3, bo< 



Plane Trigonometry. 27 

comes 597. Adding this to the number before found, we oIn 
tain 1.161189. 

For a cosecant, the degrees must be sought in the right- 
hand \ertical column, and the minutes at the bottom of th« 
page. Thus 

the cosecant of 47° 40' is 1.352742 ; 
" " 38° 33' is 1.604626. 

(34.) When the natural sines, tangents, &c., are used in piu- 
portions, it is necessary to perform the tedious operations of 
multiplication and division. It is, therefore, generally prefer- 
able to employ the logarithms of the sines ; and, for conven- 
ience, these numbers are arranged in a separate table, called 
logarithmic sines^ &c. Thus 

the natural sine of 14° 30' is 0.250380. 

Its logarithm, found from page 6, is 1.398600. 

The characteristic of the logarithm is negative^ as must be 
the case with all the sines, since they are less than unity. Te 
avoid the introduction of negative numbers in the table, we in- 
crease the characteristic by 10, making 9.398600, and this if? 
the number found on page 38 for the logarithmic sine of 14° 
30'. The radius of the table of logarithmic sines is therefore, 
properly, 10,000,000,000, whose logarithm is 10. 

(35.) The accompanying table contains the logarithmic sine* 
and tangents for every ten seconds of the quadrant. The de- 
grees and seconds are placed at the top of the page, and the 
minutes in the left vertical column. After the first two de- 
grees, the three leading figures in the table of sines are only 
given in the column headed 0", and are to be prefixed to the 
numbers in the other colunms, as in the table of logarithms of 
numbers. Also, where the leading figures change, this change 
is indicated by dots, as in the former table. The correction 
for any number of seconds less than 10 is given at the bottom 
Di the page. 

(36.) To find the logarithmic sine or tangent of a given 
arc. 

Look for the degrees at the top of the page, the minutes on 
the left hand, and the next less number of seconds at the top ; 
then, under the seconds, and opposite to the minutes, will lie 
lound four figures, to which the three leading figures are to be 
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prefixed from the colamn headed V* ; to this add the propot^i 
iional part for the odd seconds at the bottom of the page. 
Required the logarithmic sine of 24** 27' 34". 

The logarithmic sine of 24° 27' 30" is 9.617033 
Proportional part for 4" is ' 18 

Logarithmic sine of 24° 27' 34" is 9.617051. 

Required the logarithmic tangent of 73° 35' 43". 
The logarithmic tangent 73° 35' 40" is 10.531031 
Proportional part for 3" is 23 

Logarithmic tangent of 73° 35' 43" is 10.531054. 

When a cosine is required, the degrees and seconds must be 
sought at the bottom of the page, and the minutes on the right| 
and the correction for the odd seconds must be subtracted from 
the number in the table. 

Required the logarithmic cosine of 59° 33' 47". 

The logarithmic cosine of 59° 33' 40" is 9.704682 
Proportional part for 7" is 25 

Logarithmic cosine of 59° 33' 47" is 9.704657. 

So, also, the logarithmic cotangent of 37° 27' 14" is found 
to be 10.115744. 

It will be observed that for the cosines and cotangents, the 
seconds are numbered from 10" to 60", so that if it is re* 
quired to find the cosine of 25° 25' 0" we must look for 25^ 
24' 60" ; and so, also, for the cotangents. 

(37.) The proportional parts given at the bottom of each 
page correspond to the degrees at the top of the page, in- 
creased by 30', and are not strictly applicable to any other 
number of minutes ; nevertheless, the difierences of the sines 
change so slowly, except near the commencement of the quad- 
rant, that the error resulting from using these numbers for 
every part of the page will seldom exceed a unit in the sixth 
decimal place. For the first two degrees, the differences 
change so rapidly that the proportional part for 1" is given for 
aach minute m the right-hand column of the page. The cor- 
rection for any number of seconds less than ten will be fount: 
by multiplying the proportional part for 1" by the given num^ 
ber of seconds. 

Required the logarithmic sine of 1° 17' 53", 
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The logarithmic sine of 1° 17' 30" is 8.352991. 

The correction for 3" is found by multiplying 93.4 by 3, 
which gives 280. Adding this to the above tabular nnrnber, 
we obtain for 

the sine of V IT 33", 8.353271. 

A similar method may be employed for several of the first 
degrees of the quadrant, if the proportional parts at the bottom 
of the page are not thought sufficiently precise. This correc 
tion may, however, be obtained pretty nearly by inspection, 
from comparing the proportional parts for two successive de- 
grees. Thus, on page 26, the correction for 1", corresponding 
to the sine of 2° 30', is 48 ; the correction for 1", correspond- 
ing to the sine of 3° 30', is 34. Hence the correction for 1", 
corresponding to the sine of 3° 0', must be about 41 ; and, in 
the same manner, we may proceed for any other part of the 
table. 

(38.) Near the close of the quadrant, the tangents vary no 
rapidly that the same arrangement of the table is adopted as 
for the commencement of the quadrant. For the last, as well 
as the first two degrees of the quadrant, the proportional part 
«o 1" is given for each minute separately. These proportional 
parts are computed for the minutes placed opposite to them, 
increased by 30", and are not strictly applicable to any other 
number of seconds ; nevertheless, the differences for the most 
part change so slowly, that the error resulting from using these 
numbers for every part of the same horizontal line is quite 
small. When great accuracy is required, the table on page 114 
may be employed for arcs near the limits of the quadrant. This 
table furnishes the differences between the logarithmic sinoa 
and the logarithms of the arcs expressed in seconds. Thus ' 

the logarithmic sine of 0° 5', from page 22, is 7.162696 
the logarithm of 300" (=5') is 2.477121 

the difference is 4.685575. 

This is the number found on page 114, under the heading 
loff. sine A— log. ii", opposite to 5 min. ; and, in a similar man- 
ner, the other numbers in the same column are obtained. These 
numbers vary quite slowly for two degrees ; and henc'^, to find 
the logarithmic sme of an arc less than two degrees we ha^e 
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but to add the logaxithm of the arc expressed in seconds to tha 

appropriate number found in this table. 
Required the logarithmic sine of 0^ 7' 22'. 

Tabular number from page 114, 4.685575 
The logarithm of 442" is 2.645422 

Logarithmic sine of 0^ T 22" is 7.830997. 
The logarithmic tangent of an arc less than two degrees \m 
found in a similar manner. 
Required the logarithmic tangent of 0° 27' 36". 

Tabular number from page 114, 4.685584 

The logarithm of 1656" is 3.219060 

Logarithmic tangent of 0° 27' 36" is 7.904644. 

The column headed log. cot, A+log. A'j is found by adding 
♦ho logarithmic cotangent to the logarithm of the arc expressed 
in seconds. Hence, to find the logarithmic cotangent of an arc 
less than two degrees, we must subtract from the tabular num- 
ber the logarithm of the arc in seconds. 

Required the l(^arithmic cotangent of 0° 27' 36". 
Tabular number from page 114, 15.314416 

The logarithm of 1656" is 3.219060 

Logarithmic cotangent of 0° 27' 36" is 12.095356. 

The same method will, of course, furnish cosines and cotan 
gents .of arcs near 90°. 

(39.) The secants and cosecants are omitted in this table, 
since they are easily derived from the cosines and sines. Wo 

R' 

have found, Art. 28, secant = — : — : or, taking the los^arithms, 

cosme 'DO 

log. secant =2. log. R— log. cosine 

=20— log. cosine. 

Also, cosecant = -: — , 

sme 

or log. cosecant =20 —log. sine. That is. 

The logarithmic secant is found by subtracting the logo* 
riihmic cosine from 20 ; and the logarithmic cosecant is found 
by subtracting the logarithmic sine from 20. 

Thus we have found the logarithmic sine of 24° 27' 34' to 
be 9.617051. 

Hence the logarithmic oisecant of 24° 27' 34" is 10.382949 
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The logarithniio cosine of 64° 12' 40" is 9.767008 

Hence the logarithmic secant of 54° 12' 40" is 10.232992 

(40.) To find the arc corresponding to a given logarifhmit 
Mine or tangent. 

If the given rnimber is found exactly in the table, the cor- 
responding degrees and seconds will be found at the top of the 
page, and the minutes on the left. But when the given num- 
ber is not found exactly in the table, look for the sine or tan- 
gent which is next less than the proposed one, and take out 
the corresponding degrees, minutes, and secondg. Find, also, 
the difference between this tabular number and the number 
proposed, and corresponding to this difference, at the bottom 
of the page, will be found a certain number of seconds which 
is to be added to the arc before found. 

Required the arc corresponding to the logarithmic sine 
9.750000. 

The next less sine in the table is 9.749987. 

The arc corresponding to which is 34° 13' 0". 

The difference between its sine and the one proposed is 13, 
corresponding to which, at the bottom of the page, we find 4" 
nearly. Hence the required arc is 34° 13' 4". 

In the same manner, we find the arc corresponding to loga- 
rithmic tangent 10.250000 to be 60° 38' 57". 

When the arc falls within the first two degrees of the quad- 
rant, the odd seconds may be found by dividing the difference 
between the tabular number and the one proposed, by the pro- 
portional part for 1". We thus find the arc corresponding to 
logarithmic sine 8.400000 to be 1° 26' 22" nearly. 

We may employ the same method for the last two degrees 
of the quadrant when a tangent is given ; but near the limits 
of the quadrant it is better to employ the auxiliary table on 
page 114. The tabular number on page 114 is equal to log. 
sin. A— log. A". Hence log. sin. A— tabular number =log. 
A" ; that is, if we subtract the corresponding tabular number 
on page 114, from the given logarithmic sine, the remainder 
will be the logarithm of the arc expressed in seconds. 

Required the arc corresponding to logarithmic sine 7.000000. 

We see, from page 22, that the arc must be nearly S' ; tha 
corresponding tabular number on page 114 is 4.685576 
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The difference is 2.314425, 
which ia the logarithm of 206."265. 

Hence the required arc is 3' 26J'265, 

Required the arc corresponding to log. sine 8.000000. 

We see from page 22, Ihat the arc is about 34'. The cor- 
responding tabular number firom page 114 is 4.685568, whiohi 
tnbtracted from 8.000000, leaves 3.314432, which is the log. 
arithm of 2062."68. Hence the required arc is 

34' 22."68. 

In the same manner, we find the arc corresponding to loga 
tithmic tangent 8.184608 to be 0° 52' 35". 



SOLUTIONS OF RIGHT-ANGLED TRIANGLES. 

Theorem I. 

(41.) In any righUangled triangle^ radius is to the hypoth* 
enuse as the sine of either acute angle is to the opposite side^ 
or the cosine of either acute angle to the adjacent side. 

Let the triangle CAB be right angled 
at A, then will 

R : CB : : sin. C : BA : : cos. C : CA. 

From the point C as a center, with a 
radius equal to the radius of the tables, C P D -^ 

describe the arc DE, and on AC let fall the perpendicular EF 
Then EF will be the sine, and CF the cosine of the angle C. 
Because the triangles CAB, CFE are similar, we have 

CE : CB : : EF : BA, 
or P», : CB : : sin. C : BA. 

Alsf>, CE : CB : : CF : CA, 

01 R : CB : : cos. C : CA. 




Theorem II. 

(42.) In any right-angled triangle^ radius is to either side 
as the tangent of the adjacent acute angle is to the opposite 
tidej or the secant of the same angle to the hypothenuse. 

Let the triangle CAB be right angled ^B 

at A, then will 

R : CA : : tang. C : AB : : sec. C : CB. ^^ \| 

From the point C as a center, with a ^^ 1 

radius equal to the radius of the tables, ^ 
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iesorile the arc DE, and from the point D dlraw DF perpen- 
dicular to CA. Then DF will be the tangent, and CF the se- 
cant of the angle C. Because the triangles CAB, CDF aro 
similar, we have CD : CA : : DF : AB, 
or R : CA : : tang. C : AB. 

Also, CD : CA : : CF : CB, 

or R : CA : : sec. C : CB. 

(43.) In every plane triangle there are six parts : three sidea 
and three angles. Of these, any three being given, provided 
one of them is a side, the others may be determined. In a 
right-angled triangle, one of the six parts, viz., the right angle, 
is always given ; and if one of the acute angles is given, the 
other is, of course, known. Hence the number of parts to be 
considered in a right-angled triangle is reduced to four^ any 
two of which being given, the others may be found. 

It is desirable to have appropriate names by which to de& 
tgnate each of the parts of a triangle. One of the sides ad- 
jacent to the right angle being called the base, the other side 
adjacent to the right angle may be called the perpendicular. 
The three sides will then be called the hypothenuse, base, and 
perpendicular. The base and perpendicular are sometimes 
called the legs of the triangle. Of the two acute angles, that 
which is adjacent to the base may be called the angle at the 
base, and the other the angle at the perpendicular. 

"We may, therefore, have four cases, according as there aro 
given, 

1. The hypothenuse and the angles : 

2. The hypothenuse and a leg ; 

3. One leg and the angles ; or, 

4. The two legs. 

All of these cases may be solved by the two preceding iheo- 
rems. 

Case L 

(44.) Given the hypothenuse and the angles^ to find the bas€ 

and perpendicular. 

This case is solved by Theorem I. 

Radius : hypothenuse : : sine of the angle at the base : per* 

pemdirular ; 

: : cosine of the angle at the base : base 

C 
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Ex. 1. ixiven the hypoiheniise 275, and the angle at the hast 
57° 23', to find the base and perpendicular. 

The natural sine of 57° 23' is .842296 ; 
« cosme " .539016. 

Hence 1 : 275 : : .842296 : 231.631 =AB. 
1 : 275 : : .539016 : 148.229=AC. 

The computation is here made by natural 
numbers. If we work the proportion by loga- 
rithms, we shall have 

Radius, 10.000000 

Is to the hypothenuse 275 2.439333 

As the sme of C 57° 23' 9.925465 

To the perpendicular 231.63 2.364798. 

Also, Radius, 10.000000 

Is to the hypothenuse 275 2.439333 

As the cosme of C 57° 23' 9.731602 - 

To the base 148.23 2.170935. 

Ex. 2. Griven the hypothenuse 67.43, and the angle at tLa 
perpendicular 38° 43', to find the base and perpendicular. 
Ans. The base is 42.175, and perpendicular 52.612. 
The student should work this and the following examples 
both by natural numbers and by logarithms, until he has made 
himself perfectly familiar with both methods. He may then 
employ either method, as may appear to him most expeditious 

Case II. 

(45.) Given the hypothenuse and one leg, to find the angles 
and the other leg. 

This case is solved by Theorem I. 

Hypothenuse : radius : : base : cosine of the angle at the base 
Radius : hypothenuse : : sine of the angle at the base ; 
perpendicular. 

When the perpendicular is given, perpendicular must bo 
substituted for base in this proportion. 

Ex. 1. Given the hypothenuse 54.32, and the base 32.11, tij 
find the angles and the perpendicular. 
Bv natural numbers, we have 
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64.32 : 1 : : 32.11 : .591127, which is the cosine of 53^ 45 
47' , the angl ) at the base. 

Also, 1 : 54 32 : : .806580 : 43.813=the perpendicular. 

The computation may be performed more expeditiously bj 
logarithms, as in the former case. 

Ex. 2. Q-iven the hypothenuse 332.49, and the perpendicu- 
lar 98.399, to find the angles and the base. 

Ans. The angles are 17° 12' 51" and 72° 47' 9" ; the base, 
317.6. 

Case III. 

(46.) Given one leg and the angles, to find the other leg 
and hypothenuse. 

This case is solved by Theorem II. 
Radius : base : : tangent of the angle at the base : the perpen 
dicular, 

: : secant of the angle at the base : hypothenuse. 
When the perpendicular is given, perpendicular must be 
substituted for base in this proportion. 

Ex. 1. Given the base 222, and the angle at the base 25° 15', 
f.o find the perpendicular and hypothenuse. 
By natural numbers, we have 

1 : 222 : : .471631 : 104.70, perpendicular ; 
: : 1.105638 : 245.45, hypothenuse. 
The computation should also be performed by logarithms, as 
in Case I. 

Ex. 2. Griven the perpendicular 125, and the angle at the 
perpendicular 61^ 19', to find the hypothenuse and base. 

Ans. Hypothenuse, 199.99; base, 156.12 

Case IV. 

(47.) Given the two legs, to find the angles and hypothenuse. 

This case is solved by Theorem II. 
Base : radius : '.perpendicular : tangent of the angle at the base. 
Radius : base : : secant of the angle at the base : hypothenuse. 

Ex. 1. Given the base 123, and perpendicular 765, to find 
the angles and hypothenuse. 

By natural numbers, we have 

123 : 1 : : 765 : 6.219512, which is the tangent of 80° 51 
/S7'\ the angle at the base. 
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1 : 123 : : 6.299338 : 774.82, hypothenuse. 

The compatation may also be made oy logailthms, aa is 
Case I. 

Ex. 3. G-iven the base 53, and perpendicular 67, to find iJiir 
angles and hypothenuse. 

Ans. The angles are 51° 39' 16" and 38*» 20' 44" ; hypothe. 
nuse, 85.428. 

Examples for Practice. 

1. Griven the base 777, and perpendicular 345, to find the 
hypothenuse and angles. 

This example, it will be seen, falls under Case IV. 

2. Griven the hypothenuse 324, and the angle at the base 
48° 17', to find the base and perpendicular. 

3. Griven the perpendicular 543, and the angle at the base 
72° 45', to find the hypothenuse and base. 

4. Griven the hypothenuse 666, and base 432, to find the an- 
gles and perpendicular. 

5. Griven the base 634, and the angle at the base 53° 27', to 
find the hypothenuse and perpendicular. 

6. Griven the hypothenuse 1234, and perpendicular 555, to 
find the base and angles. 

(48.) When two sides of a right-angled triangle are given, 
the third may be found by means of the property that the 
square of the hypothenuse is equal to the sum of the squares 
of the other two sides. 

Hence, representing the hypothenuse, base, and perpendicn 
lar by the initial letters of these words, we have 

4=-/^+?; b=V¥^; p=V¥^\ 

Ex. 1. If the base is 2720, and the perpendicular 3104, what 
is the hypothenuse ? Ans.j 4127.1. 

Ex. 2. If the hypothenuse is 514, and the perpendicular 432, 
what is the base ? 

SOLUTIONS OF OBLIQUE-ANGLED TRIANGLES. 

Theorem I. 

(49.) In any plane triangle^ the sines of the angles ar$ 
proportional to the opposite sides. 
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Let ABC be any triangle, and from one 
•f its angles, as C, let CD be drawn per- 
pendicular to AB. Then, because the 
triangle ACD is right angled at D, we 
have 

R : sin. A : : AC : CD ; whence RxCD=sin. AxAC. 
For the same reason, 

R : sin. B : : BC : CD ; whence RxCD=sin. BxBC. 
Therefore, sin. A X AC = sin. B X BC, 




or 



sin. A : sin. B : : BC : AC. 



.,D 



Theorem II. 

(50.) In any plane triangle^ the sum of any two sides is to 
their difference^ as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference. 

liCt ABC be any triangle ; then will 

r.r. r.. r.^ r. . A + B , A-B 

CB+CA : CB~CA : : tang. —^ • *ang. —^-^ 

Produce AC to D, making CD equal to CBj and join Dl]. 
i'ake CE equal to CA, draw AB, and produce it to F. Then 
AD is the sum of CB and CA, and BE is their difference. 

The sum of the two angles CAE, CEA, is equal to the sum 
of CAB, CBA, each being the supplement of ACB (Geom., 
Prop. 27, B. I.). But, rince CA is equal 
to CE, the angle CAE is equal to the an- 
gle CEA; therefore, CAE is the half 
sum of the angles CAB, CBA. Also, if 
from the greater of the two angles CAB, 
CBAj there be taken their half sum, the 
remainder, FAB, will be their half differ- 
ence {Algebra, p. 68). 

Since CD is equal to CB, the angle ADF 
IS equal to the angle EBF ; also, the an- 
gle CAE is equal to AEC, which is equal 
to the vertical angle BEF. Therefore, the two triangles DAP, 
BEF, are mutually equiangular ; hence the two angles at F 
are equal, and AF is perpendicular to DB. If, then, AF ba 
made radius, DF will be the tangent of DAF, and BF will b« 
tho tangent of BAF. But, by similar triangles, we havo 

M 
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AD : BE : : DF : BF ; that is, 
CB4 CA : CB-CA : : tang. -^— : tang --^. 

Theorem III. 

(51.) If from any angle of a triangle a perpendicular ot 
drawn to the opposite side or base, the whole base will be to 
the sum of the other two sides, as the difference of those twa 
sides is to the difference of the segments of the base. 

For demonstration, see Q-eometry, Prop. 31, Cor., B. T7. 

(52). In every plane triangle, three parts must be given tc 
enable us to determine the others ; and of the given parts, one, 
at least, must be a side. For if the angles only are given, 
these might belong to an infinite number of different triangle? 
In solving oblique-angled triangles, four different cas«s mav 
therefore be presented. There may be given, 

1. Two angles and a side ; 

2. Two sides and an angle opposite ono of them ; 

3. Two sides and the included angle ; or, 

4. The three sides. 

We shall represent the three angles of the proposed triangle 
by A, B, C, and the sides opposite them, respectively, by a, i, c 

Case I. 

(53.) Given two angles and a side, to find the third angle 
and the other two sides. 

To find the third angle, add the given angles together, and 
subtract their sum from 180°. 

The required sides may be found by Theorem I. The pro. 
|iortion will be. 

The sine of the angle opposite the given side : the given side 
: : the sine of the angle opposite the required side : the re- 
quired side. 

Ex. 1. In the triangle ABC, there are 
given the angle A, 57° 15', the angle B, 
35° 30', and the side c, 364, to find the 
ither parts. 

The sum of the given angles, subtracted 
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hrom 180^ leaves 87° 15' for the angle C. Then, to find the 
side a, we say, sin. C : c : : sin. A : a. 
By natural numbers, 

.998848 : 364 : : .841039 : 306.49=a. 

This proportion is most easily worked by logarithms, thus , 

As the sine of the angle C, 87° 15', cornp., 0.000500 

Is to the side c, 364, 2.561101 

So is the sine of the angle A, 57° 15', 9.924816 

To the side a, 306.49, 2.486417 

To find the side b : 

sin. C : c : : sin. B : b. 
By natural numbers, 

.998848 : 364 : : .580703 : 211.62=^. 
The work by logarithms is us follows : 

sin. C, 87° 15', comp., 0.000500 

' : c, 364, 2.561101 

; : sin. B, 35° 30', 9.763954 

: b, 211.62, 2.325555. 

Ex. 2. In the triangle ABC, there are given the angle A, 
49° 25', the angle C, 63° 48', and the side c, 275, to find the 
other Darts. Ans.y B=66° 47' ; a=232.766 ; i=281.67. 

Case II. 

(54.) Given two sides and an angle opposite one of them, 
to find the third side and the remaining angles. 

One of the required angles is found by Theorem I. The 
proportion is. 

The side opposite the given angle : the sine of that angle 

: : the other given side : the sine of the opposite angle. 

The third angle is found by subtracting the sum of the other 
two from 180° ; and the third side is found as in Case I. 

If the side BC, opposite the given an- 
gle A, is shorter than the other given side 
AC, the solution will be ambiguous ; that 
is, two different triangles, ABC, AB'C, 

may be formed, each of which will satisfy aT b**- ^-'^B' 

the conditions of the problem. 

I'lie numerical result is also ambiguous, for the fourth term 
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of the firit proportion is a sine of an angle. Bat this may Ix! 
the sine either of the acute angle AB'C, or q 

of its supplement, the obtuse angle ABC 
(Art. 27). In practice, however, there vrill 

generally be some circnmstance to determ- ^ 

me whether the required angle is acute or A. B''*"- --•^B' 

obtuse. If the given angle is obtuse, there can be no ambi 
guity in the solution, for then the remaining angles must of 
course be acute. 

Ex. 1. In a triangle, ABC, there are given AC, 458, BG 
S07, and the angle A, 28° 45', to find the other parts. 

To find the angle B : 

BC : sin. A : : AC : sin. B. 

By natural numbers, 

307 : .480989 : : 458 : .717566, sin. B, the arc correspond 
mg to which is 45° 51' 14", or 134° 8' 46". 

This proportion is most easily worked by logarithms, thus 
BC, 307, comp., 7.512862 

: sin. A, 28° 45', 9.682135 

: : AC, 458, 2.660865 

: sin. B, 45° 51' 14", or 134° 8' 46", 9.8.'55862. 

The angle ABC is 134° 8' 46", and the angie AB'C, 45^ b 
14". Hence the angle ACB is 17° 6' 14", and the ange A OB 
105° 23' 46". 
To find the side AB : 

sin. A : CB : : sin. ACB : AB. 
By logarithms, 

sin. A, 28° 45', comp., 0.317865 

CB, 307, 2.487138 

: sin. ACB, 17° 6' 14", 9.468502 

AB, 187.72, 2.273506. 

To fmd the side AB' : 

sin. A : CB' : : sin. ACB : AB'. 

By I>garithms, 

sin. A, 28° 45', comp., 0.317865 

: CB', 307, 2.487138 

: : sin. ACB', 105° 23 46" 9.984128 

: AB', 615.36, 2.789131. 
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Ex. S. In a triangle, ABC, there are given AB, 532, BC^ 
358, and the angle C, 107° 40', to find the other parts. 

^Ans. A=39° 62' 52" ; B=32° 27' 8" ; AC=299.6. 

In this example there is no ambiguity, because the givet 
Angle is obtuse. 

Case III. 

(55.) Given two sides and the included angle, to find the 
third side and the remaining angles. 

The sum of the required angles is found by subtracting the 
given angle from 180°. The difference of the required angles 
is then found by Theorem II. Half the difference added to 
half the sum gives the greater angle, and, subtracted, gives 
the less angle. The third side is then found by Theorem I. 

Ex. 1. In the triangle ABC, the angle A is given 53° 8' , 
the side c, 420, and the side d, 535, to find the remaining parts. 

The sum of the angles B+C=180°-53° 8' =126° 52'. 
Half their sum is 63° 26'. 

Then, by Theorem II., 

535+420 : 535-420 : : tang. 63° 26' : tang. 13° 32 25", 
which is half the difference of the two required angles. 

Hence the angle B is 76° 58' 25", and the angle C, 49° 
53 35". 

To find the side a : 

sin. C : c : : sin. A : a=439.32. 

Ex. 2. Given the side c, 176, a, 133, and the include'l Angle 
B, 73°, to find the remaining parts. 

Ans., i= 187.022, the angle C, 64° 9' 3", and A, 42° T/J' 57". 

Case IV. 

(56.) Given the three sides, to find the angles. 

Let fall a perpendicular upon the longest side from tlie op- 
posite angle, dividing the given triangle into two right-angled 
triangles. The two segments of the base may be found bv 
Theorem III. There will then be given the hypoilienuso and 
one side of a right-angled triangle to find the angl s. 

Ex. 1. In the triangle ABC, the side a is 261, the ft'</< A, 
345, and c, 395. What are the angles ? 

Lef fall the perpendicular CD upon AB. 
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Then, by Theorem III., 

A.B : AC+CB : : AC-CB : AD- DB; 
or 395 : 606 : : 84 : 128.87. 

Half the difference of the segments added to half their surt 
gives the greater segment, and subtracted gives the less seg 
ment. JP 

Therefore, AD is 261.935, and BD, / 

133.065. y 

Then, in each of the right-angled tri- / ^ 

angles, ACD, BCD, we have given the A D B 

hypothenuse and base, to find the angles by Case II. of right- 
angled triangles. Hence 

AC : R : : AD : COS. A=40° 36' 13" ; 
BC : R : : BD : cos. B=59^ ?0' 52' . 
Therefore the angle C=80° 2' 55". 

Ex. 2. If the three sides of a triangle are 150, 140, anJ 130, 
what are the angles ? 

Ans,, 67° 22' 48", 59° 29' 23", and 53° T 49" 

Examples for Practice, 

1. Given two sides of a triangle, 478 and 567, and the m 
eluded angle, 47° 30', to find the remaining parts. 

2. Given the angle A, 56° 34', the opposite side, a, 735, and 
the side J, 576, to find the remaining parts. 

3. Given the angle A, 65° 40', the angle B, 74° 20', and the 
side a, 275, to find the remaining parts. 

4. Given the three sides, 742, 657, and 379, to find the an- 
gles. 

5. Given the angle A, 116° 32', the opposite side, a, 492, 
and the side c, 295, to find the remaining parts. 

6. Given the angle C, 56° 18', the opposite side, c, 184, and 
the side i, 219, to find the remaining parts. 

This problem admits of t-vo answers. 

INSTRUMENTS USED IN DRAWING. 

(57.) The fallowing are some of the most important instru- 
ments used in drawing. 

I. The dividers consist of two legs, revolving upon a pivot 
tt o*ie extremity. The joints should be composed of two dif 
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forent metals, of unequal hardness r one part, for example, ol 
steel, and the other of 
brass or silver, in order 
that they may move upon 
ttach other with greater 
freedom. The points should be of tempered steel, and when 
the dividers are closed, they should meet with great exactness. 
The dividers are often furnished with various appendages, 
which are exceedingly convenient in drawing. Sometimes one 
of the legs is furnished with an adjusting screw, by which a 
slow motion may be given to one of the points, in which case 
they are called hair compasses. It is also useful to have a 
movable leg, which may be removed at pleasure, and other 
parts fitted to its place ; as, for example, a long beam for 
drawing large circles, a pencil point for drawing circles with 
a pencil, an ink point for drawing black circles, &c. 

(58.) II, The parallel rule consists of two flat rules, made 
of wood or ivory, and connected together by two cross-bars of 




equal length, and parallel to each other. This instrument u 
useful for drawing a line parallel to a given line, through a 
given point. For this purpose, place the edge of one of the 
flat rules against the given line, and move the other rule until 
•'ts edge coincides with the given point. A line drawn along 
its edge will be parallel to the given line. 

(59.) III. The protractor is used to lay down or to measure 
angles. It consists of a sem- 
icircle, usually of brass, and 
is divided into degrees, and 
sometimes smaller portions, 
the center of the circle be- 
ing indicated by a small 
notch. 

To lay down anrangle with the protractor, draw a base line, 
and apply to it the edge of the protractor, so that its center 
shall fall at the angular point Count the degrees contained 
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In the proposed angle on the limb of the circle, and mark the 
extremity of the arc with a fine dot. Remove the instrument, 
and through the dot draw a line from the angular point ; ii 
will give the angle required. In a similar manner, the in- 
clination of any two lines mav be measured with the pro* 
tractor. 

(60.) IV. The plane scale la a ruler, frequently two feet ip 
length, containing a Ime of equal partSj chords^ sines, tan 
gents, &c. For a jca!e of equal parts, a line is divided int. 
inches and tenths of an inch, or half inches and twentieths. 
When smallei' fractions are required, they are obtained by 
^eans of ihe diagonal scale, which is constructed in the fol- 
f^^'pg ir.anner. Describe a square inch, ABCD, and divide 
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mch of its sides into ten equal parts. . Draw diagonal lines 
from the first point of division on the upper line, to the second 
on the lower ; from the second on the upper line, to the third 
on the lower, and so on. Draw, also, other lines parallel t^ 
AB, through the points of division of BC. Then, in the trian- 
gle ADE, the base, DE, is one tenth of an inch; and, since 
the line AD is divided into ten equal parts, and through the 
points of division lines are drawn parallel to the base, forming 
nine smaller triangles, the base of the least is one tenth of DE, 
that is, .01 of an inch ; the base of the second is .02 of an inch ; 
the third, .03, and so on. Thus the diagonal scale furnishes 
us hundredths of an inch. To take off from the scale a line 
of given length, as, for example, 4.45 inches, place one foot of 
the dividers at F, on the sixth horizontal line, and extend the 
other foot to G, the fifth diagonal line. 

A half inch or less is frequently subdivided in the same 
manner. 

(61.) A line of chords, commonly marked cho., is found on 
most plane scales, and is useful in setting off angles. To form 
this line, describe a circle with any convenient radius, and di> 
vide the circumference into degrees. Let the length nf th« 
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diords for every degree of the quadrant be determined and laid 
off on a scale : thi^ is called a line of chords. 

Since the chord of 60° is equal to radius, in order to lay 
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ilown an angle, we take from the scale the chord of 60^^, aud 
with this radius describe an arc of a circle. Then take from 
the scale the chord of the given angle, and set it off upon the 
former arc. Through these two points of division draw lines 
to the center of the circle, and they will contain the required 
angle. 

The line of sines, commonly marked sin., exhibits the lengths 
of the sines to every degree of the quadrant, to the same ra- 
dius as the line of chords. The line of tangents and the line 
of secants are constructed in the same manner. Since the sine 
of 90° is equal to radius, and the secant of 0° is the same, the 
graduation on the line of secants begins where the line of sinea 
ends. 

On the baek side of the plane scale are often found lines rep 
resenting the logarithms of numbers, sines, tangents, &c. Thiw 
is called Q-unter's Scale. 

(62.) V. The Sector is a very convenient instrument in 
drawing. It consists of 
two equal arme, mova- 
ble about a pivot as a 
center, having several 
scales drawn on the 
fa/)es, some single, oth- 
er3 double. The single scales are like those upon a common 
Gunter's scale. The double scales are those which proceed 
from the center, each being laid twice on the same face of the 
instrument, viz., once on each leg. The double scales are a 
scale of lines, marked Lin. or L. ; the scale of chords, sines, 
&c. On each arm of the sector there is a diagonal line, which 
diverges from the central point like the radius of a circle, and 
these diagonal lines are divided into equal parts. 

The advantage of the sector is to enable us to draw a lin« 
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apon paper to any scale ; as, for example, a scale of 6 feet in 
the inch. For this purpose, take an inch with the dividers 
from the scale of inches ; then, placing one foot of the dividers 
at 6 on one arm of the sector, open the sector until the other 
foot reaches to the same number on the other arm. Now, re- 
garding the lines on the 
sector as the sides of a 
triangle, of which the 
lino measured from 6 on 
one arm to 6 on the oth- 
er arm is the base, it is 
plain that if any other line be measured across the angle of 
the sector, the bases of the triangles thus formed will be pro- 
portional to their sides. Therefore, a line of 7 feet will be rep- 
resented by the distance from 7 to 7, and so on for other lines. 

The sector also contains a line of chords, arranged like the 
line of equal parts already mentioned. Two lines of chorda 
are drawn, one on each arm of the sector, diverging from the 
central point. This double line of chords is more convenient 
than the single one upon the plane scale, because it furnishes 
chords to any radius. If it be required to lay down any angle, 
as, for example, an angle of 25°, describe a circle with any 
convenient radius. Open the sector oo that the distance from 
60 to 60, on the line of chords, shall be equal to this radius. 
Then, preserving the same opening of the sector, place one foot 
of the dividers upon the division 25 on one scale, and extend 
the other foot to the same number upon the other scale : this 
distance will be the chord of 25 degrees, which must be set off 
upon the circle first described. 

The lines of sines, tangents, &c., are arranged in the same 
manner. 

(63.) By means of the instruments now enumerated, all the 
cases in Plane Trigonometry may be solved mechanicaUy, 
The sides and angles which are given are laid down accord- 
ing to the preceding directions, and the required parts are then 
measured from the same scale. The student will do well to 
exercise himself upon the following pr >blems : 

1. Given the angles and one side oj a triangle^ to find, by 
eonstruction, the other two sides 
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Draw an indefinite straight line, and from the scale of oqua. 
parts lay off a portion, AB, equal to the given side. From 
each extremity lay off an angle equal to one of the adjacent an- 
gles, by means of a protractor or a scale of chords. Extend 
the two lines till they intersect, and measure their lengtlis upon 
the same scale of equal parts which was 
used in laying off the base. 

Ex. 1. Given the angle A, 45° 30', the 
angle B, 35° 20', and the side AB, 43^ 
rods, to construct the triangle, and find 
the lengths of the sides AC and BC. 

The triangle ABC may be constructed of any dimensions 
whatever; all which is essential is that its angles be made 
equal to the given angles. We may construct the triangle 
upon a scale of 100 rods to an inch, in which case the side AB 
will be represented by 4.32 inches ; or we may construct it 
upon a scale of 200 rods to an inch ; that is, 100 rods to a half 
inch, which is very conveniently done from a scale on which 
a half inch is divided like that described in Art. 60 ; or we 
may use any other scale at pleasure. It should, however, be 
remembered, that the required sides must be measured upon 
the same scale as the given sides. 

Ex. 2. Given the angle A, 48°, the angle C, 113°, and the 
«ide AC, 795, to construct the triangle. 

II. Given two sides and an angle opposite one of them, tn 
find the other parts. 

Draw the side which is adjacent to the given angle. From 
one end of it lay off the given angle, and extend a line indefin- 
itely for the required side. From the other extremity of the 
first side, with the remaining given side for radius, describe 
an arc cutting the indefinite line. The point of intersection 
will dotermme the third angle of the triangle. 

Ex. 1. Given the angle A, 74^ 45', the side AC, 432, and 
the side BC, 475, to construct the triangle, and find the other 
parts. 

Ex. 2. Given the angle A, 105°, the side BC, 498, and the 
side AC, 375, to construct the triangle. 

III. Oiven two sides and the included angle, to find the 
nth^r parts. 
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Draw one of the given sides. From one end of it by off the 
given angle, and draw Urn other given side, making the re- 
quired angle with the first side. Then connect the extremitiea 
of the two sides, and there will be formed the triangle required 

Ex. 1. Given the angle A, 37° 25', the side AC, 675, and 
the side AB, 417, to construct the triangle, and find the othei 
parts. 

Ex. 2. Given the angle A, 75°, the side AC, 543, and the 
side AB, 721, to construct the triangle. 

IV. Given the three sides, to find the angles. 

Draw one of the sides as a base ; and from one extremity 
of the base, with a radius equal to the second side, describe 
an arc of a circle. From the other end of the base, with a 
radius equal to the third side, depcribe a second arc intersect- 
ing the former ; the point of intei section will be the third an- 
gle of the triangle. 

Ex. 1. Given AB, 678, AC, 598, and BC, 435, to find the 
aixgles. 

Ex. 2. Given the three sides 476, 287, and 354, to find the 
angles. 

Values of the Sines, Cosines, Sfc, of certain Angles 

(64.) We propose now to examine the changes which the 
tines, cosines, &c., undergo in the dif- 
ferent quadrants of a circle. Draw 
two diameters, AB, DB, perpendicu- 
lar to each other, and suppose one of 
them to occupy a horizontal position, 
the other a vertical. The angle ACD 
is called the first quadrant, the angle 
DCB the second quadrant, the angle 
BCE the third quadrant, and the an- 
gle EGA the fourth quadrant; that is, the first quadrant is 
above the horizontal diameter, and on the right of the vertical 
diameter ; the second quadrant is above the horizontal diame- 
ter, and on the left of the vertical, and so on. 

Suppose one extremity of the arc remains fixed in A, while 
the other extremity, marked F, runs round the entire circum- 
feronoe in the direction ADBE. 
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Wb3n the point F is at A, or when the arc AF is zero, the 
ftine is zero. As the point F advances toward D, the sine in- 
creases ; and when the arc AF becomes 45°, the triangle CFQ 
being isosceles, we have FGr : CF : : 1 : v/2 {Geom.y Prop. 11, 
Cor. 3, B. IV.) ; or sin. 45° : R : : 1 : v/2. 

R 
Hence, sin. 45°= — jr=^Rv/2. 

\/^ 

The sine of 30° is equal to half radius (Art. 22). Also, sinc« 
ain. A= VR*— cos. 'A, the sine of 60°, which is equal to the cp 
sine of 30°, = \/R«-iR«= -/fR^rr JR %/3. 

The arc AF continuing to increase, the sine also increases 
till F arrives at D, at which point the sine is equal to the ra 
dius ; tlTat is, the sine of 90° =R. 

As the point F advances from D toward B, the sines dimin* 
ish, and become zero at B ; that is, the sine of 180° =0. 

In the third quadrant, the sine increases again, becomes 
oqual to radius at E, and is reduced to zero at A. 

(65.) When the point F is at A, the cosine is equal to ra- 
dius. As the point F advances toward D, the cosine decreases, 
and the cosine of 45°= sine 45°=JRv/2. The arc continuing 
to increase, the cosine diminishes till F arrives at D, at which 
point the cosine becomes equal to zero. The cosine in the sec- 
ond quadrant increases, and becomes equal to radius at B ; in 
the third quadrant it decreased, and becomes zero at E ; in the 
fourth quadrant it increases again, and becomes equal to ra- 
dius at A. 

(66.) The tangent begins with zero at A, increases with the 
arc, and at 45° becomes equal to radius. As the point F ap- 
proaches D, the tangent increases very rapidly ; and when the 
difference between the arc and 90° is less than any assignable 
quantity, the tangent is greater than any assignable quantity 
Hence the tangent of 90° is said to be infinite. 

In the second quadrant the tangent is at first infinitely great, 
and rapidly diminishes till at B it is reduced to zero. In the 
third quadrant it increases again, becomes infinite at E, and is 
reduced to zero at A. 

The cotangent is equal to zero at D and E, and is infinite at 
A and B. 

^67.) The secant begins with radius at A, increases through 
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the first quadrant, and becomes infinite at D ; diminishes tn 

the second quadrant, till at B it is 

equal to the radius ; increases again 

in the third quadrant, and becomes 

infinite at E ; decreases in the fourth 

quadrant, and becomes equal to the B 

radius at A. 

The cosecant is equal to radius at 
D and E, and is infinite at A and B. 

(68.) Let us now consider the al- 
gebraic signs by which these lines are to be distinguished. In 
the first and second quadrants, the sines fall above the diame- 
ter AB, while in the third and fourth quadrants they fall be- 
low. This opposition of directions ought to be distinguished 
by the algebraic signs ; and if one of these directions is re* 
garded as positive, the other ought to be considered as nega- 
tive. It is generally agreed to consider those sines which fall 
above the horizontal diameter as positive ; consequently, those 
which fall below must be regarded as negative. That is, the 
sines are positive in the first and second quadrants, and nega- 
tive in the third and fourth. 

In the first quadrant the cosine falls on the right of DE, 
but in the second quadrant it falls on the left. These two lines 
should obviously have opposite signs, and it is generally agreed 
to consider those which fall to the right of the vertical diam- 
eter as positive ; consequently, those which fall to the left must 
be considered negative. That is, the cosines are positive in 
the first and fourth quadrants, and negative in the second and 
third. 

(89.) The signs of the tangents are derived from those of 

tlie sines and cosines. For tang. =— ^ (Art. 2S). Hence 

cos. 

when the sine and cosine have like algebraic signs, the tan- 
gent will be positive ; when unlike, negative. That is, the tan 
gent is positive in the first and third quadrants, and negative 
in the second and fourth. 

R" 
Also, cotangent =7 (Art. 28) ; hence the tangent and 

ixtangent have always the same sign 
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We have seen that sec. = ; hence the secant must have 

COS. 

the same sign as the cosine. 

Jtw 

Also, cosec. =-: — : hence the cosecant must have the same 

sm. 

sign as the sine. 

(70.) The preceding results are exhibited in the following 

Uinles, which should be made perfectly familiar : 

First quad. Second quad. Third quad. Fourth qvmd. 

Sine and cosecant, + + — — 

Cosine and secant, + — — + 

Tangent and cotangent, + — + - 
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(71.) In Astronomy we frequently have occasion to considej 
a/03 greater than 360°. But if an entire circumference, or any 
number of circumferences, be added to any arc, it will termin- 
ate in the same point as before. Hence, if C represent an en- 
tiro circumference, or 360°, and A any arc whatever, we shall 
have 

sin. A=sin. (C+A)=sin. (2C+A)=sin. (3C+A) = , &o. 

The same is true of the cosine, tangent, &c. 

We generally consider those arcs as positive which are esti- 
tiated from A in the direction ADBE. If, then, an arc were 
estimated in the direction AEBD, it should be considered as 
negative ; that is, if the arc AF be considered positive, AH 
must be considered negative. But the latter belongs to the 
fourth quadrant ; hence its sine is negative. Therefore, sin 
(— A)=— sin. A. 

The cosine CG is the same for both the arcs AF and AH. 
Hence, cos. (— A)=cos. A 

Also, tang. ( — A) = ~ tang. A. 

And cot. ( — A) = — cot. A 
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TRIGONOMETRICAL FORMULAE. 

(72.) Expressions for the sine and cosine of the sum and 
differe7ice of two arcs. 

Let AB and BD represent any two given arcs ; take BE 
equal to BD : it is required to find an 
expression for the sine of AD, the sum, 
and of AE, the differenee of these arcs. 

Put AB=a, and BD=b; then AD= 
a+bf and AE=a— 6. Draw the chord 
DE, and the radius CB, which may be 
represented by R. Since DB is by 
construction equal to BE, DF is equal ___^ 
to FE, and therefore DE is perpendio^ ^ ^ 
ular to CB. Let fall the perpendicnlar^ EGr, BH, FI, and DK 
upon AC, and draw EL, FM parallel to AC. 

Because the triangles BCH, F CI are airidlar, we have 

CB : CF : : BH : FI ; or tt : cos. 6 : : sin. a : FL 

sin. a cos. b 




IH 



& A 



Therefore, 

Also, CB : CF 
Therefore, 



FI=: 



R 



CH : CI ; or R : cos. b : : cos. a : CI. 
cos. a cos. b 



CI= 



R 



The triangles DFM, CBH, having their sides perpendiculai 
each to each, are similar, and give the proportions 

CB : DF : : CH : DM ; or R : sin. 6 : : cos. a : DM. 

COS. a sin. b 



Hence 

Also, CB 
Hence 



DM= 



R 



DF 



BH : FM ; or R : sin. 6 : 
sin. a sin. b 



sm. a 



FM. 



FM= 



R 



But Fl-f DM=DK =sin. (a+b) ; 

and CI-FM=CK =cos. {a-hb). 

Also, FI-FL =EG=sin. (a-ft) ; 

and Cl-f EL=CG =cos. (a-b). 

-- . / . ,v sin. a COS. 6+cos. a sin. b 
ilence, sm. {a+o)= p 

COS. a cos 6— sin. a sin. b 
R 



cos {a+b)- 



(1) 

(2) 
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. , , . sin. a COS. 6— cos. a sin. b ,^. 
sm.(a-6)= g (3) 

, - . COS. a COS. 6+sin. a sin. b ,,^ 
COS. (a-ft)= g (4) 

(73.) Expressions for the sine and cosine of a double are 
If, in the formulas of the preceding article, we make b=a 
tho first and second will become 

2 sin. a cos. a 



sin. 2a= 



R 



^ COS. 'a— sin. 'a 
cos. 2a= f. . 

Making radius equal to unity, and substituting tho values o! 
ffin. a, cos. a. &c., from Art. 28, we obtain 

. ^ 2 tang, a 

sm. 2a= ., , . a > 
1+tang. a 

^ l~tang. 'a 

COS. ^a= ^ , ■ r~« 

1+tang. 'a 

(74.) Expressions for the sine and cosine of half a given 

arc. 

Tf we put \a for a in the preceding equations, we obtain 

2 sin. \a cos. \a 
sm. a= p , 

COS. '^a— sin. ^\a 
cos. a= p * 

We may also find the sine and cosine of Ja in terms of a. 
Since the sum of the squares of the sine and cosine is equal 
to the square of radius, we have 

COS. 'Ja+sin. •ia=R'. 
And, from the preceding equation, 

COS. 'Ja— sin. 'Ja=R cos. a. 
If we subtract one of these from the other, we have 

2 sin. •ia=R'— R cos. a. 
And, adding the same equations, 

2 COS. •Ja=R'+R cos. a. 

Hence, sin. \a= V^R'— ^R cos. a; 

COS. Ja= -/pPTfRroosTa. 

(75.) Expressions for the products of sines and cosinet 
By adding and subtracting the formulas of Art. 72, we obtatu 
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sill- (a+6)4-sin. (a— 6)=p- sin. a oos. ft. 

sin. (a+6)— sin. (»— i)=^ oos. a sin. b; 

2 

oos. (a+6)+cos. («— 3)=p- COS. a cos. ft/ 

COS. (a—ft)— COS. {(^•hb)=^ sin. a sin. ft. 

If, in these formulas, we make a+ft=A, and a— ft==B ; that 
K a=i(A+B), and ft=i(A— B), we shall have 

2 

sin. A+sin. B^^ sin. ^(A+B) cos. ^(A— B) (1) 

2 

sin. A— sin. B=^ sin. J(A— B) cos.i(A+B) (2) 

2 
oos. A+cos. B=^ COS. i(A+B) cos. J(A— B) (3) 

2 

COS. B— COS. A=p sin. ^(A+B) sin. ^(A— B) (4) 

(76.) Dividing formula (1) by (2), and considering thai 

sin. a tan^. a , . . ^^^ 

= ° (Art. 28), we have 

oos. o R ^ ' 

sin. A+sin. B sin. i(A+B) cos. J(A— B) tang. ^(A-f B) 
sin. A— sin. B sin. ^(A— B) cos. ^(A+B) tang. ^(A— B)* 

tJiat is. 

The sum of the sines of two arcs is to their difference^ as 
the tangent of half the sum of those arcs is to the tangent of 
half their difference. 

J)ividing formula (3) by (4), and considering that ~^^"=p" 

R 

=sr (Art. 28), we have 

tang. 

oos. A+cos. B_cos. ^(A-t-B) cos. i(A— B)__ cot. J(A+B) ^ 

oos. B— COS. A~sin. ^(A+B) sin. i(A— B)""tang.i^(A--B)' 

that is, 

The sum of the cosines of two arcs is to their difference^ oi 
the cotangent of half the sum of those arcs is to the tang "^ni 
9/ half their difference. 
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From the first formula of Art. 74, by substituting A+B foi 

^j we have 

. ^. _^ 2sin.^(A+B)Xco8.i(A+ B) 
sm. (A+B)= — ^ ^ • — . 

Dividing formula (1), Art. 75, by this, we obtain 
sin. A+sin. B_sin. ^(A+B) cos. ^(A— B)_cos. ^(A— B) ^ 
sin. (A+B) ""sin. ^(A+B) cos. i(A+B)""cos. i(A+B) * 
that is, 

The sum of the sines of two arcs is to the sine of their 
sum, as the cosine of half the difference of those arcs is to 
the cosine of haff their sum. 

If we divide equation (1), Art. 72, by equation (3), we sha.l 
have 

sin. (a+6)_sin. a cos. 6+cos. a sin. b 
sin. (a—b) sin. a cos. 6— cos. a sin. b' 
By dividing both numerator and denominator of the second 

, , , . . tang., sin. 
member by cos. a cos. b, and substituting .p for , we ob- 

D* cos. 

sin. (a-hb) tang, a+tanff. b ., . . 

tam -. — 7 7T=T— ^ — \ ^ , ; that is, 

sm. ya—b) tang, a— tang, b 

The sine of the sum of two arcs is to the sine of their dif- 
ferencCj as the sum of the tangents of those arcs is to the 
difference of the tangents. 

From equation (3), Art. 72, by dividing each member by oosj 
a COS. ft, we obtain 

sin. {a—b) __sin. a cos. 6— cos. a sin. ft^tang. a— tang, b ^ 
COS. a COS. b R cos. a cos. b R' ' 

that is, 

The sine of the difference of two arcs is to the product of 

their cosines, as the difference of their tangents is to the 

square of radius, 

(77.) Expressions for the tangents of arcs, 

,1 . . / ,v Rsin. (a+A).. 

If we take the expression tang. (a+ft)= . _lm V-^'^- 

COS. {a'\'Oj 

28), and substitute for sin. {a+b) and cos. (a+6) their values 

given in Art. 72, we shall find 

_. R (sin. a cos. 6+cos. a sin. b) 

tang. (a-\-b) — — ^ > ; ; — r-. 

^ ' cos. a cos. ft— sm a sm. ft 
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Bat sin a= "°^-^^°g-^ and sin. j=£2!l*^ (Art. 28) 

If we &jibstitute these values in the preceding equation, and 
divide all the terms by cos. a cos. b, we shall have 

♦on„ /-■» R* (teng. g+tang. J>) 
tang. («+^)= R._tang.atang.^ - 

In like manner we shall find 

*^S- («-*)-R.+tang.atang.6- 
Suppose b=a, then 

2R' tang, a 

tansr. 2a=^z^ r-. 

^ R'-tang.V 

Suppose 6=2a, then 

tang 2a= ^' ^^°^' ^"^^^°g' ^^) . 
°' R'— tang, a tang. 2a ' 

In the same manner we find 

^ / . f\ cot. a cot. ft— R* 

cot. (a-hb) T-r-. — 7 , 

^ ' cot. ft+cot. a 

. _. cot. a cot. 6+R* 

cot. (a— ft)= THE 1 • 

^ ' cot. 6— cot. a 
(78.) Whon the three sides of a triangle are given, the an- 
gles may be found by the formula 



sm. 



be 



where S represents half the sum of the sides a, ft, and c. 



Demonstration. 
Let ABC be any triangle ; then {Geom,^ Prop. 12, B. IV.), 

C 

Hence, AD= 



BC"=AB»+AC'-2ABXAD. 
AB'+AC'-BC' 



2AB 

But in the right-angled triangle ACD, 

we have ^ 

R : AC : : cos. A : AD. 

„ , RXAD 

Hence, cos. A— — 77= — ; 

AC 

OF; by substituting the value of AD, 

AB'+AC'-B C 
00S.A-KX sABxAG"^' 
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Let ay bf c represent the sides opposite the angles iL, Bj C « 

men, COS. A=Rx — sr . 

By Art. 74, we have 2 sin. 'JA=E*— R cos. A. 
Substituting for cos. A its value given above, we obthlo 

^ 26c 26c 

_ R'X (a+b-c) (a+c-b) 
■" 26c 

Put S=^(a+6+c), and we obtain, after reduction, 

sin. iA=R\/SlE£:). 



be 
la the same manner we find 



(S-a) (S-c) 
sm. ■ " ' - - 



I. iB=R\/ -^ 



ac 



(S-a) (S-A) 
s,n.tv;=±tV-^ ^ . 

tix. 1. What are the angles of a plane triangle whoso Bidm 
are 432, 543, and 654 ? 

HereS=814.5; 8-6=382.5; S-c=271.5. 

log. 382.5 2.582631 

log. 271.5 2.433770 

log. 6, 432 comp. 7.364516 

log. c, 543 comp. 7.265200 

2 ) 19.646117 

sm. iA, 41° 42' 36^". 9.823058. 

Angle A=83° 25' 13". 

In a similar manner we find the angle B=41° 0' 39 ', and 
the angle 0=55"^ 34' 8". 

Ex. 2. What are the angles of a plane triangle whose sides 
are 245, 219, and 91 ? 

(79.) On the computation of a table of sineSj costneSy Spc. 

In computing a table of sines and cosines, we begin with 
finding the sine and cosine of one minute^ and thence deduce 
the sines and cosines of larger arcs. The sine of so small an 
angle as one minute is nearly equal to the corresponding arc 
The radius being taken as unity, the semicircumferencc if 
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5 known to be 3.14159. This being divided successively by ISO 
and 60, gives .0002908882 for the arc of one minute, wliich 
may be regarded as the sine of one minute. 

The cosine of 1'= Vl-sin.'=0.9999999577. 

The sines of very small angles are nearly proportional to the 
angles themselves. We might then obtain several other sines 
by direct proportion. This method will give the sines correct 
to five decimal places, as far as two degrees. By the follow- 
ing method they may be obtained with greater accuracy for 
the entire quadrant. 

By Art. 75, we have, by transposition, 

sin. {a-\-b)=2 sin. a cos. 6— sin. (a— 6), 
COS. {a-\-b)=2 COS. a cos. 6— cos. (a— 6). 

If we make a =6, 2b, 36, &c., successively, we shall havo 
sin. 26=2 sin. b cos. b ; 
sin. 36=2 sin. 26 cos. 6— sin. 6 
sin. 46=2 sin. 36 cos. 6— sin. 26, 

&c., &c. 

COS. 26=2 cos. 6 cos. 6—1 ; 
cos. 36=2 COS. 26 cos. 6— cos. 6 ; 
cos. 46=2 cos. 36 cos. 6— cos. 26. 

&C., &C 

Wl 3noe, making 6=1', we have 

sin. 2'=2 sin. V cos. V =.000582 

sin. 3'=2 sin. 2' cos. I'-sin. 1'=.000873; 
sin. 4'=2 sin. 3' cos. T-sin. 2'=.001164, 

&c., &c. 

cos. 2' =2 COS. V COS. V- 1 =0.999999 : 
COS. 3'=2 COS. 2' COS. I'-cos. r=0.999999 : 
cos. 4' =2 cos. 3' COS. I'-cos. 2' =0.999999, 
&c., &c. 

The tangents, cotangents, secants, and cosecants are casilj 
irtrr'*"3 from the sines and Dosines. Thus, 

^ , sin. V • . . , COS. V 

tang. 1'= ^ cot. 1'=-^ — :7-' '" 

° COS. 1' sm. 1 ' 



1. 1 1 1 

sec. 1'= rr- ; cosec. 1 = 



COS. 1 ' * sin. 1' ' 
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